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Exploring Strongly Correlated Rare-Earth Intermetallics:
Theoretical Insights into RIn; and RSn; (R = Sm, Eu, Gd)
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Abstract: The structural, electronic, magnetic, and elastic properties of Rin; and RSn; (R =
Sm, Eu, Gd) were thoroughly investigated using the full potential linearized augmented
plane wave plus local orbital (FP-LAPW+lo) method within the framework of density
functional theory (DFT). Structural properties were evaluated using the local density
approximation (LDA), generalized gradient approximation (GGA), and their band-
correlated extensions, LDA+U and GGA+U. The computed lattice parameters exhibited
excellent agreement with experimental results, and the divalent state of Eu was confirmed.
To accurately predict the electronic properties, spin-orbit coupling (SOC) was
incorporated, along with the splitting of the 4f states in rare-earth elements. Elastic
properties, including bulk modulus, shear modulus, Young’s modulus, anisotropic ratio,
Kleinman parameters, Poisson’s ratio, Lamé coefficients, sound velocities for shear and
longitudinal waves, and Debye temperature, were calculated. Additionally, the Cauchy
pressure and the B/G ratio were analyzed to determine the ductile or brittle nature of these
compounds.

Keywords: Electronic properties, LDA+U, GGA+U, Elastic properties.

Introduction

Rare-earth elements, particularly those of the  aviation turbines [3]. Approximately 90% of

lanthanide series, are distinguished by their
incomplete 4f electron shell, with unpaired
electrons in the 4f subshell playing a pivotal role
in determining their physical properties and
those of their compounds [1-2]. Rare-earth
intermetallic compounds have drawn substantial
attention due to their unique properties, such as
high melting points, excellent high-temperature
ductility, superior mechanical strength, and
advantageous electrical and  magnetic
characteristics. These attributes render them
highly suitable for applications in the
automotive, aviation, and aerospace industries.
Additionally, rare-carth intermetallics
outperform other metals by offering enhanced
strength and stiffness, low specific weight, and
excellent corrosion resistance, making them
ideal for the development of commercial

intermetallic compounds exhibit ductility due to
the lack of d electrons near the Fermi level [4].
The intermetallic complexes RIns and RSn; (R =
rare-earth  element) demonstrate intriguing
properties arising from their incomplete 4f shell.
These properties include diverse magnetic
topologies, transitions between magnetic and
non-magnetic states, valence fluctuations, and
the formation of magnetic moments [5, 6].
Furthermore, RSn; intermetallic compounds
have been identified as effective substitutes for
lead, enhancing the efficiency of lead-free solder
materials [7]. Rare-earth intermetallic
compounds Rin; and RSn; (R = Sm, Eu, Gd)
exhibit several remarkable properties [8, 9].
They adopt a cubic AuCus-type crystal structure
within the space group Pm-3m (No. 221). In this
structure, rare-earth atoms (R) occupy the 1a (0,

Corresponding Author: Aman Kumar

Email: amankumar@gmail.com
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0, 0) position, while non-magnetic elements like
In and Sn are situated in the 3¢ position at (0,
1/2, 1/2). Most RIns and RSn; compounds
exhibit antiferromagnetic (AFM) ordering below
45 K [10-12]. Among the light rare-earth
elements, the stability of Rin; and RSns phases
decreases from La to Gd [13]. Magnetic studies
and lattice constant measurements confirm the
characteristic lanthanide contraction of rare-earth
elements, with exceptions observed in Eu and
Yb compounds, where the rare-earth ions are
divalent [14]. Antiferromagnetic transitions in
the RIns series occur at Néel temperatures (75) of
16, 10, and 42 K for Smlns, Eulns, and GdlIns,
respectively [15-17]. Similarly, in the RSns
series, SmSns, EuSns, and GdSns exhibit
antiferromagnetic transitions at 7, values of 12,
36.5, and 16.5 K, respectively [18]. Buschow et
al. [12] investigated the magnetic properties and
lattice parameters of the RIns lanthanide family.
Magnetic susceptibility measurements confirm
that most compounds in the RIns series exhibit
antiferromagnetic ordering at low temperatures.
Sanchez et al. [18] evaluated the electrical and
magnetic properties of RSns compounds (R = La,
Ce, Pr, Nd, Sm, Eu, Gd, Yb) using Mdssbauer
spectroscopy, revealing complex magnetic
structures in  europium and gadolinium
compounds. The Fermi surface properties of
RIns and RSns were explored by Onuki and
Settai [19], while Asadabadi et al. computed
structural properties, such as lattice parameters
and bulk modulus for RSns (R = Sm, Eu, Gd),
using local density approximation (LDA),
generalized gradient approximation (GGA), and
GGA+tspin-polarized  methods  within  the
WIEN2K framework. Endoh et al. [20-21]
conducted ultrasonic experiments to determine
the elastic constants and investigated the
influence of crystalline electric fields on the
elastic constants of SmX compounds (X = Pd,
In, Sn, Tl, Pb). Additionally, the role of rare-
earth elements in RIns and RSns and their effects
on electric field gradients (EFG) were analyzed
by Asadabadi et al. [8] using density functional
theory (DFT). Elastic constants play a crucial
role in determining a material's response to
external forces. They define the strength,
brittleness, or ductility, and hardness of
materials, while also providing valuable insights
into bonding characteristics, anisotropy, and
structural stability [22]. This study investigates
the structural, electronic, elastic, and mechanical
properties of rare-earth compounds RlIns and
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RSns (R = Sm, Eu, Gd) using the full-potential
linearized augmented plane wave plus local
orbitals (FP-LAPW+lo) method within the
framework of density functional theory (DFT).

Notably, this research is groundbreaking as it
presents, for the first time, a detailed analysis of
the elastic, mechanical, and thermal properties of
these compounds through ab initio calculations.

Theoretical Method

This study utilized density functional theory
(DFT) calculations implemented in the WIEN2K
code [23] and employed the full-potential
linearized augmented plane wave plus local
orbitals  (FP-LAPW-+LO)  method  [24].
Exchange-correlation effects were computed
using the local density approximation (LDA)
[25] and generalized gradient approximation
(GGA) [26], incorporating spin polarization.
Recognizing Sn, Eu, and Gd as strongly
correlated systems with localized 4f electrons,
we applied the LDA+U and GGA+U
methodologies to accurately determine their
electronic structures. The GGA+U approach,
based on the Hubbard model, effectively
addresses  strongly correlated systems by
incorporating an orbital-dependent potential for
Coulomb and exchange interactions [27].
Additionally, spin-orbit coupling (SOC) was
included as a relativistic correction.

The muffin-tin sphere radii were set to 2.50
atomic units for rare-earth elements, tin, and
indium. The basis set expansion was performed
using plane waves with a product RMT x Kmax
= 7, where RMT represents the smallest atomic
radius in the unit cell, and Kmax is the largest k-
vector value in the plane wave expansion. The
angular momentum for the valence wave
functions within the muffin-tin spheres was
expanded up to IMAX = 10, and the charge
density in the interstitial region was extended
using Fourier analysis with a maximum
reciprocal lattice vector of Gmax = 12. A dense
k-point mesh of 165 k-points in the irreducible
wedge of the Brillouin zone was generated using
a Monkhorst-Pack grid of 18 x 18 x 18 [28],
ensuring high accuracy in elastic property
calculations.

The elastic constants (C,, Cyp, and Cyg) were
computed using the IR-elastic program
implemented within the WIEN2K framework
[29]. These calculations employed the GGA [26]



Exploring Strongly Correlated Rare-Earth Intermetallics: Theoretical Insights into RIn; and RSn; (R = Sm, Eu, Gd)

with  spin polarization for the precise
determination of elastic properties. Results were
obtained for both spin-polarized and non-spin-
polarized cases, and comparisons were made.
Details regarding the IR-elastic methodology can
be found in Ref. [30].

The energy-based methodology [31], as
implemented in the WIEN2K code [23], was
used to calculate the elastic constants. By
employing Voigt notation and leveraging the
symmetry of the cubic crystal lattice, the number
of independent elastic constants was reduced to
three: C;;, Cyp, and Cy4. This approach ensures
computational efficiency while maintaining
accuracy.

Result and Discussion
Structural and Electronic Properties

The structural properties of RIns and RSns (R
= Sm, Eu, and Gd) were determined by
calculating the total energy of the unit cell as a
function of volume. Bulk moduli were derived
using LDA, GGA, LDA+U, and GGA+U
potentials. Table 1 compares the theoretically
computed results with available experimental
data. The GGA-derived lattice constants for
SmSns and GdSns exhibit closer agreement with
experimental values than those obtained using

GGA+U. Conversely, the GGA+U lattice
constant for EuSns; aligns better with
experimental data compared to GGA. This
suggests that SmSns and GdSns exhibit itinerant
behavior, while EuSns functions as a localized
compound. These results confirm that EuSns is a
divalent system, whereas SmSns and GdSns are
trivalent. A similar trend is observed in the Rlns
compounds. As shown in Table 1, lattice
constants contract progressively from Sm to Gd,
a phenomenon attributable to the lanthanide
contraction. This contraction arises from the
reduction in atomic radius across the lanthanide
series, caused by the insufficient shielding effect
of the 4f electrons. Exceptions include Eu and
Yb, which exhibit divalent behavior in their 4f
series (e.g., Eulns and EuSns). Our findings
corroborate these trends for both the RIns and
RSns series. The results also reveal that LDA
and LDA+U tend to underestimate lattice
parameters, consistent with the general behavior
of these approximations. Bulk moduli for the
compounds, computed wusing the Birch-
Murnaghan equation of state [32], are presented
in Table 1. Currently, no experimental data are
available for the bulk moduli or their pressure
derivatives; hence, our results serve as
predictions for these properties in RIns and RSns
(R = Sm, Eu, and Gd).

TABLE 1. The calculated value of lattice parameters (ao in A) and bulk modulus (B, in GPa) of Rln;

and RSn; compounds.

Compound Exc agp By
LSDA 45645 604711
GGA  4.6246  53.6537
SmiIns This work LDA+U  4.5595  56.2006
GGA+U 47198  52.0019
Exp [36]  4.626
LSDA 45707 63.7229
. GGA  4.6269 532488
Eulns This work —y b\ 45639 632119
GGATU 47592 542521
LSDA 45167 623367
GGA 45743  66.5797
GdIn; This work  LDA+U  4.5075 66.2844
GGATU  4.6557 68.5292
Exp [36]  4.607
LSDA  4.6052 68.8160
GGA  4.6545 544352
SmSn; This work LDA +U  4.6135  65.4388
GGATU 47523 542082
Exp[18]  4.687
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Compound E. ag By
LSDA 4.6313  73.2400
GGA 4.6727  52.9966
EuSn; This work LDA+U 4.6316 58.2304
GGA+U  4.7742  44.4547
Exp [18] 4.774
LSDA 4.6412 61.0454
GGA 4.6412 61.0453
GdSn; This work LDA +U  4.5947 72.2621
GGA+U  4.7227 67.5417
Exp [18] 4.678

To investigate the electronic properties of the
studied compounds, we combined the total
density of states (DOS) and the 4f density of
states using the local density approximation
(LDA) and the  generalized gradient
approximation (GGA). Electronic correlations
are significantly pronounced in systems with 4f
orbital electrons, such as lanthanides. To better

understand the effects of the 4f states, we
employed LDA+U, GGA+U, and incorporated
spin-orbit coupling (SOC). Figs. 1-3 display the
total and 4f density of states calculated using
various exchange-correlation potentials for Rlns
and RSns (R = Sm, Eu, and Gd), with the Fermi
level set at 0 eV.

- — TDOS B — 4
B GGA B
: Smln, : Smln,
— | D — | — | | | |
T Euln, -~ Euln, “
— | _ ! ! ! !
— GdlIn, —  GdIn,
B i - | A ) B | 1 | |
E SmSn, E SmSn, J\
— ] 1 1 n 1 1 1 I
— EuSn, [ EuSn, J\
I, S — | | ! |
— GdSn, ~  Gdsn,

| ! e ! ! !

o | |
FIG. 1. Total density of states (TDOS, blue lines) and partial 4f DOS (red lines) for RIn; and RSn; (R = Sm, Eu,
and Gd) calculated with GGA.
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- ——  LDA+U Smin- ——  GGA+U Smin,
: [ - : | I |

— Euln, [~ Euln,
: 1 o ] —3-: 1 P E— L

= GdIn, [~ GdlIn,

: 1 1 ol P R 1 [ 1 1 | e

— SmSn, [ SmSn,
: e S| ] 1 L | ] ] ]

— EuSn, E EuSn,

— GdSn, — GdSn,
B 1 L 1 T B 1 L T

FIG. 2. Total density of states (TDOS) with LDA+U (black lines) and GGA+U (red lines) of RIn; and RSn; for
R = Sm, Eu, and Gd.

Figures 1-3 reveal that no band gaps exist at
the Fermi level for these intermetallic
compounds, confirming their metallic nature.
Figure 1 shows the total DOS (blue lines) and 4f
DOS (red lines) calculated using the GGA. The
dominant contribution at the Fermi level
originates from the rare-earth elements. The tails
of the 4f states intersect the Fermi level, except

in GdIns and GdSns, where the 4f states are
positioned below the Fermi level. Peaks
corresponding to 4f states are observed at
specific energy levels: -0.1, -0.38, -4.5 eV
(Smlns), -0.45, -0.90 eV (Eulns), and -4.5 eV
(GdIns). Figure 2 presents the total and 4f DOS
using the LDA+U (black lines) and GGA+U (red
lines) methodologies.
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FIG. 3. Total density of states (TDOS, black lines) of RIn; and RSn; and partial 4f DOS (red lines) for R = Sm,
Eu, and Gd calculated with GGA+SOC.

These results show that the inclusion of the
Hubbard U parameter pushes the peaks
associated with the 4f states to lower energies
compared to the GGA results. This behavior is
consistent with previous DFT studies, which
show that the Hubbard U increases the
separation between occupied and unoccupied
states [33]. Figure 3 illustrates the total and 4f
DOS obtained using GGA+SO. The SOC does
not alter the energy positions of the 4f states but
eliminates spin degeneracy, splitting the 4f DOS

566

(determined by GGA, LDA+U, and GGA+U)
into two distinct peaks. These peaks correspond
to the j = 5/2 and j = 7/2 states. The j = 5/2 peaks
are fully occupied in all compounds, whereas the
j = 7/2 peaks are fully occupied in GdIns and
GdSns but only partially occupied in other
compounds.

Magnetic Properties

The magnetic properties of the RIns and RSns
(R = Sm, Eu, and Gd) compounds were
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investigated in terms of their magnetic moments.
The RIns and RSns (R = Sm, Eu, and Gd) consist
of the rare earth elements Sm, Eu, and Gd. Rare
earth elements are renowned for their robust
magnetic characteristics, rendering them a
subject of interest for diverse applications such
as implementation in magnetic materials and
utilization as contrast agents in the field of
medical imaging. The magnetic moments of
these compounds would be contingent upon the
computational methodology and parameters
employed in the calculations. In general,
magnetic moments are computed for the
complete unit cell and can be further analyzed to

determine the contributions from individual
atoms. The magnetic moment of an atom, as
used in these computations, pertains to the
comprehensive magnetic moment linked to the
atom within the crystal lattice. The interstitial
region corresponds to the voids or gaps in the
crystal structure where no atoms are present. All
computed values are summarized in Table 2. The
total magnetic moments of Smin;, Euln;, Gdlns,
SmSn;, EuSn;, and GdSn; compounds are
dominated by the contribution of individual
moments of Sm’", Eu’’, and Gd**. R-4f (R=Sm,
Eu, and Gd) electronic shell is responsible for
the magnetic moment.

TABLE 2. Calculated spin magnetic moments (uB) of RIns and RSns (R = Sm, Eu, and Gd) using

PBE-GGA.

Smlns Euln; GdIns SmSn; EuSn; GdSn;

Interstitial region 0.02020  0.05023  0.03023  0.04129  0.01359  0.02439

R [Sm, Eu,and Gd]  6.53513  6.93514  6.63515 6.73710  6.23500  6.83974

In or Sn -0.0370  -0.0313  -0.0119  -0.0896  -0.0245  -0.0268

Total 6.49123  6.89129 6.50127 6.67800 6.10890  6.78347
Elastic Properties compounds are eclastically stable. Table 3
indicates that the nonmagnetic phase

The elastic constants of a solid are crucial, as
they characterize the material's response to
applied stress. They are particularly relevant to
various fundamental solid-state phenomena,
including intraatomic bonding, equations of
state, phonon spectra, and structural stability.
The elastic properties are thermodynamically
associated with specific heat, thermal expansion,
Debye temperature, and the Gruneisen
parameter. The elastic properties of solids also
serve as indicators of mechanical strength, which
is of considerable practical importance. Table 3
presents the calculated elastic constants Cl11,
C12, and C44 for RIn3 and RSn3 (where R =
Sm, Eu, Gd), both with and without spin
polarisation, using the GGA approximation. We
have compared the available experimental values
of C11 and C44 for SmIn3 and SmSn3 [21]. We
obtained the experimental values of C11 and
C44 at 100 K and calculated the elastic constants
at 0 K. Consequently, the varying temperatures
result in a minor discrepancy between our
calculated and experimental values. The stability
of a specific crystal structure adheres to
established criteria. Additionally, the computed
clastic constants met the necessary stability
criteria for cubic structures, specifically: C11-
C12>0;C44>0; C11 +2C12>0[34, 35]. The
fulfilment of the aforementioned requirements
justifies the fact that these intermetallic

significantly affects the elastic characteristics of
RIns and RSns compounds. Nonmagnetic
ordering diminishes the value of the elastic
constants. We derive the mechanical parameters,
including bulk modulus B0, shear modulus G,
Young’s modulus Y, Poisson’s ratio, and
anisotropic ratio A, which are critical elastic
parameters for industrial applications, from the
elastic constants C11, C12, and C44 of the
examined compounds and present them in Table
4. These are critical parameters for
characterizing the mechanical properties of
materials. We elucidate the mechanical
properties based on the results. We define the
Hill37 average shear modulus, G, as the
arithmetic mean of the Voigt shear modulus,
GV, and the Reuss shear modulus, GR, in terms
of elastic constants.

G = (Gy — Gg) (1)
B =~ (By — Bg) )
where,
Gr = 15[4(S11 + S22 + S33 = S12 + S13 +

S23) + 3(Saa + Ss5 + Sge)] 3)

Gy = %[Cll + Cyp + C33 — (G2 + Ci3 + Cp3) +
3(Cas + Cs5 + Cp)] (4)
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1
By =2 [Ci1 + (o2 + G533 + 2(Crz + Ci3 + (o3)]

Table 4 presents the computed values of GH,
revealing that GdSns possesses the highest GH

) value (44.082 GPa), while Gdlns has the lowest
Br = [S11 + Soz + S35+ 2(Sq2 + Sy3 + Sp3)] 7t shear modulus value of 27.962 GPa. These two
(6)  values define an interval that encompasses the

remaining compounds.

TABLE 3. Calculated values of elastic constants C;;, Cy, and Cy4 (GPa) with spin polarization
(GGA+SP) and without spin polarization (GGA).

Compound E. Smlns Eulns GdIns SmSn; EuSn; GdSn;
GGA+SP  139.068 113.716 119.369 93.191 118.316 128.143
Cl1 GGA 100.476  100.413  118.385 99.429  94.142 114310
Exp. [21] 125.3 95.4
GGA +SP  60.276 56.308 63.034 42836  61.175 59.806
C12 GGA 59.290 67.402 75417  39.203  65.844 63.171
Exp. [21]
GGA +SP  28.171 28.450 27.862  43.003  51.377 52.275
C44 GGA 30.426 22.588 31.348 32211  28.788 44.195
Exp. [21] 32.9 34.3
Young's modulus Y, which quantifies a solid 9BG
material's resistance to linear strain along its Y= 3B+G (7

edges, is defined as the ratio of stress to strain.
The compound exhibits increased stiffness with
a higher value of Y. We can determine the
computed values of the Voigt shear modulus Gy
and the bulk modulus By using the following
equation:

Table 4 shows that the GdSn compound has a
higher Young's modulus value compared to the
other compounds. The elevated values of
Young's modulus, in comparison to the bulk
modulus, indicate the stiffness of these
compounds.

TABLE 4. Calculated values of Voigt’s shear modulus Gy, Reuss’s shear modulus Gy, Hill’s shear
modulus Gy, B/G ratio, Cauchy pressure (C'), Poisson’s ratio (v), Kleinman parameter (),
Anisotropy constant (4), Lames coefficient (A and p), and shear constant (C).

Smin; Euln; GdIn; SmSn; EuSn; GdSn;
G, 32.661 28.552 27963 35.873 42254  45.032
Gr  31.795 28551 27962 33512 38943  43.132
Gy 32228 28551  27.962 34.693  40.598  44.082
Y 87.034  76.060 75308  89.640 107.831 114.318
B/G  2.685 2.642 2.926 1.719 1.976 1.873
C 32.105 27.858 35208  -0.167 9.798 7.531
v 0.332 0.332 0.347 0.249 0.276 0.269
3 0.728 0.826 0.879 0.769 0.861 0.780
A 0.715 0.991 0.988 1.708 1.798 1.530
A 64.766 56410  63.171 35706  52.052  52.563
M 32.661  28.552  27.963  35.873 42254  45.032
C’ 39396 28.704  28.168 25.178  28.571 34.169

According to Pugh [34], the ratio of bulk
modulus to shear modulus (B/G) can determine
whether a material is ductile or brittle. We
determined 1.75 as the key value that
distinguishes ductile from brittle behavior. A
high B/G ratio indicates ductility, while a low
value signifies brittleness in materials. Table 4
clearly indicates that all compounds exhibit
ductile behavior, but SmSns is brittle. Cauchy's
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pressure is the disparity between two specific
elastic constants (C" = C12—C44). Pittifor [35-
59] suggests using Cauchy's pressure to
characterize the bonding nature of the
compounds under examination. The positive
value of Cauchy’s pressure indicates metallic
bonding, whereas materials exhibiting negative
Cauchy’s pressure are associated with angular or
directional bonding, such as covalent bonding.
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An increase in the negative value of Cauchy
pressure results in enhanced directional bonding
and reduced mobility of the material. The
calculated Cauchy's pressure for RIno and RSno
(R = Sm, Eu, Gd) is shown in the table. All of
these compounds have a positive Cauchy's
pressure, which means that their bonds are
metallic, except for SmSn3, which has a negative
Cauchy's pressure value. The fact that SmSns has
a negative Cauchy pressure value means that it
has directed or covalent bonding, which makes it
brittle. Moreover, the positive and negative
values of Cauchy’s pressure indicate ductility
and brittleness, confirming that SmSns, Eulns,
GdIns, EuSns, and GdSns are ductile, whereas
SmSns is brittle. The following formula
determines the Poisson's ratio:
3B-2G
v= 2(3B+G) ()

Poisson's ratio quantifies compressibility. As
Poisson's ratio approaches 0.5, the material
exhibits a tendency toward incompressibility; at
v = 0.5, it is nearly incompressible. The
computed values for v fall within the range of
0.25-0.5, characteristic of solids dominated by
central forces. The computed values of v for the
examined compounds indicate that the
interatomic forces are predominantly central,
with the exception of SmSns, where the central
interatomic force is not prominent. Kleinman
introduced a parameter known as the internal
strain parameter. It delineates the comparative
propensity of bond bending in relation to bond
stretching. The lower limit (§ = 0) corresponds to
the minimisation of the bond bending term,
while the upper limit (§ = 1) relates to the
minimisation of the bond stretching term.
Subsequently, Harrison approximated the
Kleinman parameter [£] in relation to the elastic
constants using the following equation:

§= ©)

Our computed results of &, which range from
0.879 to 0.728, show that bond bending
predominates in our materials. However, the
larger value of n suggests that bond stretching
also  contributes to these  molecules.
The elastic anisotropic ratio (A) is a crucial
parameter that determines whether the elastic
properties stay invariant in different directions.
The following equation [33] computes the
anisotropic ratio A, which directly correlates

7C11—2Cq2

with the potential for micro-crack formation in
materials:

_5G, , By
A= a + g -6 (10)

A equals 1 for entirely isotropic materials,
and the divergence from one quantifies the
degree of elastic anisotropy. The calculated
values listed in Table 4 clearly suggest that these
compounds are anisotropic. We can derive
Lame's constants (A, u) from Young's modulus
and Poisson's ratio using the following equation:

nd p = — (11)

T 2(14v)

_ v
T a+v)(a-2v)’ a

The higher the value of Young's modulus, the
greater the values of Lame's coefficients will be.
The two parameters collectively form a
parameterization of the elastic moduli for
homogeneous isotropic media. We designate A as
Lame's first constant and p as Lame's second
constant. Values for RIn3 and RSn3 (R = Sm,
Eu, Gd) are presented in Table 4. Our findings
indicate that Lame's second modulus is
equivalent to Voigt's shear modulus (A = GV).
For isotropic materials, A equals C12 and u
equals CO. Our compounds exhibit high
anisotropy and do not meet the criteria for
isotropy, specifically A = C;, and u = C’. We
have computed the shear constant, another
significant parameter, using the relation.

€' =2(C1y — Ci2) (12)

Table 4 presents the values for the
compounds under examination. People often
refer to it as the tetragonal shear modulus.
Dynamical stability necessitates that Cy > 0. The
positive results of our computed materials show
their mechanical stability. A larger shear
modulus indicates more stiffness in the material
against tetragonal deformation. No experimental
data are available in the literature for the
comparison. Subsequent experimental
investigations will validate these findings. We
see the current findings as a predictive analysis
for these chemicals, anticipating that further
experimental investigations would validate our
computed results.
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Conclusions

First-principles calculations were performed
to theoretically investigate the structural, elastic,
mechanical, and electronic properties of Rlns
and RSns (R = Sm, Eu, Gd) compounds using
density functional theory (DFT). The calculated
ground-state lattice parameters show excellent
agreement with experimental data. The
electronic density of states confirms the
intermetallic nature of these compounds. Spin-
orbit coupling (SOC) further splits the 4f states
into two distinct peaks, modifying their energy
positions.

The results demonstrate that these compounds
exhibit elastic stability and anisotropy. The high
values of Young's modulus indicate that certain
compounds possess significant  stiffness.
Analysis of the B/G ratio reveals that all
compounds, except SmSns, are ductile. The
deviation observed in SmSns, characterized by
its  brittleness, suggests unique bonding
characteristics that differ from those of the other
compounds. Further exploration of the
microstructural properties of SmSns could
provide deeper insights into the underlying
mechanisms responsible for this anomaly.
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Abstract: Copper silica (CuSi) plasma was generated under atmospheric pressure using
argon gas by immersing a piece of (Si) metal in the prepared nano-Cu liquid for periods of
6 and 8 min. Then, a spectroscopic diagnosis of the generated plasma was performed at a
constant applied voltage of 11 kV and a frequency of 50 kHz under direct-current
conditions, with the argon flow rate varied between 0.5 and 2 L/min. Changing the duration
of immersion within the nano-Cu liquid and the flow rate of argon affected the intensity of
the resulting spectral peaks. The generated plasma had the following parameters: T, values
of 3.732 — 4.981 eV and 1.220 — 1.396 eV, and n, values of 2.700 x 10 '® — 3.588 x 10"*
em® and 1.290 x 10" —2.074 x 10" cm” for the two times used. When CuSi nanoparticles
(NPs) were synthesized under the same laboratory conditions, with the argon flow rate
fixed at 2 L/min, the energy gap was 3.74 eV, prepared by Si for 6 min in Cu-liquid for 6
min, and 3.62 eV, prepared of Si for 6 min in Cu-liquid for 8 min. The results showed that
the Cu-liquid increased the electrical conductivity in the CuSi cold jet plasma system,
which affected the values of the plasma parameters and the synthesis of CuSi NPs as a
result of increased energy gain, which accelerated and increased the electron process and
ultimately increased the ionisation process.

Keywords: CuSi cold plasma jet, CuSi nanoparticle, Optical emission spectroscopy (OES),

Spectral diagnostics, Silicon-copper plasma.

1. Introduction

Plasma science is one of the most extensively
studied and developed fields in the modern era.
The atmospheric pressure plasma jet remains an
advanced method for generating cold plasma,
and it is widely used in scientific applications [1,
2]. This is also called a cold plasma jet [3]. Cold
jet plasma is formed by the ionisation of
molecules or atoms of the substance at a certain
temperature, which then becomes a highly
reactive gas containing radicals, electrons,
extremely active free ions, and electric fields [4].
Both noble gases, such as helium and argon, and
chemically active gases, such as nitrogen and
oxygen, can be used in this production process
[5]. Non-thermal plasma jets are effective tools
for industrial, medical, and biological uses due to

their ability to interact with cells, tissues, and
various industrial applications easily and without
significant effects [6, 7]. Each type of plasma
possesses distinct characteristics that determine
its suitability for specific applications [8].
Temperature and density are the most important
dynamics in plasma, and they enable us to
predict the particle velocity distributions and
relative energy levels [9].

To measure the plasma parameters such as
electron temperature (T.) and electron density
(n.), optical emission spectroscopy (OES) is
adopted [10]. This technique allows for plasma
diagnostics without disturbing its structure,
condition, or shape [11]. The method’s principal
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work is calculating the radiated optical emission
from the produced plasma, which represents its
characteristics in an environment of chemical,
ionic, and molecular radiation [12, 13]. As
ionised plasma particles interact with each other
and emit radiation, three high-speed electronic
transitions that control collision excitation and
ionisation can occur: boundary transitions,
important transitions, and free transitions [14]. A
band or spectral line is formed from the emitted
light as electrons pass through different levels in
it, thereby resulting in the energetic gas
molecules, ions, and atoms emitting radiation
[15].

To determine the properties of a plasma, its
parameters must be calculated. As noted above,
the temperature and density of the electrons are
considered among the most important properties,
from which the remainder of the parameters can
be derived. The temperature of the plasma in
local thermal equilibrium can be calculated using
the following equation [16]:

(E2— Eq) (1)

d1414292)
k1
rl(12}»21‘1191)

T, =

where A4,g; is the transition strength of the first
wavelength, 4,g; is the transition strength of the
second wavelengths, k is Boltzmann's constant,
I; and I, are the peak intensity of the first and
second wavelength of the plasma spectrum, E; is
the peak energy of the first wavelength, and E; is
the peak energy of the second wavelength in the
resulting plasma spectrum. Moreover, 4 is the
transition probability for spontaneous emission
from an upper energy level to a lower level, and
g is the statistical weight of the upper level [17].
Here, the unit of measurement is eV.

From the Saha-Boltzmann equation, which
depends on spectral lines, the plasma electron
density can be calculated as follows [16]:

(E1—E2—-Xz)

ne =2 604 x 102" (T,)72e Mo )
2

where /; and [, are the peak intensity of the first
and second wavelength of the plasma spectrum,
E; and E, are the peak energy of the

wavelengths, as defined above, and X, represents
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the amount of ionisation energy. Here, the unit
of measurement is cm™.

I,

L=
2 9242

3)

The synthesis of nanoparticles (NPs) has been
widely investigated because their extremely
small atomic and molecular dimensions impart
properties that differ significantly from those of
bulk materials [18]. The potential of the NP
technology lies in the fact that increasing the
ratio of particle area to volume gives different
and variable properties [19].

This work aims to determine copper-silica
(CuSi) plasma parameters when using a variable
argon gas flow rate of 0.52 L/min, and a high
voltage of 11 kV as a direct current power
supply, and to measure the energy gap of the
CuSi compound. To this end, a spectroscopic
diagnostic method is adopted.

2. Experimental Setup

Figure 1 shows a non-thermal plasma jet
system based on argon gas using DC and an
applied voltage of 11 kV. A slice of Cu
measuring 6 cm in length and 1 cm in width was
immersed in a non-ionic liquid inside a 10 ml
beaker connected to the positive pole. The
electrically conductive plasma jet needle was
connected at one end to a gas flow meter and an
argon gas bottle and connected by a metal wire
to the negative pole. When the system was
turned on, and the jetting process began, plasma
was produced, as shown in Fig. 2. The nano-Cu
liquid was prepared for durations of 6 and 8 min
at an argon gas flow rate of 2 L/min, during
which the gas interacted with the non-ionic
liquid and the immersed metal. The gas
molecules interacted with the liquid in the beaker
and produced a series of reactions on the metal
surface. As a result of the production of NPs, the
liquid changed to a brown color, and it became
darker as the preparation time increased. The
plasma needle was almost perpendicular to the
beaker in which the water was placed, and a
metal holder was placed on the beaker to control
the distance of the flowing plasma column,
which was measured during the experimental
conditions at 2.35 cm (Fig. 2).
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FIG. 3. Image of the synthesized Cu nanoparticles by the atmospheric plasma jet prepared for specific time
periods (6 and 8 min).

In the next step, a slide of silicon metal with a
length of 4 cm and a width of 1 cm (connected to
the anode electrode) was immersed in the
previously prepared nano-Cu liquid, using DC
and an applied voltage of 11 kV at an argon gas
flow of 0.52 L/min from the tip of the plasma jet
(connected to the cathode). Plasma was
produced, and its parameters were measured
using a spectrophotometer. Using the same

plasma production mechanism with an argon gas
flow rate of 2 L/min for 6 min, CuSi NPs were
produced. The color of the liquid changed to
light brown when NPs of Si were produced in
the nano-Cu liquid prepared with a time of 6 min
for both Cu and Si. The color of the liquid
changed to light green when NPs were produced
in the liquid prepared for 8 min for Cu and 6 min
for Si, as shown in Fig. 4.
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FIG. 4. Images of nanoparticle liquid samples manufactured for CuSi by atmospheric plasma jet: (a) 6 min for
Cu and 6 min for Si; (b) 8 min for Cu and 6 min for Si.

The optical properties (absorption and energy
gap) of the NPs produced by the plasma jet were
measured using a UV-visible spectroscopy
device (UV-Vis 1800, Shimadzu), which is
considered the practical method for determining
pure substances [20]. Optical characterization
provides important physical information about
the material, such as its absorption behavior and
band-gap energy. These parameters were
determined using Planck’s relation and the Tauc
relation for direct electronic transitions [21]:

opt. __ £ _ 1240
Eg T Aeut Acut )
and
(ah)" = A(h—Ej) (5)

In Eq. (4), E, represents the optical energy
gap, & = m (6.6261 x 10** I.s) is Planck's
constant, ¢ = (3x10% m/s) is the light velocity in a
vacuum, and Ao represents the cut-off
wavelength corresponding to the optical band
gap. In Eq. (5), a is the absorption coefficient, 4
is Planck's constant, v is the incident photon
frequency, A4 is a constant equal to 0.9, and r is a
value depending on the nature of the transition
type (» = 2) for an allowed direct transition.

3. Results and Discussion
Optical Emission Spectrum (OES)

The optical emission spectrum used in the
plasma jet system produced by Cu and Si under
atmospheric pressure conditions, and the effect
of the applied voltage of 11 kV and the variable
argon gas flow rate (0.52 L/min) on the
properties and parameters of the plasma were
studied. Information was collected, and Si
plasma emissions were examined using a fibre-
optic beam connected to a spectrometer. This
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provided information on the decay of the excited
emissions in the plasma. The physical properties
of the metals employed and the Ilaboratory
operating conditions significantly affected the
observed  spectral emission lines and,
consequently, the accuracy of the plasma-
parameter calculations. As shown in Fig. 5, the
spectroscopic diagnosis of the argon plasma jet
operating under DC conditions with a silicon
metal immersed in nano-Cu liquid prepared for 6
min revealed several emission peaks. Ar +2
peaks were observed at wavelengths of 223.54,
244.04, 253.57, 335.56, 396.98, 706.61, 810.54,
and 839.85 nm. It was found that five Cu +2
peaks appeared at 226.35, 294.77, 419.27,
696.73, and 809.62 nm, while three CuSi +2
peaks were detected at 308.6, 379.42, and 671.99
nm. Under identical operating conditions, but
using nano-Cu liquid prepared for 8 min, the
spectroscopic analysis showed Ar +2 emission
peaks at 223.54, 244.05, 253.57, 335.56, 396.98,
706.61, 810.54, and 839.85 nm. The Cu +2
emission peaks were observed at 280.90, 308.05,
355.79, 380.24, and 749.91 nm, while CuSi +2
peaks appeared at 211.41, 234.23, 378.61, and
671.74 nm. In addition, Si emission lines were
detected at 613.22 and 762.83 nm.

It was observed that the intensities of the
emission peaks increased when Si plasma was
generated using nano-Cu liquid prepared for 8
min. This enhancement can be attributed to the
increased electrical conductivity of the
nanoliquid, which promotes more -effective
interactions between argon gas molecules and
the silicon metal surface. As a result, the
ionization levels of electrons, ions, and free
radicals increased. These findings are consistent
with previous studies [22], which reported that
the use of Cu nanoparticles in liquid media
enhances electrical conductivity and accelerates
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plasma formation. Accordingly, the plasma  present study are in good agreement with those
behavior and parameter trends observed in the  reported in Ref. [22].
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FIG. 5. Plasma emission spectra of Si in nano-Cu liquid prepared for 6 min in a non-ionic liquid at various argon
gas flow rates.
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FIG. 6. Plasma emission spectra of Si in nano-Cu liquid prepared for 8 min in a non-ionic liquid at various argon
gas flow rates.

Using Eq. (3), the parameters of CuSi plasma  As Fig. 7 shows, T. and n. increased to 3.732
produced under two different Cu nanoliquid  4.981 eV and 2.700 x 10" - 3.588 x 10'® cm’
preparation times (6 and 8 min) were calculated. ~ with the increase in the flow rate of argon gas
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(0.5-2 L/min) for Si-anode plasma in the nano-
Cu liquid (6 min). This increase is attributed to
enhanced collisions between the argon gas
molecules and the surface of the nano-Cu liquid
containing the immersed Si plate. This led to an
increase in the ionization process, providing
electrons with more energy to move from a
lower level to a higher level. As the temperature
increased, the electron density increased
accordingly. As Fig. 8 shows, T. and n.
increased (1.220 — 1.396 eV; 1.290 x 10 '* 2.074

x 10 '® cm*) with the increase in the flow rate of
argon gas for the Si-anode plasma in the nano-
Cu liquid (8 min), which was a result of the
increase in collision between the gas column and
the surface of the liquid in which the metal was
immersed. Finally, there was an increase in
plasma ionization processes, with the observed
behavior similar to that observed in previous
research [16]. It is the increase in the value of
plasma parameters with different metals.

T, an n, of Ar-Plasma for CuSi-anode
6.000 4.00E+07
S0E+
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FIG. 7. Electron temperature and density of plasma for Si in nano-Cu liquid prepared over a period of 6 min as a

function of argon gas flow rate.
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FIG. 8. Electron temperature and density of plasma for Si in nano-Cu liquid prepared over a period of 8 min as a
function of argon gas flow rate.

Immersion of the silicon metal sheet in the
nano-Cu liquid increased the collision process of
argon gas atoms with the liquid surface, which
led to an increase in the excitation of electrons
and the speed of their transition to a higher level,
thus increasing their value. This led to an
increase in the ionization process during the
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generation of the plasma column, which again
was in line with previous research results, which
led to an increase in the temperature and electron
density of the produced plasma, and this
behavior is consistent with the results of the
aforementioned study [23].
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Optical Properties

Figures 9 and 10 show the optical absorption
spectrum of the CuSi NPs produced via the
plasma jet with an applied voltage of 11 kV and
a constant Ar flow rate of 2 L/min over two time
periods: 6 min for both Cu and Si. Using Egs. (4)
and (5), the energy gap was calculated. From the
absorption spectra, the energy gap was
determined by projecting the intersection of the
extrapolated linear portion of the absorption
curve onto the photon energy axis. The energy
gap value was estimated using the standard

energy gap band estimation method, in which a
straight line is drawn that settles at the horizontal
axis diagonally, and were found to be 3.74, 3.62
eV. From a physical perspective, an electron
requires an energy of 3.74, 3.62 eV to release a
photon from the valence band to the conduction
band, as the same conduction and valence bands
exist in the direct band gap of the hole
momentum and the electron. This result was
close to that obtained in terms of value in
previous research [24].
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FIG. 9. The optical absorption spectrum of CuSi NPs prepared over a specific time period (6 min for both Cu
and Si) along with the energy gap.
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FIG. 10. The optical absorption spectrum of CuSi NPs prepared over a specific time period (8 min for Cu and 6
min for Si) along with the energy gap.
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4, Conclusion

The mnano-Cu liquid affected the gas
ionization processes in the Ar plasma jet system,
increasing the intensity of the spectral lines of
Cu and Si metals. The external factors, such as
the applied voltage (11 kV) and the variable gas
flow rate (0.2—5 L/min), had a further effect on
increasing the number of colliding gas
molecules. As such, the energy supplied as a
result of the high excitation process was
sufficient to cause ionization, meaning that the
intensity of the spectral lines increased. The
spectral peaks were lower at the gas flow rate of
0.5 L/min and higher at the rate of 2 L/min,
which was reflected in the plasma parameters: 7,
of 3.732 — 4.981 eV and 1.220 — 1.396 eV, and
n, values of 2.700 x 10 '* — 3.588 x 10'* cm’ and
1.290 x 10" — 2.074 x 10" cm’ for the two
different times. The changes obtained in the
plasma parameters give the generated plasma the
ability to be used in different applications.

The optical properties of the Cu and Si NPs
produced via Ar plasma jetting exhibited a
change in optical absorption rate and energy gap
value. The optical band-gap values were
measured as 3.74 and 3.62 eV for the time
applied in the experiment, as a result of changing
the preparation time of the Cu liquid from 6 to 8
min and using it to immerse the Si metal and
synthesize the Cu and Si NPs at a constant
applied voltage of 11 kV and a gas flow rate of 2
L/min. This result indicates the increase in the
electrical conductivity of the Cu particles and the
collision process of the gas molecules with the
metal surface from the moment the gas came
into contact with the liquid surface to the
moment its molecules collided with the Si metal

surface. This was due to an increase in the
uprooting of the Si particles to form the Cu and
Si NPs.
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Abstract: This paper underlines the need to improve SRR cell design parameters to
achieve both a negative refractive index and optimal impedance matching for advanced
metamaterial applications. Metamaterials have unique light manipulation characteristics
because of their negative refractive index and excellent impedance matching. This paper
looks at numerous split-ring resonator (SRR) cell designs to find the best combinations.
Square SRR cells consistently achieved a negative refractive index and excellent
impedance matching throughout simulations, outperforming alternative forms such as
circular SRRs. Increasing strip width often improves the negative refractive index, although
it may create dispersion. Optimal separation distance resulted in a negative refractive index
and perfect impedance for particular SRR forms (SSRR, HSRR, and OSRR); however,
CSRR designs degraded with greater separations. All SRR forms produced satisfactory
results, however CSRR designs had a somewhat poorer performance. Notably, a greater
outer side (¢ = 22mm) SSSR cells resulted in a much higher negative refractive index
throughout varying strip widths and separation distances.

Keywords: SRR structures, Resonance frequency correlation, Negative refractive index.

1. Introduction

In the world of electromagnetic engineering,
split voltage engineering, known as split ring
resonator (SRR), has been truly revolutionary,
achieving an unprecedented transformation in
our understanding of electromagnetic materials,
opening up amazing new opportunities for
designing cutting-edge technical systems and
devices [1, 2]. Major contributions to
metamaterials research were made by R. Shelby
et al., who empirically established the existence
of a negative refractive index [3]. This
pioneering accomplishment set the path for
future research into the fundamental principles
driving metamaterial behavior, notably SRR
structures. Concurrently, theoretical
investigations to explicate the function of
bianisotropy in producing negative permeability,
creating the theoretical framework for
comprehending the complexities of SRR-based
metamaterials, were conducted by R. Marqués et

al. [4]. The search to understand the resonance
frequency association with negative refractive
index in SRR structures has resulted in novel
metamaterial characterization techniques [5]. J.
Pendry et al. introduced a method for
determining the effective permittivity and
permeability of metamaterials using reflection
and transmission coefficients, offering valuable
insights into the design and optimization of SRR
topologies [6]. Theoretical frameworks that
permitted the research of typical electromagnetic
phenomena, resulting in the realization of
negative refractive index metamaterials, are
presented in J. Pendry et al. [6]. Furthermore,
comprehensive works have served as invaluable

resources, providing in-depth analyses of
metamaterial ~ physics and  engineering
explorations that cover the fundamental

principles and practical applications of SRR
structures [7, 8].

Corresponding Author: Lamyaa A. Jasim

Email: lamyaa.jasim@utq.edu.iq



Article

Jasim and Yasser

Achieving a negative refractive index is the
major objective of SRR development. This
unusual trait occurs when both the effective
permittivity and permeability of the SRR
structure become negative at the same time [9,
10]. However, a hidden player, -effective
impedance, has a substantial impact on
performance. Perfect power transmission
requires a real part of effective impedance equal
to zo (the characteristic impedance of open
space), which is seldom achieved. In SRRs with
a negative refractive index, the imaginary part of
the effective impedance frequently differs from
zero [11, 12]. This non-zero impedance
imaginary part, together with the corresponding
real part, adds to energy losses within the SRR,
reducing its efficacy. Careful optimization of
SRR shape and materials is required to achieve a
compromise between obtaining a negative
refractive index and reducing energy losses [13].
Researchers can  tune the  structure's
electromagnetic response by precisely altering
the size, shape, and composition of the SRR unit
cells [14]. This enables them to attain the
necessary negative refractive index while
reducing the energy losses indicated by the non-
zero imaginary element of impedance [15, 16].
The tricky balancing act of getting a negative n
while avoiding energy losses is an ongoing focus
of research in SRR development. Advances in
material science and nanofabrication techniques
are paving the way for the development of SRRs
with higher performance and lower energy losses
[17]. This offers great potential for the creation
of new gadgets and applications that take
advantage of the unique qualities of negative
refraction [18]. Impedance matching is vital in
electromagnetic systems to minimize wave
reflection and maximize transmission. In
metamaterials, particularly those using split-ring
resonators (SRRs), it ensures efficient energy
transfer and optimal functionality, such as
negative refractive indices and enhanced
resonance [19]. Proper SRR design aligns
impedance with the surrounding medium,
reducing energy loss and improving performance
in  applications like medical imaging,
communication systems, and advanced optical
devices [20]. This makes impedance matching a
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cornerstone in SRR-based metamaterial design,
enabling broader and more efficient applications
[21].

This paper presents a finite element method
(FEM)-based simulation study of several SRR
unit cell configurations within the COMSOL
environment. Also, it focuses on the impedance
imaginary  part that accompanies this
phenomenon and the possibility of achieving an
ideal impedance matching, which is a necessary
condition in electromagnetic systems.

2. Design of Split Ring Resonators

After conducting simulations in the
COMSOL environment, the study aimed to
investigate the influence of geometric
dimensions and dielectric constants on the
bandwidth and resonant frequency of SRRs
within the frequency range of 2-6 GHz, essential
for modern communication systems. To achieve
this, appropriate designs for SRRs were
implemented, and a mesh that provided an
appropriate balance between result quality and
implementation speed was chosen. By altering
the shape, number, and dimensions of the rings,
specific resonant frequencies with desired
bandwidths could be achieved, potentially
leading to multiple resonant frequencies within
the same frequency range. Four main types of
SRR cells were analyzed: square (SSRR),
hexagonal (HSRR), octagonal (OSRR), and
circular (CSRR). Each SRR cell consists of two
metal strips on an insulating surface with a
dielectric constant &, and thickness /4, in the
form of two concentric rings, each ring with a
width C and separated by a distance D; each ring
has a gap of width g, with the gaps oriented in
opposite directions. In our work, these rings
were in the form of a square, hexagon, octagon,
or circle. The length of the dielectric side is L,
the distance from the center to the outer edge of
the shape is 7, (Which is the outer radius of the
large ring in the case of CSRR). The background
of all the rings is the same: five rectangular strips
with width w, length ¢, and the distance between
the strips s. Figure 1 illustrates the model
structure in the COMSOL environment.
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FIG. 1. Structure, ports, PML, periodic conditions, and mesh in COMSOL.

Figure 2 shows the structure of the SSRR unit
cell. The rest of the cells differ only in geometric
shape and employ the same notation for the
engineering parameters. The figure also presents
the background structure. The dimensions of the
metallic strips, gap width, the distance between
strips, dielectric thickness, dielectric constant,

the distance between strips in the background,
strip width in the background, strip length in the
background, cell width, the outer side length,
and the outer ring radius are listed in Table 1 for
all SRRs, with any changes noted accordingly
during the study. Figure 3 shows the
convergence test.

A 2
S S ! St
“——> 4>
( A
w
A
v

-

A\ ]
FIG. 2. SSRR structure and background.

TABLE 1. Simulation parameters.

Parameter = SSRR HSRR OSRR CSRR
L 24mm 24mm 24mm 24mm
a 22mm  13.856mm 9.941mm -

C 2mm 2mm 2mm 2mm

D 2mm 2mm 2mm 2mm
0.3mm 0.3mm 0.3mm 0.3mm

Text 11mm 12mm 11mm 11mm

h 2mm 2mm 2mm 2mm

s 4mm 4mm 4mm 4mm
w 0.3mm 0.3mm 0.3mm 0.3mm
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FIG. 3. Convergence test.

3. Retrieval Method Formation

Excitation of SRR with an external magnetic
field causes the current to flow from one ring
structure to another through the slot between
them. As a result, this structure has a very strong
displacement current flow. The slots in SRR
behave like distributed capacitance, and it
behaves like an LC circuit. In technical terms,
metallic ring structures are modelled by
inductance L and capacitance C. The structure
behaves like an LC circuit having a resonant
frequency given below as [22]:

W = e (1)

where L; is the total inductance and Cris the
total capacitance of the LC circuit. The effective
parameters of a metamaterial slab are determined
by the free-space reflection and transmission
coefficients. To determine the parameters at N
different frequency points, one can either
measure the complicated S-parameters or
employ full-wave electromagnetic simulators.
For normal incident plane waves on a
homogeneous metamaterial slab, the relation
between the S-parameters, the complex
impedance, and the complex refractive index is
provided by [23]:

F(l_e—Zineffkt)
—Zineffkt (2)

Si1=

1-I?e
(1_F2)e—ineffkt
Sa1 = " amg R )
where I = (Zeff - 1)/(Zeff + 1), t is the
metamaterial slab thickness, and n.rr is the
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complex effective refractive index (n.rr = n' +

in"), with n'and n’’ being the real and imaginary
parts of ngrr, respectively. The parameters
Sipand S,; are complex and related to
reflectance and the transmittance, respectively,
as:T = |S;1|?and t = |S, 2.

The complex effective wave impedance z.f¢
is defined as [24]:
Zesr =R+ iX =R+i(wly ——) (4)
T
The parameters z,fr,n.rr are related to S-
parameters as [22]:

_ ’(1‘*'511)2—5221
Zeff = t (1-811)%-53, 5)

1 1 1—Sf1+5221) 2mm
Nefr = T——coS (— —,m=
eff T ~koa 28551 koa’

0,1,2... (6)

where k, is the free-space wavenumber, m is the
multivalued logarithmic function's branch index,
and a is the metamaterial slab thickness. As seen
in [25], when the metamaterial thickness is
modest, m is set to zero. When « is large, these
branches can lie arbitrarily close to one another,
making the selection of the correct branch
difficult in the case of dispersive materials. For
this reason, the best results are obtained for the
smallest possible thickness of the sample, as is
commonly known in the analysis of continuous
materials. Even with a small sample, more than
one thickness must be measured to identify the
correct branches of the solution that yield
consistently the same values for 7.
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The real value of the complex wave
impedance and the imaginary value of the
complex refractive index must both be greater
than or equal to zero for a passive metamaterial,
i.e., R>0,n" = 0. Therefore, the sign of z.¢r
must be decided in light of those circumstances.
Specifically, the real and imaginary components
of the complex refractive index are n' =
Refngsr}, n' = Im{ngsr}, respectively [26].
There are ambiguities in the formulations of the
metamaterial's  effective  permittivity  and
permeability due to the resultant branch
uncertainty in the real part of the complex
refractive index. The following formulas connect
the complex permittivity and complex
permeability to the complex refractive index and
the wave impedance [27]:

Eeff = Neff/Zefs (7

Heff = NefrZefs ®)

4. Results and Discussion

Figure 4 depicts the relationship of S;; with
frequency in the 2-6 GHz band using various
values of D, which denote the distance between
two strips. It is worth noting that each D value
results in various behaviors in terms of
resonance frequency, bandwidth, and minimum
attainable value. While it is possible to achieve
another resonant frequency within the same
range, our attention is on the case with a greater
bandwidth, also known as the fundamental
resonant frequency. Furthermore, when D grows,
the fundamental resonant frequency shifts to the
right. However, it is critical to understand that D
cannot expand indefinitely since it is inextricably
tied to cell size.

s,,(dB)

-35 !

2 25 3 3.5

4 4.5 5 55 6

frequency(GHz)
FIG. 4. S;; as functions of frequency using many values of D for SSRR.

In Fig. 5, we show the connection between
the normalized real refractive index and the
normalized frequency for various C values inside
the SSRR cell. Our primary focus is on the
fundamental resonance frequency, which
demonstrates a clear relationship between the
refractive index and resonance frequency
regions. Although comparable patterns appear
when additional parameters such as C, s, A, a,
and dielectric constant are changed, it is worth
noting that the resonant frequency and
bandwidth vary with time. As a result, we avoid
demonstrating these recurrent actions. Instead,
we stress the resonance frequency's relationship
with the negative refractive index, as well as the
real and imaginary parts of impedance.

Figure 6 presents the real part of the
refractive index, the imaginary part of the

impedance, and the real part of impedance at
resonance as functions of strip width for many
SRRs at h =3 mm, D =2 mm, & = 4.3, s = 4
mm. Figure 6(a) shows that the resonance
frequency occurs when the refractive index is
negative. In general, raising C leads to an
increase in the real refractive index. The CSRR
cell exhibits the highest real refractive index,
while the SSRR shows the lowest. The figure
shows that the real refractive index is negative
until it approaches C > 3, after which it is
positive in the case of cell CSRR. However, it
always remains negative in SSRR and OSRR
cells. When C is less than 3.5, the HSRR cell
produces a negative refractive index. The
metamaterial property is attained for all cells by
creating C < 3. It is clearly evident from Fig.
6(b) that the imaginary part of the impedance is
close to zero at first and then increases slowly as
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the strip width increases for square, hexagonal,
and octagonal cells, but it increases strongly in
the case of the circular cell and then decreases to
negative values. Losses and imperfect coupling
between the cell and wire may increase the
imaginary value of impedance. Additionally,

C=0.5mm

s 11T )
s OIS 1)

1

2 3 4 5 6
frequency(GHz)
7 C=1.5mm
05+
(0]
-0.5
-1
2 3 4 5 6
frequency(GHz)

nonlinear effects can introduce extra frequency
components into the cell response, further
causing deviations of the impedance imaginary
part from zero. In general, increasing the strip
width makes the impedance imaginary part non-
zZero.

C=1mm

1

05}

frequency(GHz)
i C=2mm
05+
(0]
-0.5
-1
2 3 4 5 6
frequency(GHz)

FIG. 5. Normalized S;,; and effective refractive index as functions of frequency using many values of strip width
for SSRR.

In Fig. 6(c), the matching between the system
impedance and the characteristic impedance

happens at zgrr/zg = 1. When condition
Zesr/Z2o =1 1is met, the ideal case for
electromagnetic systems occurs. Note that

condition zgsr/zy = 1 is achieved almost at the
beginning for all cells, but it is not achieved as C
continues to increase, and the cell furthest from
condition zgsr/zo =1 is the CSRR cell. The
cases Zqrr/Zo > 1 indicate that the SRR cell's

electromagnetic wave may be reflected at the
SRR cell interface due to an impedance
mismatch. The greater the ratio z.rr/z, the
stronger the reflection may be. When zg5f/zy <
1, the SRR cell's effective impedance is lower
than the line's characteristic impedance. In this
situation, the SRR cell may cause dispersion,
which means that the propagation speed of
different frequencies within the electromagnetic
wave will vary. The smaller the ratio zess/z,

effective  impedance exceeds the line's  the greater the dispersion impact may be.
characteristic ~ impedance. @ The  entering
0.4 1.2 :
©: |
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FIG. 6. Real part of the refractive index, imaginary part of the impedance, and real part of the impedance at the
resonance frequency as functions of strip width for many SRRs.
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Figure 7 shows the dependence of the real
part of the refractive index, the imaginary part of
the impedance, and the real part of impedance at
resonance on the distance between the strips for
many SRRs at 7 =3 mm, C =2 mm, &, = 4.3,
and s = 4 mm. Figure 7(a) shows that the real
part of the refractive index is negative at the
resonance frequency when D < 4.7 mm for
square, HSRR, and OSRR cells, and it is
negative in the case of the CSRR cell when D <
3.8 mm. Note that the SSRR/CSRR cells always
represent the lowest/highest real refractive index.
Figure 7(b) shows that the imaginary part of the
impedance starts close to zero for all cells except
the CSRR case, and after D > 3.5 mm, the values
begin to increase or decrease depending on the
cell type, with HSRR and OSRR cells
maintaining some degree of stability until D =
3.5 mm. In the case of the CSRR cell, the
impedance imaginary part is not the same as its
predecessors but rather alternates between
positive and negative. Also, the SSRR cell will

0.2

have values far from zero when D = 3 mm. In
general, the negative imaginary part of the
impedance moves away from zero in response to
the corresponding negative refractive index.
Positive values mean that the characteristic of
inductance is dominant, and negative values
mean that the characteristic of capacitance is
dominant, while a zero value means that the
impedance is composed of resistance only.
Figure 7(c) shows that the condition z.ff/zy =
1 is met for HSRR and OSRR cells at D < 3.8
mm, while it is met at D < 3 mm for SSRR cells.
In the case of the CSRR cell, the impedance
varies greatly, and condition zgsr/zy = 1 is not
met except at a few points. In general, for all
cells except the CSRR cell, a wide range of D
values can be obtained that achieve a negative
refractive index, zero impedance imaginary part,
and meet the necessary condition zgsr/zo = 1
for the ideal case in electromagnetic systems.
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FIG. 7. Real part of the refractive index, imaginary part of the impedance, and real part of the impedance at the
resonance frequency as a function of distance between the strips for many SRRs.

Figure 8 shows the dependence of the real
part of the refractive index, the imaginary part of
the impedance, and the real part of impedance at
resonance on the dielectric thickness for many
SRRs at D=2 mm, C=2 mm, & =43, s =4
mm. Figure 8(a) shows that a negative refractive
index is achieved in HSRR and CSRR cells as
long as & < 2.3 mm. It is achieved for SSRR and
OSRR cells as long as &2 < 2.8 mm. The
SSRR/CSRR cells achieve the lowest/highest
negative refractive index. Figure 8(b) shows a
slight increase in the impedance imaginary part
values for all cells, with the impedance
imaginary part of the CSRR/SSRR cells being
the highest/lowest. We can confirm here that the
impedance imaginary part is small under the
simulated conditions. Also, we note that the
impedance imaginary part corresponding to
negative refractive indices is the lowest. Note

that the imaginary part of impedance should be
zero at the resonant frequency, but this was not
achieved due to neglecting the phenomena of
loss, coupling, and nonlinearity. This is due to
the following: at the resonance frequency
Zerf = Zg, the effective impedance will be real,
and the imaginary impedance will be zero; and
due to absorption effects, coupling within the
cell parts, and perhaps also nonlinear effects that
can occur in the insulator, the imaginary part of
the impedance will not be zero at the resonance
frequency.

Figure 8(c) shows the fulfillment of the
condition z.rr/zo ~ 1, which is necessary for
electromagnetic systems for all values of / using
every SRR cell. The sign of approximation, not
equality, is used due to the presence of a small
amount of impedance imaginary part, depending
on the cell type.
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FIG. 8. Real part of the refractive index, imaginary part of the impedance, and real part of the impedance at
resonance frequency as a function of dielectric thickness for many SRRs.

Figure 9 shows the dependence of the real
part of the refractive index, the imaginary part of
the impedance, and the real part of the
impedance at resonance on the dielectric
thickness for many SRRs at D = 2 mm, C = 2
mm, & = 4.3, h = 3 mm. Figure 9(a) shows that
a negative refractive index is achieved at all
values of s and for all cells, with SSRR/CSRR
cells achieving the lowest/highest negative
refractive indices. It can also be noted that the
variation of the refractive index in all cases is
small. The figure shows that the impedance
imaginary part in all cells has small values and
that SSRR/CSRR achieves the lowest/highest
values, and the impedance imaginary part in the
case of the CSRR cell is three or four times
greater than that of the SSRR cell. In general, it
can be understood from this that the conditions
causing negative impedance (losses, coupling,
and nonlinearity) are minimal under the
simulated conditions. Figure 9(c) shows that
condition Zgrr/zy ~ 1 is met at the resonance
frequency for all values of s and for all cells
used. Accordingly, under the present simulation

conditions, a metamaterial with a near-zero
impedance imaginary part can be obtained, and
the ideal impedance condition can be achieved.

Figure 10 shows the dependence of the real
part of the refractive index, the imaginary part of
the impedance, and the real part of the
impedance at resonance on the dielectric
constant value for SSRR and CSRR cells at D =
2 mm, C=2 mm, s =4 mm, h =3 mm. Figure
10(a) shows that SSRR/CSRR achieve the
lowest/highest negative refractive indices over
every dielectric constant range. In Fig. 10(b), the
impedance imaginary part achieved in the case
of CSRR is much larger than in SSRR, but in
general, it is very small. Figure 10(c)
demonstrates  that near-ideal impedance
matching is maintained across all dielectric
constant values for the two cells used. The
current simulation conditions achieved the
metamaterial property, reduced the impedance
imaginary part to the lowest possible level, and
achieved the ideal impedance condition.
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FIG. 9. Real part of the refractive index, imaginary part of the impedance, and real part of the impedance at
resonance frequency as a function of distance between strips in the background for many SRRs.
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Figure 11 shows the dependence of the real
part of the refractive index, the imaginary part of
the impedance, and the real part of impedance at
resonance on strip width for SSRR (a = 22 mm, a
= 20 mm) and CSRR (1o = 11 mm,1py =
10 mm) cells at D=2 mm, s =4 mm, h = 2 mm,
& = 4.3. Figure 11(a) shows that the SSRR cell
(@ = 22 mm) exhibits the lowest negative
refractive index for all strip widths. The SSRR (a
=20 mm) and CSRR (7,5 = 11 mm) cells have
a negative refractive index up to a strip width C
< 2.9 mm. The CSRR (7., = 10 mm) cell has
the largest negative refractive index up to strip
width C < 2.3 mm. Figure 11(b) shows an
impedance imaginary part that increases slightly
with the increase in the strip width of the SSRR
cell (@ =22 mm). For the SSRR (a = 22 mm) and
CSRR(7py; = 11 mm) cells, the impedance
imaginary part starts small, then increases
slightly, and then increases strongly and
decreases to negative values. For the CSRR

cell (1o = 10 mm), we see that the impedance
imaginary part changes severely, which is the
worst case. This means that the nature of the
impedance imaginary part depends on the
achievement of the negative refractive index. In
general, a near-zero imaginary impedance is
observed only within a limited range of strip
widths.

Figure 11(c) confirms this trend for
impedance matching. Ideal impedance condition
Zerf/Zo = 1 is achieved only over a small strip
width range for most cells.

For C > 1.5 mm, all cells except the SSRR (a
= 22 mm) deviate from the ideal condition. The
SSRR cell (@ = 22 mm) maintains near-ideal
impedance z.rr/zo ~ 1 across the full range of
strip widths. Overall, for all cells, near-ideal
impedance consistently coincides with a negative
refractive index at the resonance frequency.
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FIG. 11. Real part of the refractive index, imaginary part of the impedance, and real part of the impedance at
resonance frequency as a function of strip width for many SRR cells.

Figure 12 shows the dependence of the real
part of the refractive index, the imaginary part of
the impedance, and the real part of the

impedance at resonance on the distance between
strips for SSRR (¢ = 22 mm, a = 20 mm) and
CSRR (Toyt = 11 mm, 14y = 10 mm) cells at C
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=2 mm,s =4 mm, h =2 mm, and &. = 4.3.
Figure 12(c) shows that the SSRR cell (a = 22
mm) achieves a negative refractive index at D <
4.8 mm, and that the two cells, SSRR (a = 20
mm) and CSRR (rpy; = 11 mm), achieve a
negative refractive index at D < 3.7 mm. The
CSRR  (Toxt = 10mm) cell shows the most
irregular behavior, with the refractive index
initially negative, then becoming positive, and
returning to negative values. Figure 12(b) shows
that the SSRR cell (¢ =22 mm) initially achieves

near zero impedance imaginary part and then
increases, while the other cells exhibit significant
variations in the imaginary impedance across the
range.

Figure 12(c) shows the impedance matching
condition. Near-ideal impedance is achieved
only at the beginning for the SSRR cell (a = 22
mm). All other cells remain far from the ideal
impedance condition throughout the examined
range.
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FIG. 12. Real part of the refractive index, imaginary part of the impedance, and real part of the impedance at the
resonance frequency as a function of distance between strips for many SRR cells.

Figure 13 shows the bandwidth, resonance
frequency, and minimum S;; as functions of the
dielectric thickness / for the four types of SRR.

The bandwidth decreases as / increases. The
octagonal cell exhibits the smallest bandwidth,
while the circular and square cells show similar
bandwidth values at & = 0.7, 2 mm. The figure
representing the resonance frequency as a
function of / shows that the resonance frequency
is inversely proportional to the dielectric
thickness. Among the geometries, the circular
cell achieves the highest resonance frequency,

whereas the square cell exhibits the lowest. The
figure that represents the minimum value of
S11 as a function of h shows a direct proportion
between the minimum value of S;; and the
dielectric thickness. We notice that the minimum
value of S;, is the highest possible in the case of
circuit, but when it is less than 2z = 1 mm, it
begins to decline and achieves the lowest value
for the minimum value of S;; and also in the
octagonal state, at less than # = 1.5 mm, it begins
to decline and is less than the square case.
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FIG. 13. Bandwidth, resonance frequency, and minimum value of S;; as functions of 4 for different
SRRs.
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Figure 14 shows the bandwidth, resonance
frequency, and minimum value of S;; as
functions of D using four types of SRR. It
appears from the figure representing the
bandwidth as a function of D that the bandwidth
increases with increasing D for all four types of
SRR, but for the case of the circuit, we notice
that it tends to stabilize from D = 4.5 mm and
above. The largest bandwidth is obtained for the
square, while the octagonal exhibits the smallest.
The resonance frequency appears to increase
with increasing D in the case of a circle and
decrease correspondingly in the case of a square.
The minimal value of S;; appears to increase as
D increases; however, in the case of an
octagonal, the minimum value of S;; tends to
stabilize between D = 1 mm and D = 1.5 mm.
The peak is the largest in the case of a circle and
the least in the case of a square. Figure 15 shows

minimum value of S;; as functions of C for the
four types of SRR. The bandwidth increases with
increasing C for all cases; however, for the
circuit, it tends to stabilize for C = 2.5 mm and
above. The bandwidth is the largest possible in
the case of a square and the smallest possible in
the case of an octagonal. The resonance
frequency increases with increasing C in the case
of a circle and decreases as much in the case of a
square. The minimal value of S;; appears to
increase as C increases; however, in the case of
an octagonal, the minimum value of S;; tends to
stabilize between C = 0.5mm and C = 1.5mm.
The peak is the largest possible in the case of a
circle and the least possible in the case of a
square. When the strip width in the SRR is
increased, reflections and deviations in the signal
transmission are reduced, and this is reflected by
increasing the minimum value of S;4.
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5. Conclusions

In conclusion, increasing C, D, and h leads to an
increase in the resonant frequency and
bandwidth, and, in some cases, to the appearance
of additional resonant modes for the four types
of SRR. The resonant frequency, the bandwidth,
and the minimum value of S;; increase with
increasing C and D for all types of SRR, and
there may be some cases of stability in some
types of SRR. The SSRR cell consistently
achieved a negative refractive index and
excellent impedance matching throughout
several simulations. This shows that the
metamaterials have strong characteristics,
making them suitable designs. Other cell forms,
such as CSRR, often fared poorly. Wider strips
enhance the negative refractive index but may
add undesirable features, such as dispersion. The
optimal spacing between strips resulted in a

negative refractive index and perfect impedance
Zerr = Zy for SSRR, HSRR, and OSRR cells,
whereas CSRR designs suffered at wider
separations. For varying strip widths and
dielectric constants, all SRR forms obtained a
negative refractive index and excellent
impedance matching. However, the performance
of the CSRR design was marginally lower.
Larger side lengths (¢ = 22mm) resulted in
improved negative refractive index values for
both strip width and strip separation changes.
The work emphasizes the need to improve SRR
cell design characteristics, particularly the outer
radius, to achieve both a negative refractive
index and optimal impedance matching for
metamaterial applications.
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Abstract: The Hamiltonian of an exciton in a thin layer of WS,-transition metal
dichalcogenide (TMD) was solved by the 1/N expansion method, and the corresponding
exciton bound-state energies were obtained. The Hamiltonian describes an electron-hole
particle system interacting through an attractive Rytova-Keldysh potential (Vi) in a sheet
of WS,, which is presented in an external uniform magnetic field applied perpendicular to
the material sheet plane. We used the computed eigenenergies to calculate the partition
function, which depends on the temperature and magnetic field. We calculated the
magnetic and thermal quantities of WS, TMD material sheet for various values of magnetic
field strength and temperature range. The comparisons show that the calculated exciton
energy spectra against experimental and theoretical corresponding results are in very good
agreement. We have displayed the dependence of magnetization, susceptibility, entropy,
and heat capacity as a function of magnetic field and temperature. The paramagnetic
behavior of materials over a wide range of magnetic fields was considered. In addition, the
density of states (DOS) of TMD-WS, material was calculated, and the resulting DOS plot
shows an oscillator peak behavior for various ranges of the magnetic field strengths.

Keywords: TMD material, Exciton, 1/N expansion, Magnetic susceptibility, Heat capacity,

Entropy, Density of states.

1. Introduction

Transition metal chalcogenide  dimers
(TMDC or TMD) monolayers are atomically
thin MX,-type semiconductors, where M denotes
a transition metal atom (such as Mo or W), and
X represents a chalcogen atom (S, Se, or Te).
One layer of M atoms is sandwiched between
two layers of X atoms. They are part of a large
family of so-called two-dimensional materials
[1]. Monolayers of MoS2, WSz, MoSe2, WSe:,
and MoTe: exhibit direct bandgaps, and can be
used in electronics as transistors and in optics as
emitters and detectors. [2-5]. Their two-
dimensional nature, combined with strong spin—
orbit coupling, makes TMD layers particularly
attractive for advanced electronic and spintronic
applications [6]. Basically, when a positive hole
(an empty electron particle in the valence band)
and an electron combine and can move freely
through a non-metallic crystal as a unit, the

mixing of these two particles is called an
exciton. Excitons play an important role in
transition metal chalcogenide (TMD)
monolayers.

The two-dimensional nature and high spin-
orbit coupling of TMD layers render them useful
for electronic applications [7]. Work on and use
of TMD monolayers is an important research and
development area for potential applications in
electronics. TMDs are combined with 2D
materials such as graphene and hexagonal boron
nitride to make van der Waals heterostructures.
This is to work on optimizing these
heterogeneous structures for use as building
blocks for many different devices, such as
transistors, solar cells, LEDs, photodetectors,
fuel cells, photocatalysts, and sensors. We need
to use these devices in our daily lives so that
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they become smaller, cheaper, and more efficient
by using single layers [8, 9].

In recent years, the study of excitons in
(TMD) monolayers has attracted much attention
because their presence has a significant positive
impact on the performance of semiconductor
devices and their electrical, optical, and transport
properties. TMD have emerged as an ideal
material platform for exploring the phenomenon
of exciton transfer in the works of Malic, Perea-
Causin, Rosati, Erkensten, and Samuel Brem
[10-12]. In many scientific researches, many
authors have solved the Schrédinger equation for
a quantum dot (QD) in the presence of a constant
magnetic field. Elsaid used the 1/N expansion
method to calculate the energy states of an
electron bound to the donor impurity in the
presence of a magnetic field of arbitrary
strength. [13-15]. The 1/N expansion method is
an effective technique used by many authors,
including Shiau, Frenkel, and others, to solve
many Hamiltonian bound state systems in
reduced dimensions [16-19]. For example,
Wannier, Gregory et al. [20-22] studied the
Hamiltonian quantum dot using this method.
Also, Al-Hayek used the 1/N shifted expansion
method to calculate the binding energy and
energy of the donor impurities with Gaussian
confinement in the quantum dot. The 1/N
method is considered one of the most powerful
and successful methods for solving the
Schrodinger equation for the spherical analog
potential, and it is used in various branches of
theoretical physics. Using this method, we obtain
accurate results for calculations of the
eigenenergy values of the system, without
dealing with path wave functions. Motivated by
these studies, the present work applies the
shifted 1/N expansion method to solve the
exciton Hamiltonian for a thin WS, TMD
material.

In this work, we investigate the electronic
energy spectra, magnetic and thermal properties,
the density of states (DOS), and the
magnetocaloric effect (MCE) of the exciton
system made from an atomic sheet of TMD
(WS,), presented in a magnetic field. All these
thermal and magnetic quantities are calculated
from the statistical partition function and the
well-known statistical relations.

The rest of this work is organized as follows.
The Hamiltonian and Schréodinger equation for
2D electron-hole particles in a single-layer
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interacting TMD, which interact through an
attractive Rytova-Keldysh potential, solved by
the 1/N- expansion method, is presented in II,
the Theory and calculation method Section. In
Section III, Results and Discussion, the energy
spectra values obtained by 1/N are presented
against the magnetic field, discussed, and
compared with other studies. This section also
examines thermomagnetic quantities, including
heat capacity Cv, entropy (S), magnetization
(M), susceptibility(X), and magneto-caloric
effect (MCE), as well as the density of energy of
states (DOS) of the nanosheet TMD -WS,
material. The conclusion is presented in the final
Section.

2. Theory and Method of Calculation

The Hamiltonian for electron and hole
particles interacting through an attractive 2D
non-Coulombic potential type is used. The
model of a system has an exciton with effective
mass m* and charge e, moving in a two-
dimensional (2D) plane under the influence of a
uniform magnetic field applied perpendicular to
the monolayer. The corresponding Schrodinger
equation is given as [23]:

Hyp(x,y) = Ep(x,y) (1
A 1(d? da? i d d
=3 (G tan) o (v v+

1

3V (% + ¥ + Vi (r,a) )
where: r = \/x? + y2.

Where 7y, a dimensionless magnetic
parameter, is related to the magnetic field.

Vg(r,a) is the Rytova-Keldysh type
potential.

The nonlocally screened electron—hole

interaction in two-dimensional systems, such as
monolayer transition metal dichalcogenides
(TMDs), is described by the Rytova—Keldysh
potential [23]:

e Y )

where:

Hy and Y, are zero-order Struve and Bessel
functions, respectively;

1y 1s related to the screening length related to the
2D polarizability of the monolayer material;

&g 1s the vacuum permittivity;
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k 1is the average dielectric constant for the
surrounding material;

a 1s the parameter for characterizing potential
and is defined as a = ry/kay, where ag is the
effective Bohr radius.

This potential describes two charges in the
electrostatic interaction for thin semiconductor
and semi-metal films, predicted by Rytova-
Keldysh and then discussed in many research
works [24, 25].

The Hamiltonian, Eq. (2), of the system after
adding Rytova-Keldysh potential, Eq. (3), is
given as:

~ 1( d? d? i d d
e R A G e
1,22 _ ¢ ke _y (kr
8 yer 8&p71y [HO (ro) YO (ro )] (4)
The analytic solution of the Hamiltonian in
Eq. (4) is not attainable. We found that 1/N-
expansion is an effective and accurate technique
in solving the Hamiltonian given by Eq. (4).

We can write the radial part of the
Schrddinger equation in N-dimensional space as

follows:
2 (a2 N-1d 1(14+N—-2)h?
<_ 2m* (d? + r ;) 2m*r2
V(r)) @(r) = EB(r) %)

where m* is the electron effective mass, e is the
charge of the electron, h is related to the Planck
constant, and N is the number of dimensions.
l = |my|, where |m;| is the magnetic
quantum number (m; = 0,+1,+2,+3,...) that
labels the quantum dot (QD) energy states and
appears in the term I[(l + N — 2).

By using the parameter k, k=k—a=N+
2l — a, we can rewrite Eq. (5) to become:

( h? d_2+]€2((h2(1_1_7a)(1—3—a)/

T 2m* dr?

)/ 8m'r? +V()/Q)B(r) = EBE) (6)

where Q = k? is a scaling constant used to make
Eq. (5) and Eq. (6) equivalent.

We can use the parameter k and the shift
parameter a to expand the Schrodinger equation
to calculate the energy eigenvalues E(n,, m;).
The complete mathematical steps that lead us to
the eigenvalues of QD energy expressions in
terms of powers of 1/k are given explicitly in the

Appendix. The intrinsic energy values E(n,, m;)
are in powers of 1/ k and are given as follows:
En,,m;) =Ey+E; +E, + Ex*+............ These
energy terms are defined in terms of quantum
numbers, potential roots (ro), and derivatives
(Vi(ro)) [26, 27].

The shift parameter a is chosen to make a
second-order contribution E; vanish. In general,
the presence of this condition ensures exact
analytical energy results with the 1/N method for
both the harmonic oscillator and hydrogen
Hamiltonian [28, 29].

The Thermodynamic Properties: Heat Capacity
(Cv) and Entropy (S)

We evaluate the mean
< E((n,,m;,B,T) > expression
partition function Z.

energy,
from the

The complete thermodynamic quantities,
including heat capacity and entropy, start by
evaluating the partition function at any
temperature and magnetic field strength [30]:

<Z>=Yi_, e Ei/KaT (7)

where Kg is the Boltzmann constant, T is the
temperature, J is the index for the microstates of

the system, and Ej is the total energy of the
system in the respective microstate.

Ej
i p.e KBT
< E >= Zl—lf—EJ (8)

Ti_,e KBT
The heat capacity C, is the temperature
derivative of the mean energy given as [30]:

0<E>

= ©)

Similarly, the entropy S of the exciton system
can also be computed using the expression

C, =

__ 0(KpTIn<Z>)
e — (10)

The Magnetic Properties: Magnetization (M)
and Susceptibility (x)

S

The magnetization (M) is defined as the
negative derivative of the average energy of the
two-dimensional exciton system with respect to
the magnetic field strength BBB [30]:

0<E>

5 (11)

where < E >1is the average energy of the
exciton system in the magnetic field (B).

M=-
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The magnetic susceptibility y is obtained by
differentiating the magnetization with respect to
the magnetic field strength [30]:

_ oM
X =38

(12)
The Density of States (DOS):

The DOS of the exciton system of TMD-WS,
material is another property that can reveal
important information about the electronic
structure of nanomaterials. It is expressed as the
sum of a series of delta functions, given by [31,
321

DOS(E) = 3 Xil-s 8(E — Ex) (13)

The delta function can be replaced by a more
practical computation Gaussian distribution as:

1 —(E—Ep)?
WZ"eXp[ 2r2 ] (14)

where I' is the broadening factor, E, is the
eigenenergy of the exciton system, which was

calculated by the 1/N expansion method, and A
is the area of the material sample [32].

The Magneto-Caloric Effect (MCE)

The magnetocaloric effect (MCE) is defined
as the change in the entropy of the system, A
Sm» as a response to the change in the magnetic
energy of the exciton system presented in an
applied magnetic field, given as [33, 34]:

AS,, = S(To, B=o) — S(Ty, B1o)

DOS(E) =

(15)
where:
AS,,, is magnetic entropy change (eV/K);

Sm 1S magnetic entropy;

T, 1s temperature;

B_, is the magnetic field equal to zero;
B, is the magnetic field not equal to zero.

3. Results and Discussion

In this part, the computed physical quantities
will be listed in tables and displayed in figures.
The discussion of the results consists of two
main steps. In the first step, the accuracy of the
energy spectra obtained using the 1/N expansion
method is evaluated by comparison with
previously reported experimental and theoretical
results. In the second step, these excitonic results
are used to explain the dependence of the
magnetothermal properties, DOS and MCE of
the WS, material as the magnetic field strength
changes to include a strong range, B=60 T.

The physical parameters used for WS,, in
numerical computations are: the effective mass
of an electron m* = 0.16m,, the average
dielectric constant of the material k = 1, the
effective screening length of the monolayer
7o = 75A°, and the effective Bohr radius
a = 3.779.[23]

Tables l.a-1.c list the results computed
using the 1/N expansion method and
compare them with the reported results in
Ref. [23]. The quantitative comparison
demonstrates the accuracy of the 1/N
expansion method over the entire range of
magnetic field strengths.

TABLE 1.a. Ground-state energies (1s, 2s) (in eV) at different magnetic field strengths (in T in the
present work and in units of y in Ref [23], where y = 0.01 corresponds to a magnetic field B =
60.16T) for WS,, calculated using the 1/N-shift expansions method and compared with the reported

results in Ref. [23].

WS, Is|1,0 > 2s (2,0 >
B(T) r E (present work) (eV) E(Ref[23]) (eV) E (present work) (eV) E (Ref[23]) (eV)
0.00 0.00000 -0.3179 -0.3187 -0.1523 -0.1516
7.52 0.00125 -0.3179 -0.3184 -0.1520 -0.1513
15.0 0.00250 -0.3178 -0.3186 -0.1514 -0.1507
30.0 0.00500 -0.3175 -0.3179 -0.1488 -0.1478
45.1 0.00750 -0.3170 -0.3178 -0.1446 -0.1436
60.1 0.01000 -0.3163 -0.3128 -0.1392 -0.1378
150 0.02500 -0.3086 -0.3094 -0.0888 -0.0853
300 0.05000 -0.2854 -0.2862 0.0303 0.0339
601 0.10000 -0.2188 -0.2188 0.3092 0.3106
3008 0.50000 0.5246 0.5259 2.7905 2.9713
4512 0.75000 1.0328 1.0344 4.3861 4.3874
6016 1.00000 1.5568 1.5525 5.9913 5.9938

600
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TABLE 1.b. Ground-state energies (3s, 4s) (in eV) at different values of magnetic field strength (in a
unit of T in present work and a unit of y in Ref [23], where y = 0.01 corresponds to a magnetic field
of B = 60.16T) for WS,, calculated using the 1/N-shift expansions method, compared with the
reported results in Ref. [23].

3s 4s
WS, 13,0 > 4,0 >
B (T) r E (present work) (eV) E (Ref[23]) (eV) E (present work) (eV) E (1({:{/[)2 3D
0.00 0.00000 -0.0952 -0.0944 -0.0657 -0.0648
7.52 0.00125 -0.0944 -0.0936 -0.0639 -0.0631
15.0 0.00250 -0.0922 -0.0909 -0.0591 -0.0579
30.0 0.00500 -0.0843 -0.0827 -0.0439 -0.0404
45.1 0.00750 -0.0730 -0.0700 -0.0227 -0.0178
60.1 0.01000 -0.0591 -0.0552 0.0027 0.0074
150 0.02500 0.0562 0.0596 0.1868 0.1872
300 0.05000 0.2868 0.2886 0.5277 0.5285
601 0.10000 0.7839 0.7845 1.2436 1.2408
3008 0.50000 5.0074 5.0114 7.2089 7.2151
4512 0.75000 7.6905 7.6978 10.979 10.993
6016 1.00000 10.383 10.392 14.759 14.777

TABLE 1.c. Ground-state energies (5s, 6s) (in a unit of eV) at different values of magnetic field
strength (in a unit of T in present work and a unit of y in Ref [23], where y = 0.01 corresponds to a
magnetic field B = 60.16T) for WS,, calculated using the 1/N-shift expansions method, compared
with the reported results in Ref. [23].

WS, 5s 15,0 > 6s 16,0 >
B (T) Y E (present work) (eV) E (Ref[23]) (eV) E (present work) (eV) E (Ref[23]) (eV)
0.00 0.00000 -0.0481 -0.0474 -0.0367 -0.0361
7.52 0.00125 -0.0448 -0.0439 -0.0312 -0.0300
15.0 0.00250 -0.0366 -0.0304 -0.0196 -0.0156
30.0 0.00500 -0.0119 -0.0069 0.0180 0.0226
45.1 0.00750 0.0220 0.0261 0.0642 0.0674
60.1 0.01000 0.0595 0.0631 0.1132 0.1158
150 0.02500 0.3109 0.3121 0.4312 0.4310
300 0.05000 0.7616 0.7619 0.9917 0.9883
601 0.10000 1.6961 1.6937 2.1446 2.1421
3008 0.50000 9.4029 9.4133 11.592 11.581
4512 0.75000 14.260 14.276 17.537 17.559
6016 1.00000 19.127 19.153 23.491 23.524

In addition, energy values at different from <s> to <p > to see how energy
quantum levels (| n,m>) were calculated for the  essentially depends on these values and to see
same field values that were defined in the  the changes that occur in energy at these
previous tables in order to make the work more  quantum numbers, as shown in Table 2.
comprehensive. We changed the quantum state
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TABLE 2. Ground-state energies (in a unit of eV) at different values of magnetic field strength (in a
unit of T in the present work and unit of y in Ref [23], where y = 0.01 corresponds to the magnetic

field B = 60.16T) for WS,, calculated using the 1/N-shift expansions method.

WS Ip 2p 3p p Sp 6p

: 1,1 > 2,1 > 31> 41> |51> 61>
B(I) v E(eV) E(eV) E(eV) E(eV) E(eV) E(eV)
0.00 0.00000 -0.1843  -0.1098  -0.0739 -0.0532 -0.0401 -0.0313
7.52 0.00125 -0.1815  -0.1065  -0.0698 -0.0477 -0.0326 -0.0213
15.0 0.00250 -0.1784  -0.1023  -0.0633 -0.0378 -0.0188 -0.0027
30.0 0.00500 -0.1717  -0.0912  -0.0451 -0.0106 0.0195 0.0481
45.1 0.00750 -0.1640  -0.0773  -0.0220 0.0236 0.0657 0.1058
60.1 0.01000 -0.1557  -0.0614  0.0040 0.0611 0.1146 0.1660
150 0.02500 -0.0944  0.0517  0.1883 0.3123 0.4324 0.5502
300 0.05000 0.0299  0.2879  0.5289 0.7627 0.9927 1.2201
601 0.10000 0.3095  0.7848  1.2444 1.6969 2.1453 2.5911
3008 0.50000 2.7907  5.0073  7.2089 9.4030 11.592 13.779
4512 0.75000 4.3861  7.6903  10.979 14260 17.537 20.811
6016 1.00000 5.9912 10382  14.759 19.127 23.491 27.852

In Figs. 1(a) and 1(b), for the sake of more
qualitative comparisons, the tabulated energy
values are also displayed against the magnetic
field for different s-states. The effect of magnetic
field confinement on the ground-state energies is
illustrated. The figures show that the first level is
not affected by an increase in the magnetic field,
as it maintains an almost constant value.

0.2
(a

0.1

s
@
=
>
e -0.1
w
-0.2
-0.3
0 10 20 30 40 S0 60
B(M

However, for higher energy levels, a noticeable
dependence on the magnetic field is observed,
with the energy values increasing as the
magnetic field strength increases. This is
completely consistent with the results of Ref.
[23]. Comparing the two figures, we can see a
good match between the two works.

0.10

0.05

(a.)

0.00

Energy

-0.05 F -

ls

-0.10 L L . L
0.00 0.01 0.02 0.03 0.04 0.05

Magnetic field y (a.u)

FIG. 1. Ground-state energy as a function of magnetic field for WS, Figures are taken from Ref. [23]. Different
systems of energy and magnetic field units are used in both plots. (a) present work, (b) Ref. [23]. The two figures
have different scales, where y = 0.01 corresponds to the magnetic field of B = 60.16T.

Figure 2 shows the influence of the magnetic
field effect on the ground-state energies for
higher quantum p-states labelled by magnetic

602

quantum number m. As the magnetic field
increases, the energy values also increase.

Kmail et al.



Magnetothermal Properties of Exciton In TMD_ WS, Monolayer
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FIG. 2. Ground-state energy <E> as a function of magnetic field (B) on the ground-state energies for quantum
number (p) of WS,.

Next, we studied the ground state energy as a
function of temperature at different values of the
magnetic field. As shown in Fig. 3, when we
turn off the magnetic field (B = 0T), we find that
the average energies increase with increasing

-0.311
-0.312

-0.313

I
e
w
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>

-0.315
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-0.317
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0 200 400

temperature. In addition, the average energy
convergence is achieved as we increase the
number of exciton states from 15 to 20.

600 800 1000

Temp(kelvin)
FIG. 3. Average energy as a function of temperature when we turn off the magnetic field (B=0T) for WS,,
computed for different numbers of S-states.

In Fig. 4, we now switched on the magnetic
field and tested again the convergence of the
average energy of the exciton system against the
temperature, calculated at fixed magnetic field

strength, B= 60T, and various numbers of
bases. The figure clearly shows a very good
convergence behavior of the average energy for
taking only 15 bases of exciton S-states.
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FIG. 4. Average energy € as a function of temperature (T) when we switched the magnetic field (B = 60.16T)

for different numbers of S-states for WS,.

The dependence of the heat capacity on
temperature and magnetic field for the WS- sheet
is shown in Fig. 5. For the zero magnetic field
case (B = 0), the heat capacity increases with
temperature, reaching a peak value, known as the

Schottky anomaly, atC"/kB ~ 2.4 at 1000° K.

reaches almost asymptotic
T=3000K for WS, In the presence of a strong
magnetic field B = 60 T, the exciton becomes
more confined, and the exciton heat capacity
reaches a peak value of approximately 1.8 at

1200K.

The heat capacity starts decreasing until it
1.0 T i ‘
! B=6018T
0'8 B ' / ‘\ N | e B=0
'l ‘, “ \
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0.6 i r: / ‘\\
N :' "I R
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Figure 6 shows the entropy as a function of
temperature and magnetic field. The plot shows

that the entropy increases with
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FIG. 5. Heat capacity as a function of temperature and magnetic field for WS,
temperature until it reaches a saturation entropy

limit of S /kB ~1.7 for zero magnetic field at

increasing
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3000 K, and 1.6 at 60.16 T at the same
temperature. We reduced the temperature to
2000° K to see the stability of entropy in the sub-

figure for both cases, with and without a
magnetic field.
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FIG. 6. Entropy as a function of temperature for different magnetic field strengths for WS (the inset figure is
plotted for the low temperature range).

Magnetic properties were also studied, starting
with the computation of statistical energy for WS,
under the effect of temperature and magnetic
field. The statistical energy, shown in the present

work for WS, in Fig. 7, is calculated at 100 K
and 300 K for a magnetic field range from 0 to

60 T. The statistical energy is found to reach -
0.318 eV at 100 K and -0.317 eV at 300 K.
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FIG. 7. Statistical energy as a function of magnetic field for WS,.

We have calculated the magnetization in
units of effective Bohr magneton [35], p, =

eh/2m* = 0.3622*10° eV/T, for WS,. Also, we

studied the magnetization as a function of
magnetic field at different values of temperature.
Figure 8 shows that the magnetization curve
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decreases with increasing magnetic field, starting
from zero at 0 T to reach -0.05 at 60 T at 900 K.

When we decreased the temperature to 10 K,
the magnetization reached -0.14 at 60 T, see Fig.
8. This means that, when we decrease the

temperature, the magnetization increases at high
magnetic fields (60 T), but at low magnetic
fields (0 T) the magnetization takes the same
value and starts from zero.
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FIG. 8. Magnetization as a function of magnetic field at 900 K and 10 K for WS,.

In Fig. 9, we studied the behavior of
computed magnetic susceptibility for both low
and high temperature ranges in the presence of a

magnetic field for WS,. The results are displayed
for temperatures of 10 K and 150 K.
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0.002450 -

2 4
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FIG. 9. Magnetic susceptibility as a function of a magnetic field at 10 K and 150 K for WS,.

The density of states (DOS) is a significant
physical quantity to reveal information about the
electronic properties of materials, by describing
the system's responses to Hamiltonian
parameters, such as the magnetic field and
confinement potential.

In Fig. 10, the DOS is plotted as a function of
energy at different values of the magnetic field
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(50 T, 60.16 T). The plot for WS, below shows
that the presence of the external magnetic field
removes the degeneracy of the states, so the
DOS gives one at each value of the energy
spectrum. We observe that as the magnetic field
strength increases, the Landau level energy
separation hw, also increases, leading to a
reduction in the number of LL-states in the DOS
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of WS, material. For example, the number of
states (3 states) at B = 60 T (black color, dashed
plot) is smaller than the number of states (4

states) for a lower magnetic field strength (red
color, solid line plot) and for a fixed energy
range (E).
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30
B
3
(2]
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2
w
s
a
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0-
Energy(eV)
FIG. 10. DOS vs. energy for WS; at different magnetic field values.
The magnetocaloric effect (MCE) was  large, and thus more thermal energy is needed to

studied in order to identify the thermomagnetic
properties by investigating the behavior of the
material with the temperature changes when the
material is exposed to a changing magnetic field.
Our study is devoted to a sheet made from TMD
materials (WS;). The MCE, represented by AS
against the temperature T, shows a Gaussian
distribution. A high temperature is required to
see the MCE in TMD since the binding energy
for an exciton in a strong magnetic field is very

be absorbed by the exciton. We observe that this
temperature is far from the room temperature
range, as TMD materials require very high
thermal energy (E;;) in order to increase the
kinetic energy (K) of the electron. Under these
conditions, the exciton system transitions
randomly between states, producing the
observed entropy variation, as shown in Fig. 11
[36, 37].
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FIG. 11. MCE vs temperature for WS, at different magnetic field values, AS,,, = S(B_¢0.16) — S(B=o).

4. Conclusions

In conclusion, we have investigated the
magnetothermal properties of WS, TMD
material. Additionally, we have studied the DOS

and MCE of the same material as functions of
the magnetic field. The Schrodinger equation for
the exciton system in a magnetic field was
solved by using the shifted 1/N expansion
method to find the eigenenergy states. We have
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tested the computed results by the 1/N method
against different computation results calculated
by various numerical methods. The results show
that the 1/N method is both accurate and
effective for solving the exciton Hamiltonian
system with a spherically symmetric potential
such as Vzi. We have ensured the convergence
issue of the statistical energy by varying the
number of states in each computation step. The
behavior of the magnetothermal properties of the
exciton system for WS, nanosheet had been
studied as a function of magnetic field and
temperature. The results show that the heat
capacity curve exhibits a Schottky anomaly.
Furthermore, the magnetic susceptibility curve
for WS, was calculated and displayed. We have
calculated the density of the state function, DOS,
of the exciton system. The DOS plots show an
oscillatory-type behavior for different values of
the magnetic field, reflecting the Landau-level
(LL) states of the exciton system presented in a
magnetic field.

The present study also investigates the MCE
of an exciton in TMD material, which is defined
as the magnetothermodynamic phenomena that
has an application in magnetic refrigeration. We
have found that the calculated AS — T plot for
the exciton system of the WS, monolayer has a
Gaussian distribution shape.

This study reveals that the WS,-TMD
material has attractive magnetic and thermal
properties, which make WS, a very promising
material in the next generation of
nanoelectronics.

Appendix
Shifted 1/N Expansion Method

The 1/N expansion method is used to solve
Eq. (5) systematically in terms of the expansion
parameter LK. At large Kk, the contribution of
energy comes from the effective potential:

P v

Vorr = 8m*r? = Q

(A1)

2 i
where @ = k° is a scaling constant. Verf has a
minimum value at 7o, so that we have:

am'r3v (ry) = /#Q (A2)

To shift the origin of the coordinate system to
the position of the minimum of the effective
potential, a new variable x is defined:
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x=—@-—-r
ot 0 (A3)
Using a Taylor expansion around the
effective minimum r0 (corresponding to x = 0),
an analytical equation similar to the Schrédinger
equation for a one-dimensional solvable
nonharmonic  oscillator is obtained. The
coefficients of both equations are compared to
determine all parameters of the anharmonic
oscillator in terms of K, Q, r0, and the potential
derivatives, allowing the determination of the
energy spectrum. The oscillator frequency is

then given by:

h roV'(r
w=— (342 (ro)
2m V(rg) (A4)
To calculate the energy eigenvalues, the
Schrodinger equation is expanded in powers of

1/k, where K =N +2l—a N s the number of
spatial dimensions and (@)is the so-called

) 1/2

shifted parameter. The shifted parameter ¢ is
defined as:

2(2n, — 1)m*w
h (AS)

For any values of radial quantum numbers 7r

and My, the energy eigenvalues E(ny,m;) are
given by:

E(n,m)) =Ey+E;+E,+E; (A6)
where:
Q
Eo=V(r) +
0 (r) (8*771‘*7'2
El = _(Cl - Cf)
(8*m")
E; = (E;y + ay)/r?
az
E; = —
3 k*r?
where:
Q=(N+2+l-a)’
ca=(1-a)
2=(2-a)
c=(2-a)
c3 = (3 - (l)

Kmail et al.
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a1:nl*ez+3*nz*e4—05*(e12+6*nl*e1*e3+n4*e§)

a; =t7 +typ +tig

Cg = w_l

The forms of previous parameters are given

in the following;:

t7=1t; —cs*(t; +t3+ty+1ts+tg)
tip = c& * (tg + to + tio + t11)

tig =—ci * (t13 + t14 + t15)

with:
ty=ny*dy+3*ny;*dy+5 *n3*dg
t2=n1*e22+12*n2*e2*e4
t3=2%e;*dy +2*ng *e,>
ty=6*ny*e; *d3 +30 *ny ey *ds

ts =6*ny;*e3*dy +2*ny*e3*ds

te =10 *ng * e3 * ds
t8=4*elz*e2+36*n1*el*e2*e3
t9=8*n4*e2*e§
t10=24*n1*e§*e4+8 *N7* e * e3 * ey
t11=12*n8*e§*e4

t13=8*ei*e3+108*n1*e%*e§

cg=2*m"*w

€1 = 61/\/‘3—4
e; =€/cy

_ 3/2
e3 = €e3/cy !

ey = €4/cy’
dy =61/ cy
dy =63 /cy

d3 = 83/cy 32
dy = 64/cy 2
ds = 85/cy >/?
dg = 8g/cy’
also:

€1 =c2/(2*m")

€ =—3*c3/(4*m")

€3 =—1/(2*m") + (rs = der; () /(6 * Q)
€, =5/(8*m") + (rg » dery (r))/(24 * Q)
8y =—cy*c3/(4*m”")

6, =3 *c; *c3/(8+m")

63 = Cz/m‘

84 =—5=*c;/(4*m")

85 =—3/(4*m") + (r7 = ders (r)) /(120 = Q)
8¢ =7/(8 *m") + (rg » derg (1))/(720 * Q)

where (n’s), (d’s), and (¢’s) are parameters given  where:

t14=48*n4*61*€g

tys =30 * ng * €3

as: dv
derl(r)=d—

n=1+2=*n, r
5 d*v
np=14+2x*n,.+2*n, derz(r)=¥
n3=3+8*n.+6*n.2+4+n.3 d3v
2 der3(r)=d—

ng=11+30 *n, +30 *n, r
d*v

ng=21+59*n.+51*n,2+34*n> der4(r)=¥
ng=13+40*n, +42*n, > +28*n,> dsv
5 ders(r)=d—

n;=31+78*n,.+78 *n, d6r
\'%

ng =57+189 *n. +225+n, 2 +150 *n, ° derg (r) = ——

ng=31+109 *n, +141*n, 2 +94+n, >

609



Article

References

[1] Eftekhari, A., J. Mater. Chem. A, 5 (35)
(2017) 18299.

[2] Splendiani, A., Sun, L., Zhang, Y., Li, T.,
Kim, J., Chim, C.Y., Galli, G., and Wang, F.,
Nano Lett., 10 (4) (2010) 1271.

[3] Radisavljevic, B., Radenovic, A., Brivio, J.,
Giacometti, V., and Kis, A., Nat.
Nanotechnol., 6 (3) (2011) 147.

[4] Shinn, E., Complexity, 18 (3) (2012) 24.

[5] Elishakoff, 1., Pentaras, D., Dujat, K.,
Versaci, C., Muscolino, G., Storch, J., Bucas,
S., Challamel, N., Natsuki, T., Zhang, Y.Y.,
Wang, C.M., and Ghyselinck, G., “Carbon
Nanotubes and Nano Sensors: Vibrations,
Buckling, and Ballistic Impact”, (ISTE-
Wiley, London, 2012), XIII+421 pp.

[6] Husain, S., Kumar, A., Kumar, P., Kumar,
A., Barwal, V., Behera, N., Choudhary, S.,
Svedlindh, P., and Chaudhary, S., Phys. Rev.
B, 98 (18) (2018) 180404.

[7] Husain, S., Kumar, A., Kumar, P., Kumar,
A., Barwal, V., Behera, N., Choudhary, S.,
Svedlindh, P., and Chaudhary, S., Phys. Rev.
B, 98 (18) (2018) 180404.

[8] Mak, K.F., He, K., Shan, J., and Heinz, T.F.,
Nat. Nanotechnol., 7 (8) (2012) 494.

[9] Zeng, H., Dai, J., Yao, W., Xiao, D., and Cui,
X., Nat. Nanotechnol., 7 (8) (2012) 490.

[10] Malic, E. et al, Nat. Commun., 14 (1)
(2023) 3430.

[11] Combescot, M. and Shiau, S.-Y., “Excitons
and Cooper Pairs: Two Composite Bosons in
Many-Body Physics”, (Oxford University
Press, 2015).

[12] Eftekhari, A., J. Mater. Chem. A, 5 (35)
(2017) 18299.
[13] Elsaid, M., Physica B, 202 (1994) 202.

[14] Nie, Z. et al., Commun. Phys., 2 (1) (2019)
103.

[15] Malic, E. et al, Nat. Commun., 14 (1)
(2023) 3430.

[16] Combescot, M. and Shiau, S.-Y., “Excitons
and Cooper Pairs: Two Composite Bosons in
Many-Body Physics”, (Oxford University
Press, 2015).

610

[17] Frenkel, J., Phys. Rev., 37 (1) (1931) 17.

[18] lJiles, D., “Introduction to Magnetism and
Magnetic Materials”, 3" ed, (Boca Raton,
2015).

[19] Gonano, C.A., Zich, R.E., and Mussetta,
M., Prog. Electromagn. Res. B, 64 (2015) 83.

[20] Wannier, G., Phys. Rev., 52 (3) (1937) 191.

[21] Nawaz, S. and Tahir, M., Physica E, 76
(2016) 169.

[22] Han, S.A., Bhatia, R., and Kim, S.-W.,
Nano Converg., 2 (1) (2015) 17.

[23] Nguyen, D.-A.P. et al., Physica E, 113
(2019) 152.

[24] Keldysh, L.V., Sov. J. Exp. Theor. Phys.
Lett., 29 (1979) 658.

[25] Cudazzo, P., Tokatly, I1.V., and Rubio, A.,
Phys. Rev. B, 84 (8) (2011) 085406.

[26] Sarkar, S., Sarkar, S., and Bose, C., Physica
B, 541 (2018) 75.

[27] Liang, S.J. and Xie, W.F., Eur. Phys. J. B,
81 (1) (2011) 79.

[28] Sukhatme, U. and Imbo, T., Phys. Rev. D,
28 (2) (1983) 418.

[29] Imbo, T., Pagnamenta, A., and Sukhatme,
U., Phys. Rev. D, 29 (8) (1984) 1669.

[30] Baghdasaryan, D.A. et al., Physica E, 101
(2018) 1.

[31] Nawaz, S. and Tahir, M., Physica E, 76
(2016) 169.

[32] Shaer, A.A.A., “The Gaussian Impurity
Effect on the Electronic and Magnetic
Properties of an Electron Confined in a
Lateral Quantum Dot”, (2023).

[33] Gschneidner, K.A. Jr. and Pecharsky, V.K.,
Annu. Rev. Mater. Sci., 30 (2000) 387.

[34] Pecharsky, V.K. and Jr. Gschneidner, K.A.,
J. Magn. Magn. Mater., 200 (1999) 44.

[35] Svensson, J., “A Study of the Magnetic
Properties of Yb4LiGey: Unusual
Magnetism”, (Diss., Boston College, 2010).

[36] Ma, N. and Reis, M.S., Sci. Rep., 7 (1)
(2017) 13257.

Kmail et al.



Magnetothermal Properties of Exciton In TMD_ WS, Monolayer

[37] Cortés, N. et al.,, Phys. Rev. B, 105 (1)
(2022) 014443,

611






Volume 18, Number 5, 2025. pp. 613-628

Jordan Journal of Physics

ARTICLE

Semi-Empirical D-L Correlation for Profiling and Parameterizing
Alpha Particle Tracks in Nuclear Detector CR-39 at Various Etching

Temperatures

Saeed Hassan Saeed” and Abrar Qasim Al-Ramadhani’

“ Department of Cosmetic Techniques and Laser, Al-Hadba University-College of Health
and Medical Techniques, Mosul, Iraq.

b
Education Directorate of Kirkuk, Iraq.

Doi: https://doi.org/10.47011/18.5.5

Received on: 10/08/2024, Accepted on: 27/02/2025

Abstract: Imaging track profiles and directly measuring their lengths is more challenging
than imaging and measuring their diameters. This paper focuses on determining alpha-
particle track profiles and lengths in the CR39 nuclear detector by utilizing the track’s
diameter-length (D-L) correlation to obtain actual track lengths from direct measurements
of track diameters. Alpha particles with energies ranging from 3.5 to 5.3 MeV were used to
irradiate the detector, which was then etched with a 6.25N NaOH solution at varying
temperatures. The track parameters, such as the experimental bulk etch rate (VB), alpha
energies, etching temperatures, and etching times, were input into the Track-Test program
to calculate theoretical track lengths and create D-L calibration curves based on the Green
et al. equation. The measured track diameters were projected onto curves to extract semi-
empirical track lengths (L), track depth (x), etch rate (VT), etch rate ratio (V), and residual
range (R"). MATLAB was used to plot the relationship between V and R', enabling the
determination of optimal V(R'") curves and new coefficients for the Green et al. equation.
Using these newly derived coefficients, the Track-Test program applied the Green et al.
equation to determine the profiles and evolution stages of the tracks. The D-L correlation
method yielded track lengths and associated parameters that were consistent with direct
microscopic measurements. This approach offers a viable, efficient, and straightforward
alternative to direct imaging of longitudinal track profiles, which often demands
considerable time, effort, and specialized techniques. Overall, the D—L correlation method
provides reliable results comparable to those obtained from direct track-length
measurements and thus represents a valuable tool for determining actual track lengths in
nuclear detector applications.

Keywords: Track profiles, CR-39 detector, Etching temperature, Etching rates, Track
depth, Track-Test.

1. Introduction

Solid-state nuclear track detectors (SSNTDs)
are recognized as reliable tools for identifying
the tracks of charged particles and ions. Polyallyl
diglycol =~ carbonate = (PADC) detectors,
specifically the CR-39, are among the most
widely used types in many scientific fields [1-4].
Measurements of track length (depth), rather
than the width, have received increasing
attention in recent studies on the track geometry
of charged particles in SSNTDs. The use of

microscopic images of etched track profiles
facilitates the direct measurement of track
lengths, the monitoring of the evolution of track
shapes, and the subsequent determination of their
parameters. Calculating the track parameters
directly from microscopic images of the track
lengths results in exact estimates that closely
reflect how the track evolves as the etching
process progresses [5-7].

Corresponding Author: Saeed Hassan Saeed
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The lengths and depths of etched tracks in the
CR-39 detector are measured and recorded using
a variety of imaging techniques. One of these
methods is the resin-replica technique, which
employs a certain epoxy to create exact copies of
the etched tracks whose heights are determined
using contact stylus profilometry [8-10]. Track
depths can also be obtained, along with three-
dimensional imagery, using a confocal
microscope [11-13]. Another approach involves
selectively fracturing the etched detector along a
plane perpendicular to its surface to expose
lateral profiles and estimate track depths [14,
15].

In the majority of our articles [7, 16-18], the
"lateral irradiation" technique of the detector is
proposed, which involves irradiating the
detector's sharp side rather than its surface. The
longitudinal sections of the etched tracks are
photographed from the detector surface with a
digital camera mounted on a conventional
optical microscope. The collected track photos
are then analyzed, and the necessary
measurements are made using a PC connected to
the camera. This method is straightforward and
produces good results compared to other ways,
as it does not require sophisticated techniques. In
addition, we have suggested a semi-empirical
method (under specific initial assumptions) for
determining track lengths based on direct
experimental measurements of track diameters
rather than profile photographs [18]. This
indirect method accurately predicts track lengths
and depths, residual range, track etching rates,
and the profiles of etched tracks.

Several computer programs, such as TRAK-
TEST, TRACK-VISION, CR39, and the
TRACK-P programs, have been developed to
simulate and plot the etched track profiles in the
CR-39 detector in two and three dimensions, as
well as to determine a number of parameters.
These parameters include the major and minor
diameter, length, depth, residual range, and track
etching rates [16, 19-21].

The main objective of this work is to present
a different semi-experimental method for
determining precise lengths and plotting the
profiles of etched tracks in the CR-39 detector.
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This method, referred to as the track’s diameter-
length (D-L) correlation method [22], is based
on calculating the track lengths by measuring
their diameters instead of measuring them
directly from the experimental track photos. So,
by obtaining D-L calibration curves for the alpha
particle energies and etching temperatures used,
we can determine the rates at which the track
lengths L'(t) and other parameters change. These
parameters are the track length (L), residual
range (R"), and etching rates (Vp & V). Using
the Track-Test program and the obtained data,
we can also plot the etched-track profiles and
trace their development stages.

2. Experiment
2.1. Track Diameter Measurement

A CR-39 detector slice was cut into 1 x lecm’
pieces and irradiated under vertical incidence
with alpha particles from a radioactive 2*'Am
source (0.5 pCi) at energies of 5.3, 4.7, 4.1, and
3.5 MeV. SRIM software was used to obtain
energies less than the source's primary energy of
5.485 MeV by adjusting the distance between
the detector and the radioactive source [23]. An
aqueous NaOH solution of molarity 6 N was
used to etch the irradiated detectors at 60, 70,
and 80+1 °C for successive etching intervals
ranging from 0.5 to 20 h. Following etching, the
detectors were thoroughly cleaned with distilled
water, dried, and then examined to measure the
diameters of the tracks utilizing a digital camera
(MDC E-5C) mounted on an optical microscope
(Noval) and linked to a PC, as shown in Fig.1.
This procedure was repeated for studied alpha
energies and etching temperatures for the
required etching times in each case.

The thickness difference approach was used
to compute the bulk etching rate (Vg).
Unirradiated detector pieces were etched in a 6
N NaOH for 1-10 h at temperatures of 60, 70,
and 80 °C. The layer thickness peeled from the
detector surface was obtained by subtracting the
detector thicknesses prior to and following
etching. From the plot of etching time versus
removed thickness, Vg was computed as
Vg = Ah /At (um/h) [1]. In this work, Vg was
found to be 1.421 um/h.
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Etching condition: 5 h, NaOH (6 N)

* O

FIG. 1. Images of alpha particle track diameters at 4.7 MeV in the CR-39 detector, etched in NaOH(6N) solution
for 5 hours at various temperatures.

2.2. Extracting Track Length, Profile, and Other
Parameters

Instead of directly measuring the track
lengths, we suggested the D-L correlation
approach to infer the track lengths indirectly
from experimental observations of the track
diameters. By entering our experimental data
into the TRACK-TEST (T-T) software [20] and
using the Green et al (1982) formula of the etch
rate ratio (V), provided in the T-T software with
its default coefficients for CR-39, we can
theoretically determine the profiles and lengths
of the etched tracks. The entered data include
alpha particle energy (E), bulk etching rate (Vg)
at a given temperature (T), iterative etching
times (t), and normality (N) of the chemical
solution. From the generated track profiles, the
track lengths and diameters are identified for
each alpha energy and etching temperature over
a set of selected etching periods, including the
times of the experimentally measured diameters
under given conditions.

The obtained D-L data set was plotted to
extract the track D-L calibration curves, which
were subsequently used to estimate the semi-
empirical track lengths corresponding to the
experimentally recorded diameters at the
specified  periods. By  projecting the
experimentally measured track diameters onto
the appropriate calibration curve for each energy
and etching temperature, we determine the semi-
empirical lengths associated with the measured
diameters for the relevant etching times, as well
as for additional selected times in each case.
Using these semi-empirical lengths together with
the measured Vg, a number of track parameters
are calculated, including the track length growth
rate (dL/dt), track depth (x), residual range

(R"), track etching rate (V1), and etch rate ratio
V).

The resulting V values are plotted versus
corresponding R' values for selected etching
intervals and for alpha-particle energies of 5.3,
4.7, 4.1, and 3.5 MeV at etching temperatures of
60, 70, and 80 °C. To obtain optimal curve fits
and updated coefficients for the V equation, the
V(R") data for all conditions are fitted using
MATLAB in accordance with the Green et al.
relation [24]. These optimized coefficients, along
with the experimental inputs, are then supplied
to the Track-Test program, where the Green et
al. formula is applied again to determine the
actual track profiles (longitudinal sections) in
CR-39 corresponding to the experimentally
measured diameters. As the etching process
proceeds, the evolution of track growth and the
successive  development stages are also
determined according to the specified alpha-
particle energy, etching temperature, and etching
interval.

3. Results and Discussion
3.1. Track Diameter and Its Growth Rate

The sizes of the tracks vary with the energy
of the alpha particles used to irradiate the
detector; higher alpha energies produce smaller
track diameters. Figure 2 illustrates the change in
track diameter (D) with etching period (t) for
alpha particles with energies ranging from 5.3 to
3.5 MeV. The figure also shows that, for the
same etching period, track diameters increase
with increasing temperature of the chemical
solution. Thus, the track size grows as the
etching temperature rises from 60 to 80 °C.

The track diameter growth rate (Vp) is
defined as the rate at which the track diameter
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increases due to chemical etching of the detector
exposed to charged particles. Since the track
diameter varies linearly with etching time, Vp
has a single value for particles incident
perpendicularly on the detector surface. As a
result, the created track exhibits a circular
opening in the homogeneous and isotropic
detector, as in the case of CR-39. The slope
(AD/At) of the lines in Fig. 2 represents the Vp
values for alpha particle energies and etching
temperatures used, as shown in Table 1. It is
clear that Vp has a single value in each case, and
this value varies depending on the alpha particle
energy and etching temperature. Figure 3 shows
that Vp decreases linearly with increasing alpha
energy for the three chemical solution
temperatures of 60, 70, and 80 °C. On the other

hand, Fig. 4 shows that Vp follows a similar
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pattern for all alpha energies, as it increases
exponentially with the temperature of the etchant
under given etching circumstances.

It is well-known that raising the chemical
etchant temperature enhances the energy
(velocity) of the interaction of the chemical
etchant molecules with the detector material.
This causes more molecules to degrade in the
areas that are affected by the incident particles,
accelerating the growth of the track diameter.
Accordingly, within the energy range and
etching conditions used here, the value of Vp is
larger at high etching temperatures and low
alpha energies, and vice versa. This is evident
from the values of Vp listed in Table 1 and in
their dependence on energy and temperature as

shown in Figs. 3 and 4.
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FIG. 2. Track diameter versus etching time for alpha energies of 5.3-3.5 MeV at different etching temperatures.
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TABLE 1. Track diameter growth rate in CR-39 for various alpha energies and etching temperatures.

Etching Temp. (°C) 60 70 80
E (MeV) Track diameter grow rate, Vp (um/h)
5.3 1.0148 1.4653 2.1901
4.7 1.1103 1.7917 2.7604
4.1 1.2268 2.1337 3.4994
3.5 1.3461 2.4744 42617
S
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FIG. 3. Track diameter growth rate in relation to alpha energy at various etching solution temperatures.
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FIG. 4. Track diameter growth rate in relation to etching solution temperature for various energies of alpha
particles.

3.2. Track Length

Figure 5 illustrates the change of semi-
empirical track lengths with the time of etching
in CR-39 for various energies and etching
temperatures. The track length exhibits two
distinct growth phases. In the first phase, where
Vr/Vg > 1, the track length increases
nonlinearly until it reaches a constant maximum
value L.x at the saturation point (i.e., the start
of track length saturation) [18, 25]. The track
length achieves its maximum at this point when
the etching extends to the end of the alpha range
in the detector (the tail of the damaged path).

Following this, the track length remains at its
maximum saturation value (Lpax), and the
growth rate of the track length is kept at zero
(dL/dt = 0) as the etching continues. It is also
evident that the track length increases with
decreasing alpha energy, corresponding to an
increase in the particle's energy loss rate per unit
distance in the detector. This indicates that more
energy is being deposited, resulting in the rise of
the energy of the damaged areas. Consequently,
the etching process proceeds more quickly,
enabling the removal of more damaged
molecules from these regions.
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The stage from the beginning of the track's
appearance until the point of saturation is called
the acute-cone phase. During this phase, the
etched track is conical, terminating in a pointed
tip located at the end of the damaged path; this
structure is commonly referred to as an “etched-
out” track. After saturation, the track enters the
over-etching phase, during which the etchant

progresses beyond the end of the damaged
trajectory (i.e., beyond the alpha-particle range)
into the undamaged region [12, 18]. At the
beginning of this phase, the value of Vg
approaches Vg, causing the pointed tip of the
conical track to round off and gradually evolve
into a more spherical shape as V1 = Vg.
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FIG. 5. Semi-empirical track lengths obtained from the D-L calibration curves versus etching time for different
energies of alpha particles at etching temperatures of 60, 70, and 80 °C.

Regarding the effect of temperature on the
track lengths, the graphs in Fig. 6 show that
increasing the etchant temperature speeds up the
degradation of the detector molecules and
reduces the time required to get the same length
at the same moment for the specified alpha
energy. The figure also shows that, for each
alpha energy, the change in track length with
etching time appears as bundles corresponding to
the etching temperatures 60, 70, and 80 °C at a

constant concentration of etching solution. The
length bundles show that the value of the
maximum length (L,.x) does not depend on the
etching temperature, as it is constant in each
bundle, but differs with alpha particle energy.
This is evident from the leftward and downward
shift of the bundles as the particle energy
decreases.
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FIG. 6. Bundles of lengths against etching time for a range of alpha energies (5.3-3.5 MeV) at various etching
temperatures (60, 70, and 80 °C).
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3.3. Track Length Growth Rate

The track-length growth rate, denoted as
L'(t) = dL/dt, is defined as the rate at which the
track length changes over time as a result of the
etching process. It is a measurement of how
much material is removed from the damaged
area as the etching deepens. The calculation of

L'(t) is important because it is related to the
etching rate toward the depth of the track, Vr,
which is regarded as one of the fundamental and
crucial parameters in describing the track shape.
Figures 7 and 8 show the change in track length
growth rate with etching time and alpha particle
energy, respectively.
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FIG. 7. Track’s length growth rate versus etching time for various alpha energies at etching temperatures of 60,
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FIG. 8. Track’s length growth rate versus etching time at various etching temperatures for alpha energies of 5.3-
3.5 MeV.

3.4. Track Etch Rate

The track etch rate (V1) plays an essential
role in profiling the etched track. The stages of
track growth, as well as the development of its
length and profile, are closely connected to Vp
and its variation against the etching period (t)
and depth of track (x). It quantifies the velocity
at which the material is eliminated from the
detector along the damaged depth, which is
influenced by the etching circumstances and the
energy loss rate per unit distance in the detector.
The Vr is calculated using the following
equation [5, 26, 27]:

Vr = dL/dt— Vgt (1)

Figures 9 and 10 illustrate the variation of Vr
with  etching time for various etching
temperatures and alpha particle energies,
respectively. The shape of curves is in good
agreement with those recorded under different
conditions [ 5, 7, 18].

The track depth x(t) is the separation
between the initial surface of the detector and the
pointed head of the etched track. It is strongly

correlated to Vp and can be calculated using Eq.
(2) [27]:

x(t) = V(0. t (um) 2)

On the other hand, Eq. (3) can be used to
compute the residual range R'(t) [13, 20]:
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R'(t) = R—x(t) (um) )

It is worth mentioning that there is a strong
and dialectical relation between the etching rate
(Vr) and the energy loss rate (—dE/dx), and
then with the amount of damage caused in the
detector by the incident particles.

The chemical etching solution attacks the
damaged portions more aggressively, raising the
potential energy of these areas and thereby
increasing the Vp even more. As the etching
process advances, Vr reaches its maximum value
of Vrmax just before the tip of the conical track
reaches the tail of the damaged path, i.e., the

alpha range in CR-39. This maximum point
corresponds to the position of the Bragg peak on
the stopping power curve of alpha particles in
air, as illustrated in Fig. 11, where the etching
rate and the number of degraded molecules are at
their highest. Following that, V¢ drops and
begins to approach the Vg value at the damaged
end as it quickly reaches equality V=
Vg (1.421 pm/h in this study) once the etchant
enters the undamaged area beneath the damaged
region. This is consistent with the results
obtained by others using different methods [6, 7,
18].
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FIG. 9. Track etch rate versus etching time for various alpha energies at etching temperatures of 80, 70, and 60

°C.
20
Alpha Energy Etching Temperature
Bp 2 > C . E (MeV) T ©c)
a=35 80
16 b=41 —_— 70
c=47 — 60

Track Etching Ratem, V- (um)
>

d=53

Etching time, t (h)
FIG. 10. Track etch rate versus etching time for alpha energies of 5.3-3.5 MeV at various etching temperatures.

3.5. Etch Rate Ratio

The etch rate ratio (V), known as the
response, is another fundamental parameter
describing the track, since it is related to Vr,
which is an essential factor in determining the
track shape evolution. For normally incident
particles on the detector, V is given as [1]:
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V= V¢ /Vp
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4)

Vg is usually constant, depending on the
etching conditions. Thus, the temporal pattern of
V follows the same trend as Vr, differing only by
a constant factor of Vg1
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Figure 11 illustrates the one-to-one
correspondence among three curves: the
stopping power (S) of alpha particles in air
versus path length, the etch rate ratio versus
track depth V(x), and the track length versus
etching interval L(t). The figure highlights
several key features: the residual range R’, the
maximum etch rateV,,, the maximum track-

length growth rate (dL/dt)yax corresponding to
the Bragg peak, the saturation time tg,, the
maximum track length L. at the end of the
alpha range or damaged trajectory, and the
behavior of other parameters related to track-
profile development throughout both stages of
track growth.
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FIG. 11. Coincidence among three curves: the stopping power of alpha particles in air, the etch rate ratio versus

track depth, and the track length versus etching interval.
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3.6. Etch Rate Ratio and Residual Range

One of the crucial steps in analyzing the track
profiles and drawing them in accordance with
the measured experimental data is the
determination of etching rates, particularly the
Vr and V, and plotting them with respect to R'.
Several researchers presented and used a number
of computer programs to theoretically sketch the
profile of the track and compute its parameters
for protons and alpha particles in CR-39 and
LR115 detectors [16, 19-21]. These programs
are based on specific mathematical formulae for
V(R’), as proposed by various researchers [7, 8,
24, 28, 29].

Figure 12 shows that the V function initially
increases as the residual range (R') increases,
reaching its maximum value, V,(R"), where R’
becomes very small at the point corresponding to
the Bragg peak. This happens shortly before the

etching reaches the limit of particle range. Once
the chemical etchant reaches the damaged tail, V
rapidly decreases after a short etching interval.
At the same time, the track length reaches the
beginning of saturation and attains a constant
maximum value (Lpax). At this point, the
residual range becomes zero (R’ = 0), the track
depth equals the particle's range (x = R), the
value of V is getting close to one (V= 1), and
Vr = Vg. This shows that the conical etched
track tip has arrived at the damaged tail at the
alpha range end, where the track is completely
etched and is referred to as the "out-etched"
track. More prolonged etching times result in
non-directional (scalar) etching that moves at the
same rate of Vr=Vg (i.e.,V=1) in all
directions within the undamaged area beneath
the damaged path. In this case, the track is
known as an "etching pit" [18, 20].
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Fig. 12. The fit curves of V(R") obtained using combined data from all alpha-particle energies for each etching
temperature separately, according to the Green et al. (1982) formula.

3.7. Fit Curve of Etch Rate Ratio and the
Coefficients

Since the etch rate ratio (V) does not vary
significantly with alpha-particle energy, as
shown in Fig. 12, and because it is directly
related to the track depth (x) in the detector, it
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can be fitted as a function of the residual range.
The resulting fitted curves are represented by the
solid lines in the figure. By incorporating the
newly obtained fitting coefficients into the
Track-Test program [20], the theoretical profiles
of etched tracks can be determined, and their



Semi-Empirical D-L Correlation for Profiling and Parameterizing Alpha Particle Tracks in Nuclear Detector CR-39 at
Various Etching Temperatures

evolution can be traced for the investigated
alpha-particle energies at the examined etching
temperatures. The curve fitting between V and R’
was performed using MATLAB software, based

on the Green et al. equation [24], given by

V=1+][A;exp(—B;R") + A, exp( —
B,R")][1 — exp(— B3R")] (%)

where A;,A,, B; By,and B3 are the formula’s

coefficients, and R’ is the residual range.

The solid curves in Fig. 12 represent the
optimal fits of V(R") for various alpha-particle
energies at each etching temperature considered
individually. In contrast, Fig. 13 presents the
optimal fit of the V(R") function obtained by

combining all alpha-particle energies and all

etching temperatures simultaneously. The
coefficients A;,A,,B; B,, and B3, as well as
Vm (R and R’ corresponding to the maximum
values, were identified from the fitting process
based on our experimental data and the used
etching conditions. It was found that the average
values of the coefficients
A,,A;, By By, and B3, obtained by fitting the
V(R") values for all alpha energies (5.3, 4.7, 4.1,
and 3.5 MeV) and all etching temperatures (60,
70, and 80 °C) simultaneously, are very close to
those obtained by fitting the V(R") data for all
alpha-particle energies combined at each etching
temperature separately. This agreement is
evident from Figs. 12 and 13 and the values
listed in Table 2.
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FIG. 13. Optimal fit curve of V(R") obtained using combined data for all alpha-particle energies and etching
temperatures, according to the Green et al. (1982) formula.

TABLE 2. The new coefficients of the Green et al. formula for V, the maximum V,,, values, and the
corresponding residual range (R"), for various alpha energies and etching temperatures.

Using optimal fit of

Using optimal fit of V(R”) values for all alpha energies together
Coffiecients at once for each etching temperature separately V(R") values for all
and Etching Temperature °C alpha energies and
Parameters 60 70 30 S etching temperatures
together at once
Ay 6.18 6.233 6.158 6.1903 6.207
A, 6.181 5.925 5.998 6.0347 5.997
B;(um™1) 0.1079 0.1132 0.0759 0.0990 0.0948
B,(um™1) 0.1083 0.1141 0.0760 0.0995 0.0948
B3 (um™1) 0.2149 0.2819 0.1731 0.2233 0.2039
Vi 5.716 6.29 6.043 6.016 5.92
R’ (um) 5.193 4.487 6.784 5.488 5.556
This indicates that the values of V are nearly  fitted collectively using the formula proposed in
independent of both the etching temperature and ~ the present study. The
the alpha-particle energy to which the detector  coefficients A;,A,, By, B,, and B;  extracted
was exposed. Therefore, the V(R') data for all  from the optimal fit were subsequently
implemented in the Track-Test program,

alpha energies and etching temperatures were
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together with other experimental parameters, to
generate the alpha-particle track profiles
(longitudinal  sections) in CR-39. These
parameters include the etching time, alpha-
particle energy, and the bulk etching rate
corresponding to each etching temperature. As
shown in Table 2, the maximum values V,
obtained from both fitting approaches are nearly
identical. This confirms the wvalidity of
performing a unified fit using the combined V
data for all alpha energies and etching
temperatures to determine the coefficients
employed in generating track shapes and
parameters that are consistent with our
experimental data.

The shape and behavior of the graph
representing the optimal etching rate function
V(R') is consistent with the findings of Nikezic
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and Yu [30], who measured the track lengths
directly from the track profile images for various
alpha particle energies and etching conditions, as
shown in Fig. 14(a). Furthermore, the behavior
of the current V(R'") function graph based on the
D-L approach also agrees with that shown by
Younis [22], who utilized the D-L approach to
determine the track lengths indirectly from direct
measurements of the track diameters, as shown
in Fig. 14(b). He selected alpha energies of 4.4,
3.6, 2.8, and 2.0 MeV and used the etchant
NaOH at 70 °C and molarities of 4, 5, 6, and 7 N,
while the present study utilized alpha particles
with energies of 5.3, 4.7, 4.1, and 3.5 MeV and
NaOH as an etchant of molarity 6 N, where the
etching was conducted at different temperatures
of 80, 70, and 60 °C.
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FIG. 14. Comparison of the V(R'") function obtained in the present study with those reported by Nikezi¢ and Yu
[30] and Younis [22] for various alpha-particle energies and etching conditions.

3.8. Track Profiles Optimal Fit Curve of Alpha
Particles Tracks in CR-39

The track profiles (longitudinal sections) and
their associated parameters in the CR-39 detector
were theoretically obtained by inputting the
coefficients derived from the optimal fit of the
V(R’) curve, together with the experimental data
from the present study, into the Track-Test
program using the Green ef al. equation. As
inferred from the path-length behavior in Fig. 5
and illustrated in Fig. 15, the formation of track
profiles during the etching process occurs in two
distinct phases: the acute-cone phase within the
damaged region and the over-etched phase in the
intact material beneath the damaged path,
beyond the alpha-particle range in the detector.
As an example, Fig. 15 shows the simulated
profiles of 4.7 MeV alpha-particle tracks in CR-
39, together with the corresponding growth
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phases, track diameters, and lengths, as
determined using the Track-Test software based
on our experimental data. The input parameters
used for this simulation are as follows: alpha-
particle energy E = 4.7 MeV; particle incident
angle 6 = 90°; etching molarity and temperature
N=6, T=70°; etching time t=1-10h;
bulk etch rate Vg =1.421 um/h; and the
coefficients listed in Table 2, namely A; =
6.207, A, =5.997, B; =0.09481 um™1,
B, = 0.09481 um~!, B3 =0.2039 um™1, as
applied in the Green et al. function given in Eq.
O]

Similar results can be obtained for the other
alpha-particle energies investigated in this work
(5.3, 4.1, and 3.5 MeV) and for etching
temperatures of 60, 70, and 80 °C.
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Acute -cone stage (sharp-track phase)
L — changes with etching time | saturation point “etched-out track"
T ¥ et [ -
—— [T
VoI
t (h) 1.5 2 3 4 4.5 5=t
18.544 =
L (um)| 2.852 4.175 7.806 13.644 17.043 L
D (um)| 2.631 3.352 5.387 7.297 8.275 9.273
Over-etched Stage (spherical- track phase)
L is approximately constant = L4, & dL/dt = 0
T fP
Facimma
t (h) 5.5 6 7 8 10
L (um) 18.544 18.571 18.571 18.571 18.571
D (um)| 10.275 11.299 13.391 15.544 20.023

FIG. 15. Profiles or longitudinal sections of 4.7 MeV alpha particle tracks in CR-39 under etching conditions of
NaOH (6 N) at 70 °C, using the Track-Test software.

Table 3 and Fig.16 show the maximum
lengths (Ly,ax) of the alpha tracks in CR-39 with
energies of 5.3-3.5 MeV and etching
temperatures of 60, 70, and 80 °C. These values
were obtained from the theoretical track profiles

generated by the Track-Test software using the
optimal values of A;,A,, By, B,, and B;
obtained from fitting the V(R") curve, given in
Table 2.

TABLE 3. Comparison of maximum track lengths in CR-39 for various alpha-particle energies at all
etching temperatures, obtained theoretically using the Track-Test software with the new

coefficients from the optimal fit of the V(R') curve, and experimentally using the D-L correlation
method.

Lmax (1m)
using (T-T) using D-L correlation (present
E (MeV) Track-Test program method)
53 20.76 21.10
4.7 18.55 18.46
4.1 15.99 15.81
3.5 13.14 13.11

For all used etching temperatures (60, 70, 80 °C)
D-L: Track Diameter-Length calibration curve based on the track's diameter measurements.
T-T: Track-Test program based on the new estimated coefficients of the V function.
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FIG. 16. Comparison of maximum track lengths in CR-39 for alpha energies at all etching temperatures,
calculated theoretically using the Track-Test software using the new coefficients obtained from the optimal fit
curve of V(R"), and experimentally using the D-L correlation method.

Figure 17 illustrates a comparison between
the theoretical and experimental track diameters
of 4.7 MeV alpha particles in CR-39 at an
etching temperature of 70 °C. The theoretical
diameters, calculated using the Track-Test
program with the optimal fitting coefficients of
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the V equation derived from the D-L correlation
method, show excellent agreement with the
experimentally measured diameters for the same
alpha-particle energy and etching conditions.

—4- Experimentally

20 p =& Theoritically by T-T program

16 p

12 ¢

Track diameter, D (um)

6 8 10 12

Etching time, t (h)
FIG. 17. Comparison of empirical diameters of 4.7 MeV alpha tracks in CR-39 at an etching temperature of 70
°C. The theoretical diameters were calculated using the Track-Test software with the new optimal fitting
coefficients derived from the track D-L correlation method.

4, Conclusion

The alternative “D-L correlation” method,
which relies on directly measured track
diameters in CR-39, successfully determined
track profiles and parameters that are in good
agreement with results obtained by studies
relying on direct measurements of track lengths
from etched track images.

The track length curves for different alpha-
particle energies display bundle-like patterns
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corresponding to changes in the etching
temperature. While increasing the etching
temperature does not affect the maximum track
length (Ly,ax) at saturation, it reduces the time
(Tsat) required to reach this maximum.
Conversely, for a constant etching temperature,
both Lmax and tsat increase with decreasing
alpha-particle energy, reflecting the higher
energy deposition in the detector material.

It was proved that the evolution of the track
profile is greatly influenced by the change of
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the track etching rate with its depth, V(x).
Based on direct measurements of track
diameters, the present method yields depth-
dependent values of Vi for a given incident
particle energy, which represents a key
advantage of this approach. This behavior
contrasts with earlier studies that relied on
direct diameter measurements but assumed a
single constant value of Vi with track depth for
a single specified energy of the incident
particles and used the elementary equations
generated for this case, which were unable to
accurately predict the real changes in track
parameters and shapes.

Finally, the D-L correlation method is easy
to use and doesn't require a lot of skill or effort.
It shows realistic changes in the track profiles
and parameters that are comparable to those
obtained by directly measuring the lengths of
the tracks from their experimental photos. As a
result, this methodology is an alternative to the
method of direct measurement of the track
length, which requires an appropriate technique,
accuracy, and experience in obtaining
experimental images of track profiles in the
detector.
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Abstract: The photothermal conversion characteristics of black, composite, and selective
coatings were investigated. ZrO, and Fe particles were incorporated into the heat-resistant
black paint (HRP) to improve the conversion capability of the coating. The coatings and the
particles were applied onto aluminium substrates using the direct spraying method. This
resulted in layers having thicknesses of 323.5 pm and 837 um for the ZrO,- and Fe-
containing coatings. The addition of these powders led to a decrease in the coating density
from 1.67 g/em’ to 0.31 g/em® and 0.5 g/cm® for the ZrO,/HRP and Fe/HRP coatings,
respectively. The addition of the particles was found to improve the solar-to-thermal
conversion of the primary paint significantly. Maximum absorbance of 97.81% and a
substrate temperature of 382.65 K after 40 minutes of radiation exposure were achieved
using the Fe/HRP system. The photothermal conversion characteristics were analyzed
based on the structural, compositional, and physical properties of the composite coatings.
The absorption spectra in the UV-Vis range of the Fe/HRP coating showed higher peaks
than those exhibited by the ZrO,/HRP coating, emphasizing the higher photo-thermal
conversion of the Fe/HRP coating. Owing to their ease of application and high conversion
performance, the developed coatings are superior to many existing coating systems for flat-
plate collectors.

Keywords: Coating, Photothermal effects, Optical absorption, Nanopowders.
PACS Nos: 42.79. Wc, 78.20. nb, 42.25. Bs, 81.07. Wx.

1. Introduction

Solar-thermal collectors are devices used to
capture solar radiation and convert it to heat.
They have various designs, structures, and a
wide range of applications across industrial and
residential sectors. These include space heating,
swimming pool and domestic water heating,
solar steam generation, and water desalination
[1]. Other applications may extend to bacteria
killing, catalysis, and sensors. The concentrated
and non-concentrated solar collectors for
residential and industrial applications depend, in
their photothermal conversion and energy
harvesting capabilities, on the selective coating
on the top of their surfaces [2, 3]. These coatings
are responsible for the conversion of solar
radiation into thermal energy. The conversion

efficiency of the selective coating depends on the
coating's structural, elemental, geometrical, and
physical characteristics [4-9]. New-generation
selective  coatings increasingly incorporate
nanomaterials and nanostructures in their design
to achieve higher absorption coefficients,
reduced reflectivity of incident radiation, and
enhanced absorption mechanisms such as
radiation trapping [8]. In addition, the coatings
have to maintain a minimal emittance of energy
(i.e., minimal thermal emissivity) at moderate
and elevated temperatures. These coatings may
be comprised of single or multiple layers of thin
or thick films. A large number of materials may
also be incorporated for the direct solar
conversion application, such as multiwall carbon
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nanotubes (see, for example, Ref. [2]). Atchuta
et al. produced a thin film of nickel-doped
cobaltite spinel on a stainless steel substrate as a
selective coating using a wet-chemical dip-
coating method [10]. They reported an
absorbance of 0.92 of the as-coated substrates.
They also succeeded in improving the substrate
absorbance to 0.94 by adding an optical
enhancement layer on top of the thin film
coating. Rubin ef al. investigated the thermal
stability and optical properties of Cu spinel oxide
nanoparticles for photothermal conversion [9].
They reported a maximum thermal absorption of
97.2% with high thermal stability of porous Cu-
based spinel structures. They investigated the
effect of the structural and compositional
properties of the coatings on solar absorption.
However, no experimental data on the solar-to-
thermal conversion were reported in that work.

Sivakumar et al. reported a maximum plate-
collector temperature of 370 K after coating with
a nanofluid composed of black paint mixed with
cupric oxide nanoparticles [11]. Mediha et al.
investigated the effect of doping copper oxide
thin films with aluminum on the films’ optical
and photocatalytic properties [12]. They found
that Al-doping affects the crystallite size slightly
and improves the electrical conductivity of the
thin films. In addition, the energy band gap
decreased from 2.62 to 1.8 eV due to the Al-
doping. The photocatalysis efficiency of the thin
films improved, as shown by the photocatalytic
degradation of the orange dye. The
photocatalysis mechanism was analyzed based
on the generation of electron-hole pairs due to
exposure to UV radiation, leading to the
production of hydroxyl radicals and reduction of
oxygen, which then becomes responsible for dye
degradation. = The  dependence of the
photocatalytic effect on temperature and
aluminum concentration was also investigated,
showing the optimal conditions of these two
parameters. The surface morphology of the thin
film was found to depend on the aluminum
concentration, and this was found to enhance the
photocatalytic property of the thin film. This
work emphasizes the significant impact of
doping with aluminum on the physical and
functional properties of copper oxide thin films.

Dikra et al. synthesized Zr-doped ZnO thin
films for photocatalysis application [13]. They
investigated the difference in depositing these
films on glass or ceramic substrates, especially
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on the photocatalytic properties. They found that
depositing Zr-doped ZnO films on a ceramic
substrate leads to a prominent enhancement of
the photocatalytic functionality of the thin films
compared with the glass substrate. This was
attributed to the effect of the substrate on the
structural and electronic properties of the thin
films. The substrate seemed to affect the surface
roughness of a thin film, the crystallite size, and
the material's electronic properties. A notable
decrease in the energy band gap was reported to
affect the optical and photocatalytic properties of
the deposited films. The photocatalytic
mechanism was discussed and analyzed based on
the electron/hole production and enhanced
trapping of the resulting hydroxyl ions on the
surface. This work demonstrates that a clear
correlation between materials engineering and
their functional properties is crucial to
developing thin films for different applications.
Luka and Ivan reviewed different types of mid-
and high-temperature absorber coatings and their
fabrication methods [2]. They investigated
coatings based on their solar absorptance,
thermal emittance, and thermal stability. They
showed that spectral selectivity of the coatings is
essential for low- and mid-temperature ranges,
while highly solar absorption coatings are
preferred over their selective counterparts. They
also demonstrated the significance of the coating
fabrication to be industrially feasible.

The present work aims to investigate the
photothermal conversion of a selective coating
and the effect of primarily two different
particles, these are ZrO, and Fe particles, on the
solar-thermal  conversion parameters. The
primary paint, the heat-resistant paint (HRP),
was selected due to its pigment type (manganese
ferrite), its thermal stability, adhesion
characteristics, and availability. Manganese
ferrite is known to exhibit excellent optical
properties and high solar radiation absorption.
achieving efficiencies over 92% in the UV,
visible, and near-infrared ranges [14, 15]. Our
previous investigation of the paint showed
relatively adequate but not sufficiently high
conversion characteristics [16, 17]. Thus, we
aimed to improve its photothermal conversion by
adding micro- and nano-particles. The sought
target was to enhance the absorbance by
radiation trapping and multiple reflections. The
Fe and ZrO, particles were not used as a
standalone material as they do not fulfill the
required photothermal properties. The other
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objective was the augmentation of thermal
conductivity of the paint without affecting the
conversion characteristics of the primary paint.
The work is based on measuring and comparing
the photothermal responses after the structural
and surface modifications made due to the
addition of these powders. A key advantage of
the proposed approach lies in the development of
composite coatings that are simple to apply
while maintaining high photothermal conversion
efficiency. The photothermal conversion is
analyzed based on the compositional, structural,
and morphological features of the coatings.

2. Materials and Methods
1. Preparation of Substrates

The substrates used in the present work were
cut out from 2 mm-thick aluminum sheets of
moderate purity. The 4 cm x 4 cm substrates
were subjected to mechanical cleaning, brushing,
and  degreasing to remove unwanted
contaminants from their surfaces. The substrates
were washed with detergents, rinsed thoroughly
with deionized water, and soaked in acetone to
remove grease and other contaminants. The final
step of cleaning was air drying. The cleanliness

of the surface and its effect on various
parameters, such as adhesion of paint and other
functional characteristics, is beyond the scope of
the present work [18-20]. However, the cleaning
procedure adopted presently is believed to
maintain the minimum requirements for the
successive work and measurements. It is also
practically feasible and cost-effective when
applied to large surfaces.

1I. Application of Primary Paint

Prior to the application of coatings, the
substrates were placed in the furnace to ensure
their dryness. A heat-resistant black paint from
Rust-Oleum Corporation (USA) was used as a
primary coating layer. This paint has been
utilized in similar research and proved to be
compatible with a wide range of additives,
allowing for their homogeneous distribution. It is
also operable in low to moderate temperatures
and has anti-crack characteristics, as will be
shown later in this presentation [16, 17]. Table 1
exhibits some of the paint specifications. The
substrates were photographed by an ordinary
camera before and after being coated, as shown
in Figs. 1(a)-(d).

TABLE 1. Specifications of the heat-resistant paint from Rust-Oleum (USA).

Property Description

Resin type V2176838 - Silicone modified alkyd
Pigment type Black manganese ferrite

Solvent Acetone, Xylene, Toluene, and liquid

petroleum gas propellant.

Dry time at 10-32 °C and 65% relative humidity 1-2 hours

Relative density with respect to water 0.821

Dry heat resistance 538 °C
Toluene 21 %
Propane 17 %

Composition (%owt.) Acetone 14 %
Black pigment 8.4 %
Other ingredients 39.6 %

III. The Powders

Two different powders, ZrO, and Fe, were
added individually to the high-resistant paint.
The effect of these additions on solar-to-thermal
conversion is compared and discussed in this
work. The addition of these powders was
performed by an air-spraying process. The
powders were initially loaded on the spraying
device. After the HRP was applied, the powders
were immediately sprayed out from a distance of
30 cm or more while the substrate was slowly

rotated to avoid a unidirectional fall of the
particles on the substrate surface and maintain a
more homogeneous distribution of the powder
particles.

1V. Characterization

All the applied coatings were initially
inspected visually under an optical microscope.
A portable, LED-light source illuminated digital
microscope (CoolingTech, 1600% magnification)
was used for primary inspection of paint
homogeneity. The coating thickness was
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measured by means of an LS220 coating
thickness gauge (Shenzhen Linshang
Technology, China). This gauge provides high-
accuracy measurements of coating thickness on
ferrous and non-ferrous substrates. The coating
thickness was determined by performing several
measurements and calculating the average for

each substrate. The coatings were also
investigated using a scanning electron
microscope  (Inspect S50 SEM,  FEI,

Netherlands). This enables inspecting the coating
morphology at a microscale or less and
investigating the nature of particle integration
into the composite coatings.
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FIG. 1. The aluminum substrates as photographed by an ordinary camera: (a) uncoated substrate, (b) substrate
coated with heat-resistant paint (HRP), (c) substrate coated with ZrO, powder sprayed over the HRP, and (d)
substrate coated with Fe powder sprayed over the HRP.

The coated substrates were also subjected to
elemental analysis and mapping via electron
energy-dispersive spectroscopy (EDS). This was
accomplished using the XFlash-6110 detector
(Bruker Company) attached to the scanning
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electron microscope. The detector used is
advantageous in providing an outstanding
resolution of 38 — 121 eV and high pulse load
capability. With this detector, low concentrations
can be detected with a high degree of relative
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precision of 2-4% over a relatively large area
(for further details, see Ref. [21]). To compare
the coatings and analyze their solar-to-thermal
conversion response, UV-Vis spectroscopy was
utilized. Comparison of UV-Vis spectra provides
valuable insight into the effect of the coating
components on their functionality as selective
coatings. It also shows the regions where the
absorbance of the incident radiation is taking
place. By comparing multiple spectra, the degree
of radiation absorption at a certain wavelength
may further be investigated with the variation of
the coating composition (spectral absorbance).

V. Measurements and Test

The solar-to-thermal conversion of the as-
prepared coatings was verified by exposing the
substrates to radiation and measuring their
temperature with time. Each substrate was
placed inside a solar collector, as shown in Fig.

case of solar
collector

- . ——

Wattmeter

—

2. The solar collector was made of thermally
insulating material. The incident radiation passed
through the transparent glass window to the
substrate. A thermocouple probe attached to a
GM1312  digital thermometer (Benetech,
Shenzhen Jumaoyuan Science and Technology
Co., Ltd.,, China) was used to measure the
substrate temperature. Temperature
measurement was performed every 60 seconds,
starting from the substrate exposure to radiation
until a constant temperature was reached. Two
sources of radiation were used in the present
work: solar radiation and an artificial source of
radiation from a tungsten hot-filament bulb. In
the case of an artificial source of radiation, the
source-to-collector distance was adjusted such
that the total incident irradiance was comparable
to that of the solar radiation.

‘Thermometer

[ /

FIG. 2. The solar collector setup used to measure photothermal conversion.

The total reflection of the incident radiation
was measured via a homemade pyrheliometer-
like setup, as shown in Fig. 3. The device setup
allowed measuring the total reflected radiation
relative to the incident radiation after excluding
the diffused radiation. An SM206-SOLAR
digital solar-power meter (Hangzhou Yucheng
Industrial Co., Ltd., China) was used to measure
irradiance. During the measurement of the total
reflectance, the tube was oriented such that the

incident radiation formed an angle of 45° with
respect to the substrate plane. This guaranteed
that most of the reflected radiation was incident
perpendicularly on the power meter detector.
Comparison of the total reflectance from the
substrates can directly be associated with the
UV-Vis spectra. The total reflectance is useful in
the explanation of the behavior of the solar-to-
thermal conversion of the coated substrates.
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Solar Radiation

Specimen

FIG. 3. Homemade pyrheliometer-like setup used to measure the total reflection of incident radiation from the
substrate surface: (a) schematic diagram showing the paths of incident and reflected beams of the solar radiation;
(b) the experimental setup.

3. Results and Discussion

Figure 4 shows the as-coated substrates under
an optical microscope. Primary inspection of the
uncoated substrate shows the presence of
longitudinal and unidirectional grooves resulting
from the brush cleaning performed on the
substrate. These grooves became less visible as
being filled with the primary coating (the HRP).
This ensures the required adhesion of the
primary coating on the Al substrate. The addition
of the powders on the top of the primary coating
is evident in Figs. 4 (c) and 4(d). Comparison of
these images shows that the ZrO, particles are

634

less homogeneously distributed on the surface of
the substrate. The ZrO, particles (or their
agglomerates) are larger than the Fe particles, as
was primarily observed in the photographed
substrates (Fig. 1). The distribution feature of the
particles is believed to be a direct result of the
spraying process adopted in the present work:
smaller particles are more easily dispersed
uniformly over the substrate surface.
Consequently, the Fe particles exhibited better
dispersion and more uniform coverage than the
ZrOa particles.
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FIG. 4. The substrates under the optical microscope: (a) uncoated, (b) coated with HRP, (c) coated with

ZrO,/HRP, and (d) coated with Fe/HRP.

Table 2 summarizes the average coating
thicknesses obtained from multiple
measurements, along with the coating masses
measured using a coating thickness gauge and a
high-accuracy digital balance. The gross density
of the coating layer was determined, in addition
to its volume and weight. These specifications

photothermal conversion characteristics at the
end of this discussion. It is clear that adding
ZrO, and Fe particles increased the coating
thickness and mass and decreased the coating
density. This is attributed to the increase in
surface roughness due to the partial submerging
of particles in the primary coating.

will be associated with the coatings'
TABLE 2. Coatings thicknesses and densities.
Coating Coating thickness (um)  Coatings mass (g)  Coating Density (g/cm’)
HRP 41 0.11 1.67
ZrO,/HRP 323.5 0.16 0.31
Fe/HRP 837 0.67 0.50
A further inspection of the coating  actual sizes of these grains were in the sub-micro

morphology and particle distribution was
performed using scanning electron microscopy.
The SEM images of the ZrOyHRP and the
Fe/HRP are shown in Fig. 5. The former
composite coating exhibited agglomeration of
the ZrO, particles. The high-magnification image
showed the presence of sub-micro and
nanoparticles diffused in the HRP. The Fe/HRP
coating exhibited a denser distribution of the Fe
particles, which also showed a high degree of
agglomeration. The HRP was highly occupied
with the Fe agglomerates, submerged partially in
the primary coating. Closer inspection of the
powders revealed the presence of boundaries
between agglomerated grains, indicating that the

and nanoscale. These microstructural features
were expected to play a significant role in the
functional performance of the coatings. The
particles were anticipated to act as absorption
centers for incident electromagnetic radiation,
while the interparticle spaces and voids could
serve as radiation-trapping sites. Such effects
were expected to enhance solar absorption
through scattering and multiple internal
reflections [22]. The higher particle density
observed in the Fe/HRP coating compared with
the ZrO2/HRP coating was a direct consequence
of the coating process, as reflected in the
increased thickness and mass of the Fe-
containing  coating layer  (Table  2).
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FIG. 5. Low- and high-magnification scanning electron micrographs of the substrates: (a), (b) as coated with the
ZrO,/HRP, and (c), (d) as coated with the Fe/HRP. High-magnification images show that particles are
submerged in the HRP.

The elemental analysis results emphasized the
distribution nature of these particles. The EDS
spectra and the elemental mapping images of the
Zr0O, and Fe particles are shown in Figs. 6 and 7,
respectively. The presence of Zr and Fe in their
respective substrates can easily be observed. The
elemental mapping emphasized that the Fe
density distribution was much higher than that of
Zr. These results agree with the earlier
inspection made under optical and scanning
electron microscopes. As for the remaining
elements detected (such as carbon and
chromium), these are due to the constituting
materials of the heat-resistant paint used in the
present work and the impurities present at the
surface of the substrates.

The photothermal conversion of the as-
prepared coatings was examined using the solar
and artificial radiation sources. Figure 8 shows
the variation of substrate temperature with the
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duration of exposure to the radiation. The
photothermal conversion graphs show that the
substrate temperature increased rapidly starting
from the room-temperature value with radiation
exposure. Initially, the temperature rose rapidly
due to radiation conversion into thermal energy
and the substrate's low rate of energy loss. After
approximately 10 minutes of exposure to
radiation, the rate of temperature increase of the
substrate decreased, and the solar-to-thermal
conversion curve gradually flattened. The
substrate temperature reached a maximum and
constant value after 35 minutes of radiation
exposure. At this point, the rate of solar-to-
thermal conversion became equal to the rate at
which the substrate lost energy. The uncoated
substrate exhibited the lowest temperature due to
the low coefficient of absorption of the uncoated
surface. The Fe/HRP-coated substrate showed
the highest temperature of 382.65 K after 40
minutes of radiation exposure. This was due to
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the high coefficient of absorption of the
composite coating, which improved the
photothermal conversion. In addition, the
morphological and surface features (roughness
as observed under the scanning electron
microscope and reduced density as discussed
earlier in this section) are believed to play a
crucial role in improving the conversion
efficiency via trapping of incident light and its
absorption by scattering and multiple reflections
(see Ref. [8]). Based on that, future work will
attempt to investigate the effect of surface gap
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FIG. 6. (a) EDS spectrum and (b) elemental mapping image of the ZrO,/HRP coating.

density on photothermal conversion efficiency.
The quantification of such an effect is believed
to provide an effective means to advance
selective coatings. As mentioned earlier, the
enhancement of the photothermal conversion of
ZrO,/HRP and Fe/HRP may involve different
mechanisms. Presently, the results were analyzed
by comparing the elemental, compositional, and
structural features of the coating in addition to
comparing the absorption spectra in the UV-Vis
wavelengths, as shown below.
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637



Article

Ryadh and Al-Tabbakh

638

cps/eV
18-
164 ( )
14-
12~
104

1 I

HE |Co Hf
84iC! Fe Si
6-

@l

2:AJ

04

Map data 38)
MAG: 100x HV: 306V WO 24men

FIG. 7. (a) EDS spectrum and (b) elemental mapping image of the Fe/HRP coating.
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FIG. 8. Photothermal conversion curves of the substrates: (a) exposure to solar radiation and (b) exposure to an
artificial source of radiation (hot filament bulb).

As far as we know, the substrate temperature
reported presently is the highest for a flat-plate
collector setup. Table 3 shows a comparison of

the maximum temperature achieved for flat-plate
collectors with different composite coatings.

TABLE 3. Comparison of the substrate maximum temperatures for different coatings.

Coating Type Irradiance (W/m®)  Toupserate (K) Reference
Fe/HRP 1130 382.65 Present work
ZrO,/HRP 1074 371.25 Present work
CNT-CuO NPs dispersed in black paint 964 357.45 [23]

CuO NPs mixed with black paint 1100 370.15 [11]

NiAl alloy embedded in black paint 1000 342.85 [24]

To shed more light on the thermal conversion = Accordingly, the ZrO,/HRP and Fe/HRP

characteristic of the coatings, UV-Vis spectra
were measured for the composite coatings. The
absorption spectra of the ZrO,/HRP and Fe/HRP
coatings are shown in Figs. 9(a) and 9(b),
respectively. Both spectra showed absorption
peaks at 314 nm, 437 nm, 471 nm, and 495 nm.
The absorption bands in the wavelength 314 nm
might be attributed to the n — ™ transition due
to promoting a non-bonding electron to an anti-
bonding m* orbital [25]. This transition was
attributed to the presence of C = O bonds in
acetone and xylene in the heat-resistant paint
(see Table 1). The absorption peak at 437 nm
was attributed to conjugated planar ring
structures with delocalized m-electron systems
involving alternating single and double bonds,
primarily associated with the toluene component
of the base paint. The absorption peaks at 471
and 495 nm were attributed to pigments and dyes
used in the paint formulation [26, 27].

composite coatings exhibited identical UV-Vis
spectra in the visible wavelengths and differed in
the near-infrared regions, signifying the higher
contribution of molecular vibrations as compared
with the electronic transitions in the overall
absorption of radiation. This implies that the
mechanism involved in the enhancement of the
photo-thermal conversion depends largely on
trapping and multiple reflections of radiation
near the coating surface due to the
morphological complexity produced by the
addition of the ZrO2 and Fe particles. Inspection
of the SEM images (Fig. 5) supported this
interpretation, as the Fe/HRP coating exhibited a
higher surface roughness than the ZrO./HRP
coating.

Comparison of the UV—Vis spectra further
showed that the area under the absorption curve,
which represents the total absorbed radiation,
was larger for the Fe/HRP composite coating. To
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validate this observation, the total absorbance of
the substrates was determined from total
reflectance measurements performed using the
pyrheliometer-like setup. Table 4 lists the
absorbance values for the four substrates
investigated. The calculations showed that the

Fe/HRP-coated substrate absorbed 97.81% of the
total incident radiation, which was the highest
among all coatings studied. This high absorbance
was consistent with the elevated substrate
temperature of 382.65 K observed during
photothermal conversion measurements (Fig. 8).
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FIG. 9. UV-Vis absorption spectra of (a) ZrO,/HRP and (b) Fe/HRP coatings. Spectra were determined from the
reflection spectra measured experimentally.
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TABLE 4. Absorbance of the uncoated and coated substrates, determined using the pyrheliometer-

like setup.

Coating Irradiance (W/m?) Total Reflected Intensity (W/m”) Absorbance (%)
Uncoated Al-substrate 1186 760 35.91
HRP 1186 67 94.32
ZrO,/HRP 1188 43 96.38
Fe/HRP 1145 25 97.81

4. Conclusions

In this work, the photothermal conversion
characteristics of a selective coating designed for
flat-plate collector applications were
investigated. ZrO. and Fe particles were
incorporated into a heat-resistant paint (HRP) to
enhance its  solar-to-thermal  conversion
performance. The coating thicknesses were
3235 and 837 um for the ZrOyHRP and
Fe/HRP coatings, respectively. The addition of
Zr0O, and Fe particles led to a decrease in coating
density from 1.67 g/cm’ to 0.31 and 0.5 g/cm’
for the ZrO,/HRP and Fe/HRP coatings,
respectively. The solar-to-thermal conversion of
the coatings was successfully improved due to
the addition of these particles. A maximum
absorbance of 97.81% of the incident radiation
was achieved using the Fe/HRP composite

coating. The maximum substrate temperature of
the flat-plate collector setup was 382.65 K after
40 minutes of exposure to solar radiation. The
high photothermal conversion characteristics and
the ease of preparation and application of the
Fe/HRP coating make it superior to other coating
systems with varying structural, compositional,
and morphological properties.
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Abstract: Proton therapy is one of the most promising treatments for several types of
tumors, such as those of the eye, brain, and breast, as it benefits from a sharp Bragg peak as
well as a spread-out Bragg peak (SOBP) in the tumor region. The Bragg peak helps to
deliver the maximum dose to the tumor and the minimum dose to the sensitive organs near
the tumor. It has been shown that the addition of nanoparticles to the tumor can improve
the treatment gain in radiation therapy. In this study, the microscopic dose enhancement
ratio as well as the DNA damage frequency caused by 62.8 MeV protons with the presence
of 3000 ppm (i.e., 30 mg/g) Au, Pt, C, ''B, and Fe;O, nanoparticles were investigated using
the Geant4-DNA Monte Carlo toolkit. In addition, the cell survival curves were obtained
and compared for the condition with and without nanoparticles. All simulations were
performed at different locations along the proton range: at the beginning, in the middle, and
at the end of the SOBP. The highest dose enhancement in the fibroblast cell was observed
for Pt nanoparticles (up to 4%), followed by Au nanoparticles (up to 2.4%), while the
lowest dose enhancement was observed for C nanoparticles (up to 0.32%). At the end of
the proton range, higher levels of DNA damage were observed than at the beginning of the
path and at the center of the SOBP. Unlike some previous studies, this work simulated
more realistic clinical conditions, and the obtained results are in good agreement with some
experimental results reported in the literature. In conclusion, the combination of Au and Pt
nanoparticles with proton therapy has a superiority over C, ''B, and Fe;O, nanoparticles.

Keywords: Hadron therapy, Dose, Nanoparticles, DNA damage, Geant4-DNA.

N  Hosseinimotlagh”

1. Introduction

Proton therapy is used to treat some common
cancerous tumors (such as those of the eye,
brain, and lung) with promising clinical
outcomes, although it is not yet widespread
worldwide [1]. Proton is an interesting radiation
source for cancer treatment. At the beginning of
its path, a proton leaves relatively low energy in
a human phantom, while they deposit the highest
amount of energy at the end of its range. This
results in the Bragg peak, which is obtained at
the end of the proton range when the deposited
dose is plotted versus range [2]. The
consequence is the delivery of a maximum dose
to the tumor with good sparing of sensitive

organs and tissues near the tumor. This
advantage is not present in conventional X-ray
and gamma radiation therapy. It has been shown
that gold nanoparticles (Au NPs) can be used to
increase the tumor dose in radiation therapy [3-
5]. In an in vitro study, Smith et al. [6] showed
that the Au NP dose enhancement resulting from
a spread-out Bragg peak (SOBP) of 150 MeV
protons is less than 5%, which is within
experimental uncertainties. Sisin et al. [7]
measured an Au NP dose enhancement of about
9% (£3%) for 150 MeV proton irradiation using
EBT3 radiochromic films. Studies have also
been conducted in the field of radiobiology for
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proton therapy, one of whose goals is to
calculate the relative biological effectiveness
(RBE) for protons with different linear energy
transfer (LET). Another goal of such studies is
to calculate the number and spatial distribution
of DNA double-strand breaks (DSBs) caused by
protons and then to model cell repair
mechanisms and obtain cell survival curves. In
general, it has been demonstrated that, from a
radiobiological standpoint, proton therapy is
more effective in the presence of Au NPs in the
tumor [8-14]. Considering laboratory limitations
and the lack of easy access to proton therapy
facilities, Monte Carlo (MC) simulations have
greatly assisted researchers and physicists in
dosimetry calculations and treatment planning.
Numerous simulation studies have been
conducted on Au NP dose enhancement in
proton therapy. Some studies have been
performed at a macroscopic scale (i.e., the tumor
scale), while others have focused on a
microscopic scale (i.e., the cellular and DNA
scales) [15-21]. Heuskin ef al. [22] showed that
low-energy protons, on the order of 1.3 MeV,
can generate up to 32% more secondary
electrons around a single Au NP than in the
absence of the Au NP. However, they did not
report a significant dose enhancement for a
mammalian cell model containing a large
number of Au NPs. Furthermore, some studies
have investigated the effects of Au NP size and
distribution on the dose enhancement factor
(DEF) in proton therapy [18, 23]. An important
point is that, more recently, nanoparticles other
than Au, such as superparamagnetic iron oxide
(Fe;0,),''B, C, Pt, Ag, and Bi NPs, have been
investigated for proton therapy [24-28].
Although many interesting simulation studies
have been carried out so far, there is an evident
discrepancy among some results, which can be
attributed to differences in the definition and
distribution of Au NPs. In addition, the
definition of the proton beam is also important
and varies among the relevant studies. In many
articles, the proton beam is defined without an
accelerator as a monoenergetic radiation source,
which differs from the clinical situation, where
an SOBP is used to cover the entire tumor. For
MC simulations at the microscopic scale, the
radiation source has been defined either in the
conventional manner (i.e., primary protons) or as
a phase space (PS), representing the emission of
secondary particles at specific points along the
proton range, particularly at the Bragg peak
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location. One of the problems in some previous
simulation studies was that they limited the
transport of primary protons to a single NP, such
that the incident protons were emitted from the
inner surface of an NP and terminated at the
opposite surface. This type of source definition
appears to suffer from a lack of charged particle
equilibrium. A more appropriate approach is to
simulate a cell nucleus and consider
nanoparticles in large numbers, which has the
advantage of allowing the use of a specific mass
concentration for nanoparticles (in mg/g or

ppm).

Multiscale MC simulations (i.e., simulations
at both macroscopic and microscopic scales)
have attracted considerable interest in numerous
studies [29-34]. Since there is a lack of data in
the literature comparing these different
simulation models, the present study aims to
calculate the microscopic DEF for a therapeutic
SOBP proton beam (62.8 MeV) using a
multiscale MC simulation. The 62.8 MeV proton
beam was chosen because it is a common
therapeutic energy for the treatment of ocular
tumors [35]. At the macroscopic stage, a phase
space (PS) was defined in the middle of the
SOBP, and information on the generated
secondary particles, along with the primary
protons, was stored. These particles were then
used as the primary radiation source at the
microscopic stage. At the microscopic stage,
after defining a mammalian fibroblast cell,
various nanoparticles (Au, Pt, C, '"'B, and Fe30,)
with a concentration of 30 mg/g were randomly
implanted in the cytoplasm of the cell [17]. In
addition to calculating the DEF induced by
nanoparticles in proton therapy, the resulting
DNA damage was calculated and compared for
the different nanoparticles. Since cancer cell
death is ultimately related to radiation-induced
DNA damage, cell survival curves were plotted
for SOBP irradiation with and without the
presence of Au, Pt, C, "B, and Fe30,
nanoparticles, using a mathematical model of
survival and repair implemented in the Geant4-
DNA code.

2. Material and Methods
2.1. Simulation Code, Physics, and Chemistry

In this study, the Geant4.11.1.3 MC
simulation toolkit [36] with the QGSP_BIC
reference physics list was used to obtain the PS
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file in a large water phantom. The QGSP_BIC
reference physics list has been introduced as an
appropriate physics list for proton and hadron
therapy simulations [37, 38]. It includes hadronic
physics for elastic and inelastic nuclear
interactions (i.e., the G4HadronElasticPhysics
and  G4HadronPhysicsQGSP_BIC  classes),
electromagnetic standard physics (i.e., the
G4EmStandardPhysics class), decay physics
(i.e., the G4DecayPhysics class), and other
physics related to ions, neutrons, etc. (i.e., the
G4EmExtraPhysics, G4StoppingPhysics,
G4lonElasticPhysics, G4lonPhysics, and
G4NeutronTrackingCut classes). For details on
reference physics lists, see [39].

The Geant4-DNA extension [40] was used
for the cell-scale simulation for microscopic
DEF calculations. It is based on a track-structure
algorithm and provides a high accuracy in
macroscopic scale simulations. The Geant4-
DNA extension includes physics data for the
interactions of electrons up to 1 MeV and
protons up to 300 MeV energy in liquid water

[41-43]. We used the
G4EmDNAPhysics _option4 class, which is a
recommended class for DNA  damage

calculations. A detailed overview of the physics
models implemented in the Geant4-DNA code
for different particles and energy ranges can be
found in Refs. [42, 44, 45]. The range cut for the
production of secondary particles was set to 1
um in the phantom (i.e., at the macroscopic
stage) and 0.001 um in the cell (i.e., at the
microscopic stage). One of the advantages of the
Geant4-DNA code is its capability to model the
production, diffusion, and interaction of
chemical species (i.e., free radicals) following
water radiolysis [46, 47]. In this study, the
updated “G4EmDNAChemistry_option3”
chemistry constructor, embedded in version 11.1
of the Geant4-DNA code, was used to simulate
the pre-chemical and chemical stages. This
constructor is based on the synchronous
Independent Reaction Times algorithm and
includes the most common free radicals, along
with their chemical interactions, reaction radii,
and reaction rates [48]. For more details on the
Independent Reaction Times algorithm, the
reader is referred to [48-50]. This capability was

used to calculate the indirect DNA damage
caused by hydroxyl radicals following water
radiolysis, resulting from proton interactions
both with and without the presence of various
nanoparticles in the cell. The simulation time for
the chemical stage was set to 2.5 ns, following
the study of Meylan et al. [51].

2.2. Cell Modelling and NPs

The cell geometry was defined using the
molecularDNA example [52] of the Geant4
Monte Carlo toolkit. This model is based on the
Hilbert curve, which is a continuous fractal
space-filling curve [53]. The fractal geometry is
constructed such that a small segment of DNA is
continuously repeated in three dimensions in a
specific arrangement without overlap. The full
DNA chain consists of three types of base
voxels: straight, turned, and turned with a 90°
twist, and includes histone proteins. The smallest
unit of DNA is a base pair (bp), also referred to
as a nucleotide pair. Six spheres were modeled
as DNA molecules and assembled to construct a
nucleotide pair: two bases, two phosphates, and
two sugars. Each nucleotide consists of three
volumes: 2-deoxyribose, phosphoric acid, and a
base, namely adenine (CsHsNs), thymine
(CsHeN202), cytosine (CsHsNsO), or guanine
(CsHsNsO). The histone protein was modeled as
a cylinder with a radius of 3.75 nm and a height
of 5.75 nm. A histone surrounded by a 216 bp-
long DNA helical segment forms a nucleosome.
The continuous DNA chain has a total length of
6.4GbP. An ellipsoidal mask was created to
confine the DNA chain within an ellipsoidal
volume with dimensions of 14.2 x 5.0 x 14.2

um®. The effective nucleus density is
approximately 0.015 bp per nm?. Detailed
descriptions of the geometrical levels are

provided in the relevant publications [54-55].
The nucleus cell geometry is illustrated in Fig. 1.
The DNA molecules are not shown in Fig. 1, and
the scale of the histones is larger than the actual
scale. For visualization purposes, a small number
of histones are displayed in Fig. 1. Moreover,
eight base boxes with a side length of 75 nm,
including straight, turned, and turned-twisted
sections, as well as a zoomed-in view of a single
histone, are illustrated in Fig. 1.
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FIG. 1. The nucleus cell geometry taken from the “molecular DNA” example of the Geant4 toolkit.

To define NPs in the cell, an ellipsoid shell of
water with a thickness of 1 um was defined as
the cytoplasm around the cell nucleus. So, the
whole cell dimensions were 15.2 x 6.0 x 15.2
um’ (See Fig. 3). Au, Pt, C, "'B, and Fe;04 NPs,
with a radius of 25 nm and a concentration of 30
mg/g (i.e., 3% weight percentage), were
randomly distributed in the cytoplasm. Due to
the different densities of NP’s materials, the
number of NPs required for the concentration of
30 mg/g was 17239, 15547, 151227, 144652,
and 64352 for Au, Pt, C, ''B, and Fe;04 NPs,
respectively.

2.3. Radiation Source

To generate the SOBP and obtain a PS in that
region, we used the advanced example “Hadron
therapy” [37, 56] of the Geant4 toolkit. This
example provides the simulation of several
proton and carbon accelerators according to
some famous accelerator systems in the world
[56-58]. We used the 62.8 MeV proton passive
transport beam line in line installed at Laboratori
Nazionali del Sud (INFN) in Catania, Italy,
which is used for the treatment of eye tumors
[56].

In this study, a cube of liquid water with a
density of 1 g/em’ with dimensions of 25 x 25 x
25 cm’ was defined as a phantom in front of the

proton accelerator. Protons with an energy of
62.8 MeV were then emitted towards the
phantom as a beam (with a radius of 2 mm)
through the accelerator system. By implementing
the default weight factors according to the
thickness of the proton range shifter, a~10 mm
SOBP was produced using a range modulator
wheel and 12 Bragg peaks as 12 initial steps.
These default weight factors and the
corresponding range shifter thicknesses in the
“Hadron therapy” example are listed in Table 1.
Details on the design of an SOBP using a range
modulator wheel can be found in [35]. Figure 2
shows the SOBP obtained using “Hadron
therapy” example with a 62.8 MeV proton beam
in a passive transport beam line. The PS was
obtained at three locations along the SOBP by
defining three virtual detectors with dimensions
of 25 x 25 x 0.1 cm® at the beginning (0.5 mm),
middle (26.5 mm), and end (31.5 mm depth) of
the SOBP. Information on the primary and
secondary particles reaching each detector was
recorded and stored in a text file as a PS. The
data in each PS file were subsequently used as
the primary radiation source for irradiating the
fibroblast cell model (see Figure 3). At the
cellular scale, the radiation source was defined
as a circular planar source with a radius of 7.6
um to fully cover the cell nucleus and cytoplasm.

TABLE 1. Default weight factors and corresponding range shifter thicknesses used to produce a SOBP
from a 62.8 MeV proton beam in the “Hadron therapy” example of the Geant4 Monte Carlo toolkit.

Step Numbers Step Thickness (mm) Relative Wight factor
1 0.0 0.28215
2 0.84 0.06864
3 1.68 0.09704
4 2.52 0.05974
5 3.36 0.07385
6 4.20 0.05965
7 5.04 0.06518
8 5.88 0.05708
9 6.72 0.06055
10 7.56 0.05762
11 8.40 0.05942
12 9.24 0.05908
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FIG. 2. The SOBP obtained using the Geant4 “Hadron therapy” example with a 62.8 MeV proton beam in a

passive transport beam line. The locations of obtaining the phase-space (PS) are indicated by three dashed lines

at depths of 0.5 mm (at the beginning), 26.5

mm (at the middle), and 31.5 mm (at the end).

15.2 um

FIG. 3. The cell model irradiated by a circular plane
phase-

2.4. DEF and DNA Damage Calculation

If Dnp and Dy are the doses deposited in the
cell with and without NPs in its cytoplasm,
respectively, the DEF is calculated using Eq. (1):
DEF = Dyp /Dy (D)

According to the study of Nikjoo et al. [59],
DNA damage has two general categories: single-
and double-strand breaks (SSBs and DSBs).

Indirect SSB

*

Direct DSB

N

(©)

Indirect DSB

)

(d)

Direct SSB

*

<3.4nm
<3.4nm

(a) (b)

source with a radius of 7.6 um, emitting particles from a
space file.

DNA damage can also be classified as direct
(caused by the radiation), indirect (caused by
free radicals), or hybrid. Figure 4 displays the
classification of DNA damage that is the result
of physical and chemical stages [60]. Two types
of complex DSBs, i.e., DSB+ and DSB++, are
also shown in Fig. 4. These complex lesions are
essential for a mathematical model of cell repair
and survival.

Mix DSB DSB+ DSB++
=
=
-
E E b B virect
-
> * P B indirect
v v
I Any
P 3
=
-
(e}
7| e

(e) (8) (h)

FIG. 4. Categorization of DNA damage: (a) direct and (b) indirect single-strand break (SSB); (c) direct and (b)
indirect, and (c) mixed double-strand break (DSB). Two types of complex DSBs are also shown as DSB+ and
DSB++.
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SSB may be recorded when an energy
deposition of 5 eV or greater occurs in the
backbone of the DNA (i.e., sugar-phosphate
volumes). It is the minimum energy threshold for
the SSB occurrence, and the probability of SSB
occurrence increases linearly with the deposited
energy. The maximum energy threshold for the
SSB occurrence is 37.5 eV, which means the
probability of an SSB will be 100% when an
energy deposition of 37.5 eV or greater occurs in
the backbone of the DNA [61]. Two SSBs
located on opposite DNA strands with a distance
of less than ~3.4 nm (or 10 bps) lead to a DSB.
To consider the quasi-direct effect, a radial
distance of 0.6 nm beyond each sugar-phosphate
molecule was determined as the hydration shell.
This effect refers to the damage caused by
charge transfers following ionization of the
hydration shell around the DNA molecules [62].
In the case of indirect DNA damage, the
presence of the chemical species in the sugar-
phosphate molecules may lead to SSB. Only the
hydroxyl radical (OH") was taken into account
for calculating indirect DNA damage, since it is
the most reactive radical. Furthermore, only a
proportion of OH" radicals lead to indirect SSB.
A probability of 40% was set for each OH
radical reaching to the sugar-phosphate molecule
to result in an indirect SSB [52, 54, 63]. Note
that all chemical species that diffuse more than 4
nm from the DNA molecules were killed, as
their effective diffusion range is roughly 4 nm
for DNA damage calculation [59]. An 80 CPU-
core computing system with 180 GB of RAM
was used for this study. A statistical error of less
than 1% was obtained for dose calculation with
2, 1, and 0.5 million initial particles for PS1,
PS2, and PS3 files, respectively.

2.5. Cell Survival Calculation

The DNA damage yields induced by ionizing
radiation increase during irradiation. A
proportion of DNA damages are repaired over
time. The freely available Python codes provided
in the “molecularDNA” example of the Geant4
toolkit were used to obtain the cell survival
fraction. Two mathematical models have been
integrated with the Geant4-DNA code to
estimate the cell survival fraction [64, 65]: the
Two-Lesion Kinetic (TLK) model [66] and the
Local Effect model (LEM) [67]. In this study, the
TLK model was employed to estimate the cell
survival fraction. The TLK model establishes a
link between double-strand breaks (DSBs) and
cell death, based on the complexity of DNA
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damage. It assumes that DSB repair depends on
the complexity of the damage, with DSB+ and
DSB++ considered as complex and lethal DNA
lesions. The TLK model incorporates both slow
and fast DNA repair mechanisms, which account
for first-order (single-lesion) and second-order
(multiple-lesion) repair processes. The first- and
second-order repairs are represented by the
parameters L(t) and L*(t), respectively, at time t
after the irradiation. These repair mechanisms
consider both the correct rejoining of the free
ends of damaged DNA base pairs at their
original locations and the incorrect rejoining at
different positions. The second-order repair can
therefore lead to fatal chromosomal aberrations.
The TLK model calculates the cell survival
fraction using the following equations [66]:

L1 = DOYE; = 4Ly (B) =Ly [Ly () +
L, (D] )

L2 = HOYE, — AaLa(6) = 1Ly [Ly(0) +

L,(0)] ()
SO = BiaLy(0) + BaAa Ly (0) +
Pl + L)) 4

Here, L,(t) and L, (t) are the frequencies of
simple DSBs (fast repair) and complex DSBs
(slow repair), respectively, per irradiated cell at
time t. Lg(t) represents the number of lethal
DNA damages that may lead to cell death. Y is
the genome length in Gbps, and D (t) is the dose
rate. ; and X, are the frequencies of simple and
complex DSBs, respectively. Simple (¥;) DSBs
are equal to the number of isolated DSBs, i.c.,
DSBs other than DSB+ and DSB++. Complex
(%,) DSBs are considered to be Npsg+ + 2Npsp++
[52, 64]. Simple and complex DNA damages are
repaired by fast and slow repair processes,
respectively. 7 and A are repair probability
factors that describe the rate of damage rejoining
(h™"). B and y are the lethality probability factors
that describe the likelihood that residual damage
may lead to cell death. The subscripts 1 and 2 for
A and B parameters correspond to simple and
complex lesions, respectively. All parameters
were set for a fibroblast cell nucleus according to
Chatzipapas et al. [52]. The cell survival fraction
was then calculated by Eq. (5):

Survival Fraction = e~Ls (5)

Figure 5 shows the time variations of (a)

Li®), (®)Lx(t), () Lg(®), and (d)
the survival fraction, calculated using Egs. (2)-
(5) with the fourth-order Runge-Kutta method.
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FIG. 5. Time variations of (a) L (t), (b) L,(t), (¢) L¢(t), and (d) survival fraction.

The fraction of activity released (FAR),
measured using gel-electrophoresis methods, is
used to quantify the number and size of DNA
fragments resulting from DNA fiber breakage,
such as that induced by DSBs. By calculating the
ratio between FAR and the initial FAR, it is
possible to estimate the fraction of un-rejoined
DSBs. According to the random-breakage model,
the relationship between FAR and the number of

un-rejoined DSBs ((Lq(t) + L,(t))/Y)) can be
calculated using the following equation:

FRA(t) = Fpax{1—[1+ KL, (t) +
La(0)/Y (1 = )]exp(=K (L (6) +
L2 ())/Y)} (6)

In Fig. 6, we plotted the time variations of
FRA(t) using Eq. (6).

0.9954
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FAR(f) 05507
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0.9651

0

T T
1 2 3

t(h)

FIG. 6. Time variations of FRA(t).
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3. Results

For validating the simulation, the Bragg peak
curve of 62.8 MeV protons in water obtained
using Geant4 in this study was compared with

chamber) provided by the example “Hadron
therapy” [37, 56]. As can be seen in Fig. 7, good
agreement is obtained between the simulation
and the reference data.

experimental data (obtained with an ion
100 Geant4 (This study)
¢ Experiment (Cirrone et al. 2005)
80
=
8 60
o)
°
o
2
K40
0]
o
0_‘,'_1_——————-—"’“’/
20
0 T T % T T L) T % T 4 1
0.0 0.5 1.0 15 2.0 25 3.0 3.5

Depth in water (cm)

FIG. 7. Comparison of Bragg peak curves obtained using the Geant4 toolkit and experimental data obtained with
an ion chamber [37, 56].

Figure 8 shows the DEF (%) for Au, Pt, C,
"B, and Fe;04 NPs at a concentration of 30 mg/g
distributed in the cytoplasm of the cell. Figure 9
shows the DNA damage enhancement (SSBs and
DSBs) caused by the presence of 30 mg/g Au,
Pt, C, ''B, and Fe;O,4 NPs in the cell cytoplasm.

4 -

Dose Enhancement Factor (%)
N
1

PS1 PS2

The ratio of direct to indirect total DNA
damages (Dgi/Ding) and the ratio of DSB/SSB for
30 mg/g Au, Pt, C, ''B, and Fe;O4 NPs in the cell
cytoplasm are listed in Table 2. The ratios are
presented for three PSs shown in Fig. 2.

PS3

Phase-space Location
FIG. 8. The dose enhancement factor due to the presence of 30 mg/g Au, Pt, C, ''B, and Fe;04 NPs in the
cytoplasm of the cell.
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FIG. 9. Enhancement in the single- and double-strand DNA breaks (SSBs and DSBs) due to the presence of 30
mg/g Au, Pt, C, ''B, and Fe;0, NPs in the cytoplasm of the cell.

TABLE 3. Ratios of single- to double-strand breaks (DSB/SSB) and direct- to indirect-DNA damage
(Dgir/Ding) for various NPs in the cell irradiated by particles in three phase-spaces.

) Dir/Ding DSB/SSB
NP material
PS1 PS2 PS3 PS1 PS2 PS3
Au 1.346 1.491 1.655 0.0667 0.0833 0.1132
Pt 1.349 1.484 1.652 0.0665 0.0842 0.1169
C 1.341 1.485 1.649 0.0660 0.0836 0.1116
g 1.340 1.488 1.656 0.0659 0.0834 0.1135
Fe;0,4 1.341 1.487 1.649 0.0661 0.0830 0.1127

The numbers of repairable and irreparable
DSBs per primary particle induced in the cell
nucleus, with and without the presence of 30
mg/g Au, Pt, C, ''B, and Fe;O, NPs are listed in
Table 3. Figure 10 shows a comparison of the
cell survival curves obtained from the TLK

model with and without 30 mg/g Pt nanoparticles
in the cell cytoplasm. The error bars are small
and fall within the marker size. According to
Table 3, Pt nanoparticles produced the highest
DNA damage among the tested NPs; therefore,
only the cell survival curves for Pt are shown.

TABLE 3. The frequency of repairable and irreparable DSBs per primary particle induced in the cell
nucleus with and without different NPs (30 mg/g).

. PS1 (0.5 mm) PS2 (26.5 mm) PS3 (31.5 mm)
NP material - : -

(30 mg/e) Repairable  Irreparable  Repairable Irreparable  Repairable Irreparable
DSBs/event DSBs/event DSBs/event DSBs/event DSBs/event DSBs/event

H,O NoNP)  0.09041 0.04085 0.13415 0.06905 0.16982 0.09893

Au 0.09316 0.04215 0.13594 0.07134 0.17598 0.10439

Pt 0.09294 0.04250 0.13824 0.07179 0.18324 0.11218

C 0.09049 0.04143 0.13459 0.07001 0.17015 0.10029

"B 0.09045 0.04153 0.13472 0.06921 0.17332 0.10273

Fe;0, 0.09109 0.04165 0.13419 0.06934 0.17339 0.10155
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FIG. 10. Cell survival curves obtained from the TLK model with and without 30 mg/g Au, Pt, C, B, and Fe;0,
NPs in the cell cytoplasm.

Figures 11 and 12 show the numerical values  selected NPs in terms of proton beam energy at
of the calculated dose and DEF, respectively, for  the phantom cell.
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FIG. 11. Calculated dose for five different nanoparticles as a function of proton beam energy at the cell phantom.
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FIG. 12. Calculated DEF values for five different nanoparticles as a function of proton beam energy in the
phantom.

Figure 13 presents a three-dimensional plot to ~ concentration of distributed NPs in the phantom
show the dependency of DEF on the size and  irradiated with 62.5 MeV protons.
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FIG. 13. Three-dimensional variations of DEF in terms of the size and concentration of selected NPs distributed
in the phantom.

4. Discussion

Figure 6 shows that Pt NPs have the highest
DEF in the cell nucleus among the studied NPs.
At the beginning and middle of the proton range
(i.e., for PS1 and PS2, respectively), the DEF
difference between Pt and Au NPs is up to
13.5%, while at the end of the SOBP (i.e., for
PS3), this difference reaches about 23.3%. For
all PSs, Pt and Au NPs showed significant
differences in DEF compared to other studied
NPs. After Pt and Au, ''B NPs seem to show a
better effect. At the end of the range, ''B NPs
showed an increase of 101% and 427% in the
DEF relative to the beginning and center of the
SOBP, respectively. At that location, Fe;O4 NPs
showed an increase of 41.9% and 106% in the
DEF compared to the beginning and center of
the SOBP, respectively. Among the studied NPs,
C NPs had the lowest DEF in the cell. C and B
elements have close atomic numbers and almost
similar density (about 2.3 g/cm’ at standard
conditions) and can both produce alpha particles
via nuclear interactions with protons [26, 68]:

p+2C->3a+p (7)
p+ B - 3a 8)

Nevertheless, the observed differences in
DEF arise from the cross sections of these
nuclear interactions. The probability of such
reactions is very low; for example, in the proton
energy range of 50-60 MeV, the reaction cross
section with carbon is only 400 mb (i.e., 1077
cm?). This means that the majority of transported
particles are primary protons, secondary
electrons, and photons, whereas alpha particles

have a very small contribution in dose
calculations. For 5x10° incident protons, only 3
alpha particles were recorded in the PS at the
Bragg peak, i.e, only a single interaction
occurred. In the case of PS1 and PS2 locations,
there were zero alpha particles in the PS file for
2x10° and 10° incident protons, respectively.
However, if we consider only certain nuclear
interactions or only secondary particles, the DEF
results will be completely different, but this does
not correspond to the real conditions. The fact
that by approaching the end of the SOBP, the
effectiveness of ''B NPs becomes higher than
the previous positions is consistent with the
results of Cirrone et al. [68] and Beni et al. [69].
The reason is that the cross-section of the above-
mentioned interactions is greater at the Bragg
peak, i.e., in the energy range of 0.1-10 MeV.

Although previous studies reported a large
dose increase with C nanoparticles, the
discrepancy with our results arises from
differences in simulation methodology [20, 21,
25, 70]. In those studies, a single NP was
simulated, and all primary particles directly hit
that NP. In such cases, the probability of nuclear
interactions is much higher, and secondary
particles directly enter the target volume, which
is considered a uniform water volume without
DNA details. Furthermore, some studies
assumed mono-energetic incident protons, unlike
the realistic SOBP wused clinically. These
differences in simulation setup are the main
reasons for the discrepancies in DEF between
our results and previous studies. In this work, we
aimed to simulate a more realistic scenario by
incorporating the full energy spectrum of protons
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in the center of the SOBP a detailed nucleus cell
model, and a realistic distribution of
nanoparticles at a defined concentration in the
cytoplasm. The DEF of approximately 3% with
Au nanoparticles obtained in our simulation is in
good agreement with experimental data, which
report increases of up to 9 % [6,7].

McKinnon et al. [70] reported a 27% increase
in dose for Au nanoparticles using the Geant4
toolkit. In that study, as in many other simulation
studies, only a single NP was considered, and all
primary particles directly hit that NP, with the
dose calculated in ring detectors up to a radius of
2 um from the NP center. Other studies using the
same single-NP approach reported DEF values
of up to 1600% for Au and Pt nanoparticles [20,
21]. However, experimental studies indicate that
such dose increases are inconsistent with real
conditions, a finding confirmed by our
simulation study.

Our results are consistent with the simulation
study of Sotiropoulos et al. [17], which
considered a whole-cell model with Au
nanoparticles in the cytoplasm. However, they
did not observe a significant increase in direct
DNA damage for a concentration of 7 mg/g Au
NPs when irradiating cells with 10 and 50 MeV
protons. In contrast, as shown in Fig. 7, the
present study demonstrates a 24% increase in
DNA damage across different PS files. This
difference arises because Sotiropoulos ef al. [17]
considered only direct DNA damages, whereas
we accounted for both direct and indirect
damages, highlighting the importance of
including indirect damages resulting from water
radiolysis.

The higher DEF of Pt nanoparticles compared
to Au nanoparticles at the center of the SOBP, as
well as at the other two PS locations (Fig. 6), is
in good agreement with experimental results
reported in the literature [71-73].

This superiority of Pt NPs over Au NPs, for
the same size and concentration, is attributed to
the physicochemical properties of Pt that
enhance the production of chemical species
following irradiation [73]. As the end of the
SOBP is approached, the amount of DNA
damage per incident particle increases compared
to the previous PS locations, which aligns with
other published studies [17,74]. This effect is
due to the higher linear energy transfer (LET) at
the end of the Bragg peak.
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According to Table 3, the observed increase
in the Dg/Dig ratio with increasing LET
(corresponding to greater depth in water) is
consistent with the findings of other studies [75-
77]. Furthermore, the enhancement of the
DSB/SSB ratio with increasing LET agrees with
the results reported by Chattaraj and Selvam [78]
and Rafiepour et al. [79].

Table 3 shows that as the atomic number of
the NPs increases, the normalized DSB damages
per event, which include repairable (simple
DSBs) and irreparable (complex DSBs)
damages, increase. Therefore, the calculated
DSBs are higher for Au and Pt NPs, which
explains the higher DEF in the cell compared to
other NPs. However, this increase is negligible
for protons compared to low-energy photons,
because low-energy photons have an extremely
high cross-section with materials of high atomic
number [4, 6, 17]. Needless to say, atomic
number is not the only main factor; other factors
also play a role in this dose increase. For
instance, higher density increases collisions with
target molecules, and specific physicochemical
properties of the NPs, demonstrated
experimentally, can also influence dose
enhancement. DSBs are used as input for the
TLK mathematical model, the results of which
are shown in the cell survival curves in Fig. 8.
As illustrated, the cell survival curves with and
without Pt NPs show no significant difference at
the beginning and middle of the SOBP (two
PSs), but the difference is significant at the end
of the SOBP. Although the choice of
mathematical model and parameter values can
strongly affect the final shape of the survival
curves, the observed difference between the
curves with and without NPs is the key finding
in this study. The variation in cell survival
curves with different LETs, i.e., at different PS
locations, is consistent with other relevant
studies [8, 79-81]. Figure 9 presents the
calculated dose in the phantom volume resulting
from irradiation with monoenergetic protons
ranging from 20 to 320 MeV. The dose plot for
Pt NPs shows a superior curve compared to other
NPs, indicating the greater efficacy of Pt in
enhancing dose. The maximum dose for Pt NPs
is approximately 5.34 Gy at 60 MeV protons.
Figure 10 shows that the calculated DEF values
strongly depend on the proton beam energy. The
peak positions are similar for all five NPs, with
maximum DEF values occurring in the energy
range of 30-280 MeV. The results indicate that
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Pt NPs outperform other nanoparticles in
increasing dose rate, with DEF increasing 1.8
times over this energy range, resulting in a
significant dose enhancement.

Therefore, further studies were performed
using Pt NPs to investigate different parameters.
Although DEF wvaries linearly with NP
concentration, it is relatively insensitive to NP
size. For concentrations of 5% and 30%, the
DEFs for different NP sizes vary by
approximately 8% and 13%, respectively. Based
on these results, the size of Pt NPs distributed in
the phantom is not a critical factor in predicting
or controlling dose and DEF in the tumor
volume.

5. Conclusion

A multiscale simulation was performed to
study the dose enhancement factor (DEF)
resulting from the presence of Au, Pt, C,"'B, and
Fe;0, nanoparticles at a concentration of 30

mg/g in a fibroblast cell model under SOBP
irradiation with 62.8 MeV protons. The results
showed that high atomic number NPs, such as
Au and Pt, are promising agents for 62.8 MeV
proton therapy, as they can enhance the cell dose
by up to 4%. The radiobiological impact of Au
and Pt NPs, assessed through cell survival
curves, also confirmed this conclusion. Although
the results differ significantly from some
previous simulation studies, this study highlights
the importance of considering realistic clinical
conditions. In summary, the Geant4 toolkit was
used to perform a comparative study of NP
properties and  proton beam  energy.
Nanoparticles of different concentrations and
sizes were distributed throughout the selected
cell, and the DEF in the nucleus was calculated
for various energies and materials. This study
concludes that dose enhancement depends both
on the incident proton energy and on the type of
nanoparticle material.
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Abstract: In this work, ethanol, ammonium hydroxide, and a zinc acetate-containing
precursor solution were used to create zinc oxide (ZnQO) nanostructured films on silicon
substrates using the spin-coating technique. The study also investigated how several layers
affect structural, optical, and sensing properties. X-ray revealed that ZnO nanoparticles had
a hexagonal structure phase and were polycrystalline, with the (002) plane as the preferred
orientation parallel to the substrate surface. According to AFM analysis, as the number of
layers increased, the grain size decreased, and the surface roughness increased. The energy
gap increased from 3.31 to 3.39 eV as the number of layers increased, according to UV-
visible analysis. Sensitivity of the films to ammonia gas in a 50 ppm concentration range
was assessed at working temperatures ranging from room temperature to 150 °C.
Nanostructured ZnO thin films must be produced for efficient and reasonably priced gas
sensing applications. A synergistic effect was observed in this study: reducing grain size,
increasing operating temperature, and enhancing surface roughness improved sensitivity,
reaching up to 140.7% when seven layers were applied.

Keywords: ZnO nanoparticles, Sensitivity, Grain size, Roughness, NH3 gas sensor.

1. Introduction

Current solid-state device technologies have a
wide range of applications. Among the materials
that have received extensive investigation in
recent years are transparent conductive oxides
(TCOs) in thin films [1]. Zinc oxide (ZnO) is
one of the most significant semiconductor
materials, exhibiting a hexagonal crystal
structure (wurtzite) and belonging to group 11I-VI
compounds [2]. The compound has a direct band
gap of 3.2-3.4 ¢V, is abundant, cheap, non-toxic,
and has n-type conductivity [3]. Its visible range
optical transmission is good, making it suitable
for the solar spectrum [4, 5]. It has a variety of
uses in optoelectronic devices due to its
structural, electrical, and optical properties [4,
6]. By increasing the number of layers, zinc
oxide films can be used to improve sensing and
electrical properties, among other things, to
increase ammonia gas sensitivity [7]. Gas
sensing is influenced not only by structural

properties, including grain size, grain
boundaries, and surface-to-volume ratio, but also
by surface states and oxygen adsorption rates [8—
11]. Multilayered ZnO thin films can be
deposited wusing a variety of techniques,
including PLD [12], sputtering [13, 14], and
spray pyrolysis [15]. The spin coating method is
the most straightforward, economical, and
suitable ~ for  large-area  deposition. A
straightforward and affordable sol-gel deposition
method was used to apply the characteristics of
stacked ZnO thin film layers [16]. Reasonably
priced optoelectronic device manufacturing will
be made easier by the ongoing work. The
novelty of this work lies in fabricating ZnO thin
films with three, five, and seven layers on silicon
substrates that operate at room temperature. By
producing nanostructured films, the resulting gas
sensor can function within broadband in
different temperatures.
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The current work has examined structural,
morphological, sensing, and optical properties of
3-, 5-, and 7-layer thin films made using a
straightforward technique (sol-gel spin coating).

2. Experimental

The sol-gel spin coating method was used to
prepare ZnO films for growth on silicon
substrates. Zinc dehydrate [Zn (CH3COOQO),-
2H,0] was dissolved in  isopropanol
[(CH;3),CHOH]. Monoethanolamide was used to
stabilize ~ the  solution = (MEA)  [NH2
CH2CH2O0H]. It was incorporated into a 25 mL
solution at a rate of 1, in order to make a con. of
0.2 mol/l. To create uniformity, the solutions
were stirred for one hour at 65 °C. Clear
solutions were then allowed to age at room
temperature for a full day. The silicon substrates
were cleaned with ethanol and acetone for ten
minutes each using an ultrasonic cleaner, and
then dried following a cleaning with deionized
water prior to the deposition process. A small
amount of the prepared coating material in liquid
form was applied by dropper to the center of the
substrate fixed in the spin coating machine at
2500 rpm. This process was repeated several
times to obtain multiple layers (3, 5, and 7). The
films were heated in an oven at 250 °C for 5
minutes to remove organic residues and
evaporate the solvent. Then, the films are
annealed for 1 hour at 500 °C in air. The
thickness of the deposited film was measured
using an optical interferometer method based on
interference between a He-Ne laser (632 nm)
reflected from the substrate and the film surface.
We call this the Fizeau approach. The thickness
was computed using the formula. The films had
thicknesses of roughly 100, 200, and 300 nm.
The films were measured using a profilometer,
in which part of the film is scratched to expose
the substrate, and the device measures the height
difference between the film surface and the
exposed substrate.
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3. Results and Discussion

Figure 1 shows probes of XRD patterns that
provided information about film structure and
were used to study the crystal structure of ZnO,
recorded in the range between 20° and 80°. The
observed peaks at (010), (002), and (011) appear
in XRD patterns along with other peaks,
demonstrating the hexagonal polycrystalline
(wurtzite) structure of the ZnO thin films, as
indicated on the card with the number [17]. The
(002) peak was the most noticeable, suggesting a
preferred growth direction along the c-axis. This
proved that the surface free energy of the (002)
planes was the most stable when compared to
other planes. Among other things, the crystals’
position, intensity, and preferred orientation can
reveal details about their size, tension, and strain
[18, 19]. For the three-layer ZnO film, the peak
intensity was incredibly low. Increasing the
number of layers from five to seven caused a
steady increase in the density of the ZnO film.
The figure illustrates how the number of layers
increases from three to seven, resulting in a
gradual increase in peak intensity, indicating
higher film density. As the number of layers
increased, the (002) peak also became sharper,

suggesting  improved  crystallinity  with
increasing film thickness [20].
This behavior can be explained by

competitive growth among adjacent crystallites
based on their orientation. Crystals with
energetically favorable orientations grow at the
expense of others, leading to a dominant
crystallographic  orientation and improved
overall crystallinity [21, 22]. This competitive
growth mechanism likely accounts for the
observed increase in crystallinity as the film
thickness increased, as supported by the
decreasing FWHM values [23,24]. The average
crystallite sizes were calculated using Scherrer’s
equation. The crystallite size of the ZnO films
decreased from 13.23 nm to 9.86 nm as the film
thickness increased.
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FIG. 1. XRD analysis of the generated ZnO for all films.

Figure 2 presents the surface topography of
the annealed ZnO films, analyzed using AFM.
The topographical analysis of surface roughness
in two and three dimensions is displayed in Fig.
2(a). A 2.0 x 2.0 pm region was scanned from
the AFM images of ZnO films. This indicates
that the surface morphology is dominated by
hexagonally faceted columnar granules. It is
clear that the surface roughness of the films
increased with their thickness. The 3L film
thickness had a grain size of 99.41 nm and a root
mean square (RMS) roughness of 2.17 nm; this
suggests excellent homogeneity and good crystal
regularity. As the number of layers increased to
five and seven, the grain size decreased to 86.31
and 73.23 nm, while roughness progressively
increased to 3.82 and 4.37 nm, respectively. The

roughness increased as the ZnO thickness
increased due to the decreasing grain size and
the increased number of grains that formed [25,
26]. The high surface roughness of ZnO films
makes them useful for gas sensors [27]. The
sensitivity and response time of ZnO-based gas
sensors are significantly impacted by the degree
of roughness of the thin films. As thickness
increased, so did the peak-to-peak and ten-point
heights, according to Table 1, demonstrating the
regularity of the generated films and the viability
of using them as sensors, as improved absorption
is achieved by surface uniformity [28]. Film
roughness influences the sensor response by
increasing the surface area specifically suited for
gas adsorption [29]. To improve the gas sensor
device, this increase is essential.

TABLE 1. AFM parameters of ZnO films with 3, 5, and 7 layers.

Sample ZnO  Ave. diameter Roughness Peak-peak Ten-point
layers (nm) (nm) RM.S (nm) (nm) hight (nm)
3 La. 99.41 2.17 2.36 11.48 6.28
5La 86.31 3.82 422 14.29 12.77
7La. 75.23 4.37 4.83 18.32 12.57
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FIG. 2. AFM images of ZnO thin films with 3, 5, and 7 layers.

Figure 3 shows the transmittance spectra of
ZnO films measured over the wavelength range
of 200-1100 nm. The impact of layer count on
ZnO film optical characteristics, including
transmittance and band gap, was examined. The
transmittance curves of ZnO films at different
film thicknesses are shown in Fig 3. All of the
samples exhibited good transparency, exceeding
84%. As the film thickness and surface
roughness increased, the transmittance changed.
This result was expected since when the
thickness of a material increases, photons are
absorbed into it in greater quantities.
Additionally, the spectra revealed a shift in the
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absorption edge toward higher energies, which is
associated with the thickness values. As the film
thickness increased, the free spectral range
decreased, resulting in more oscillations with the
substrate [30]. Therefore, oscillations increased
toward longer wavelengths. Interferences in the
substrate are generally not observable in the
incoherent formulation. However, it is well
known that below the radiation wavelength of
500 nm (toward higher energy side of visible
spectrum), the absorption coefficient of TCOs
increases gradually and peaks at the ultraviolet
(UV) region, resulting in the disappearance of
interference patterns of the transmission
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spectrum in this region (i.e., higher energy-side
of the spectrum) [31, 32]. Since the absorbance
increases with increasing thickness, the
absorption coefficient decreases. Therefore, the
phenomenon of optical quantum confinement is
not achieved [24, 33]. Figure 4 shows the Tauc's
plot for ZnO films as a function of film
thickness. The band gap grew from 3.31 to 3.39
eV as the film thickness increased. As layer

thickness increases, the optical band gap rises
because of other lattice defects and a decreasing
trend in strain. This is consistent with what
Ennaceri, Houda, et al. found [34, 35]. The
reduction in nanosize, which supports the charge
carrier quantum confinement, may also be the
cause of this [36, 37] and determines the band
gap of the film (Fig. 4).
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FIG. 4. The ZnO energy gap of all layers.

Figure 5 shows FE-SEM images of the
surface for ZnO films on silicon papered by
spin-coated with 3, 5, and 7 layers.
Nanoparticles were formed on structure thin
films. The image for FE-SEM shows height
difference possibility in structures. As shown in
Fig. 5(a), the ZnO film spin-coated with three

layers shows less dense structure compared to
the ZnO thin film spin-coated with five layers,
depicted in Fig. 5(b). The ZnO thin film with
seven layers, shown in Fig. 5(c), displays a more
compact and uniform morphology with larger
grains after annealing. This enhances the
sensitivity characteristics of the gas sensor.
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FIG. 5. The FESEM image of the surface for ZnO all layers.

Figures 6, 7, and 8 show the gas sensing
properties when the thin films were exposed to
the surrounding air. The conduction band
electrons on the film's surface were grabbed by
oxygen molecules that were adsorbed there [38].
Consequently, a depletion zone developed close
to the surface, increasing the film's resistance
[39]. Egs. (1) and (2) show that when reducing
gases, such as ammonia, were added to all layers
of thin ZnO, they reacted with the adsorbed
oxygen species.

02 +e - Oz(ads) (1)
NHs +303445) = 2N, + 6H,0 +6¢~  (2)

Due to the reducing nature of NHj, the ZnO
film's surface resistance was reduced by the
interaction of ammonia molecules with the
oxygen-adsorbed ZnO surface. When NH;
entered the detecting chamber, the resistance of
the thin ZnO film quickly decreased, leading to a
quick rise in sensor response. When the NH;
flow was stopped, the resistance increased,
causing the response sensor to progressively
return to its initial levels. Figures 6-8 show how
resistance affected sensitivity for thin ZnO films
with three, five, and seven layers at a 50 ppm
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ammonia concentration. The sensitivity (S%) of
the ZnO films was calculated using Eq. (3) [40]:

Rz-R
S% = —92%100% ?3)
Rg
where R, and R, are resistances in air and testing
gas, respectively.

The increased number of layers led to a
higher sensor response, as shown in Figs. 6-8.
Table 2 indicates that the maximum sensor
response (35.81%) was attained at room
temperature when there were seven layers. This
is caused by a decrease in grain size and an
increase in surface roughness of the thin film,
with a response time of 14.4 s and a recovery
time of 9.4 s, as indicated in Table 2.
Additionally, we observed that throughout all
samples, the sensitivity increased as the
operating temperature rose, peaking at 140.7 at
150C for the seven-layer film. The reason for
this is that the grain size has decreased and the
surface roughness has increased, as shown in
Fig. 8. This is crucial for determining how
surface roughness and grain size affect the
development of highly sensitive ZnO ammonia
Sensors.
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FIG. 6. Sensitivity of 3 layers of ZnO nanoparticles to 50 ppm ammonia as a function of resistance.
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FIG. 8. Sensitivity of 7 layers of ZnO nanoparticles to 50 ppm ammonia as a function of resistance.

TABLE 2. ZnO sensitivity, response, and recovery time at layers 3, 5, and 7.

response time (s)

recovery time (s) sensitivity (S%)
Samples =230 100 150 RT 50 100 150 RT 50 100 130
3La. 1221 11.9 11.44 1495 13.88 1654 155 1044 19.6 23.4 58.7 753
5La. 843 127 11.6 9.65 13.76 13.34 12.7 14.95 27.8 39.9 47.6 76.7
7La.  14.4 139 1222 96 94

8.53 8.32 9.56 35.8 51.7 73.3 140.7
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Conclusions

Using the spin coating technique, ZnO thin
films were produced for use as NH; gas sensors
at room temperature and at operating
temperatures of 50, 100, and 150 °C. The study
examined how surface roughness and grain size
affect ZnO films by varying the number of layers
and concentration (50 ppm). The ZnO films with
3, 5, and 7 layers had the highest sensitivity
small grains exhibited, which rose with an
increase in working temperature. At 150 °C, the
created sensor can be used to gas monitoring
concentrations below 50 ppm. Films with small
grains recovered faster than those with larger
grains, even though they reacted to ammonia
exposure more slowly. The recovery time and
response time were both within 10 s. The
outcomes showed that the synthesis of ZnO
ammonia sensors using room-temperature spin-
coating deposition was feasible, and that ZnO
capacity to detect ammonia is significantly
impacted by adjusting grain size to operating
temperature. Consequently, it is thought that
results could offer useful direction for upcoming
industrial applications in the development of
high-performance gas sensors.

Acknowledgements

The electronics laboratory at the College of
Education of Pure Science, University of Anbar.

Funding Declaration
No funding was received for this work
Data Availability Statement

All data are available if requested by the
reviewers. External data inferred within the
manuscript are cited in the references.

Conflict of interest:

The authors have no conflicts to disclose.
Ethics Approval:

Ethics approval not required.
Author Contribution Declaration:

Ahmad Z. Al-Jenaby: Conceptualization, data
duration, formal analysis, investigation,
methodology, software, supervision, validation,
visualization, writing — original draft, writing
review & editing. Othman. A. Fahad:
investigation, methodology« supervision,
validation, and writing — original draft. Saadallah
F. Hasan: writing— review & editing.

References

[1] Kuo, S.-Y., Chen, W.-C., and Cheng, C.-P.,
Superlattices Microstruct., 39 (1-4) (2006)
162.

[2] Banerjee, A. et al., Thin Solid Films, 496 (1)
(2006) 112.

[3] Sivaramakrishnan, K. and Alford, T., Appl.
Phys. Lett., 96 (20) (2010).

[4] Rwenyagila, E.R. et al., J. Mater. Res., 29
(24) (2014) 2912.

[5] Alzamzoum, T. et al., Jordan J. Phys., 17 (5)
(2024) 577.

[6] Minami, T., Semicond. Sci. Technol., 20 (4)
(2005) S35.

[7] Basyooni, M.A., Eker, Y.R., and Yilmaz, M.,
Superlattices  Microstruct., 140 (2020)
106465.

[8] Korotcenkov, G., Mater. Sci. Eng. R Rep., 61
(1-6) (2008) 1.

[9] Xu, C. et al., Sens. Actuators B Chem., 3 (2)
(1991) 147.

666

[10] Wang, X., Yee, S.S., and Carey, W.P., Sens.
Actuators B Chem., 25 (1-3) (1995) 454-457.

[11] Bezy, N.A. et al., Jordan J. Phys., 17 (2)
(2024) 245.

[12] Villanueva, Y.Y., Liu, D.-R., and Cheng,
P.T., Thin Solid Films, 501 (1-2) (2006) 366.

[13] Fahad, O.A., Ramizy, A., and Al-Rawi,
B.K., J. Mater. Sci. Mater. Electron., 35 (27)
(2024) 1822.

[14] Al-Rashid, S.N.T., Nanosci. Technol. Int. J.,
15 (3) (2024).

[15] Fahad, O.A., J. Opt., 2024 (2024) 1.

[16] Tamil Illakkiya, J. et al., Emerg. Mater.
Res., 5 (1) (2016) 57.

[17] Rao, T.P. and Santhoshkumar, M., Appl.
Surf. Sci., 255 (8) (2009) 4579.

[18] Tang, H. et al., J. Mater. Sci., 44 (2) (2009)
563.



Gas Sensing Performance of ZnO/Si Nanostructured Thin Films Synthesis by Spin-Coating

[19] Al-Jenaby, A.Z., Al-Samarai, A.-M.E., and
Ramizy, A., Mater. Today Proc., 42 (2021)
2840.

[20] Seto, J.Y., J. Electrochem. Soc., 122 (5)
(1975) 701.

[21] Knuyt, G. et al., Phys. Status Solidi B, 195
(1) (1996) 179.

[22] Barna, P. and Adamik, M., Thin Solid
Films, 317 (1-2) (1998) 27.

[23] Hasan, S.F. et al., IOP Conf. Ser. Mater.
Sci. Eng., IOP Publishing, (2021).

[24] Fahad, O.A. et al., Sens. Actuators A Phys.,
383 (2025) 116198.

[25] Kakati, N. et al., Thin Solid Films, 519 (1)
(2010) 494.

[26] Al-Jenaby, A.Z., Ramizy, A., and Al-
Samarai, A.-M.E., AIP Conf. Proc., AIP
Publishing, (2022).

[27] Lee, J.H. et al., Nanotechnology, 20 (39)
(2009) 395704.

[28] Hasan, S.F. et al., J. Opt., 2024 (2024) 1.

[29] Roy, S. and Basu, S., Bull. Mater. Sci., 25
(2002) 513.

[30] Mustafa, A. and  Al-Rashid, S.,
Chalcogenide Lett., 21 (5) (2024) 407.

[31] Abdalameer, N.K., Fahad, O.A., and
Khalaph, K.A., Int. J. Nanosci., 21 (01)
(2022) 2150062.

[32] Fahad, O.A. et al., Int. J. Nanosci., 20 (06)
(2021) 2150055.

[33] Al-Rawi, B.K. and Mazhir, S.N., Int. J.
Nanosci., 22 (05) (2023) 2350044.

[34] Ennaceri, H. et al., Sol. Energy Mater. Sol.
Cells, 201 (2019) 110058.

[35] Pankove, J.I., "Optical processes in
semiconductors",  (Courier  Corporation,
1975).

[36] Hasan, S.F. et al., AIP Conf. Proc., AIP
Publishing, (2022).

[37] Abed, H.A., Al Rashid, S.N., and Mazhir,
S.N., Int. J. Nanosci, 22 (06) (2023)
2330005.

[38] Mohammed, A.S. and Fahad, O.A., AAIP
Conf. Proc., AIP Publishing, (2021).

[39] Al-Jenaby, A.Z., Ramizy, A., and Al-
Samarai, A.-M.E., IOP Conf. Ser. Mater. Sci.
Eng., IOP Publishing, (2021).

[40] Barsan, N. and Weimar, U, .
Electroceram., 7 (2001) 143.

667






Volume 18, Number 5, 2025. pp. 669-693

Jordan Journal of Physics

ARTICLE

Derivation of the Lorentz Transformation Equations for
Determination of their Matrix Form

Chandra Bahadur Khadka

Department of Physics, Tri-Chandra Multiple Campus, Tribhuvan University, Kathmandu-
44600, Nepal.

Doi: https://doi.org/10.47011/18.5.9
Received on: 16/01/2025;

Accepted on: 23/02/2025

Abstract: This article introduces a modified version of the Lorentz transformation
equations that transform spacetime coordinates between two inertial frames when the
relative motion between them occurs along the X-, Y-, and Z-directions, and represents an
extension of the one-dimensional Lorentz transformation equations to three spatial
dimensions. Making use of the invariance of the spacetime interval, the paper demonstrates
that an event in the spacetime continuum can be represented by six coordinates, of which
the first three represent the spatial coordinates, and the remaining three represent the time
coordinates. By employing the notion of a position six-vector, the correct matrix form of
the Lorentz transformation equations of order 6 x 6 has been thoroughly developed. In
addition, the D’Alembert operator, the basic ingredient of the wave equation, is shown to
be form-invariant under the modified Lorentz transformation equations. Furthermore, the
relativistic velocity addition formulas, as well as the Lorentz transformations of linear
momentum and energy, have been theoretically analyzed on the basis of the extended
Lorentz transformations. Finally, the particular purpose of this work is to present equal and
opposite relativistic spacetime coordinate transformation equations between inertial frames,
which properly allow for the formulation of the correct matrix form of the Lorentz
transformation equations in terms of the position six-vector.

Keywords: Four-vector, Lorentz transformation equations, Minkowski space, Special

relativity.

Introduction

This paper presents the matrix form of the
three-dimensional (3D) Lorentz transformation
equations; therefore, it is recommended to read
Ref. [1] in advance, which discusses spacetime
coordinate transformations when the motion
between inertial frames takes place in 3D space.

The Lorentz transformation, which is
considered the backbone of the special theory of
relativity, is a well-known and powerful
theoretical tool for providing an accurate
explanation of spatial and temporal phenomena
occurring in the realm of relativistic mechanics.
The Lorentz transformation equations were
invented by Voigt [2] in 1887, adopted by
Lorentz [3] in 1904, and further analyzed by
Poincaré [4] in 1905. Einstein [5] likely derived
them directly from Voigt’s work. The
contemporary  version of the Lorentz
transformation equations, when the motion

between inertial frames is one-dimensional (1D)
along a single X-axis, is defined as follows:

¢ t-
r=r—t=—Sy=y2=2z (1)

v v

f1—c—2 f1—c—2
Here, (x,y,zt)and (X,y,Z,t) are the

spacetime coordinates measured in the rest and
moving frames of reference, respectively.
Equation (1) in four-vector form can be
represented as follows:

%1 =y +ipxy), %y =y (x4 — ipxy), %, =
Xg, X3 = X3}, Q)
Here: (fllf2lf3lf4) = (fl y: Z_, iCD:

(x11x25x31x4) = (xlylZl lCt): p = v/cly =

1/{1— p2.
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Various derivations of Egs. (1) and (2) can be
found in the literature, such as in the works of
Feynman et al. [6] and Landau and Lifshitz [7].
If we examine Eq. (1) carefully, it becomes
evident that the transformation of time ¢ depends
only on a single spatial coordinate, x. Thus, Eq.
(1) clearly fails to relate y and 2z space
coordinates to the time coordinate ict, as it is
formulated on the basis of one-dimensional
motion between inertial frames. Fortunately, a
recently published article [1] formulates the
correct Lorentz transformation equations, also
known as 3D Lorentz transformations, for the
case in which the motion between inertial frames
takes place along the X-, Y-, and Z-directions.
These transformations are of the following form

X Y———
_ x2+y2+2z2 x2+y2 422
X = 02 V= 02
1-Z 1-2
c c | 3
vtz ’ ( )
Z—— v [x2+y2+22
_ x2+4+y2422  _ _ t_C72
Z= ,t=
v2 v2
1-— 1-—
2 2

Equation (3) above represents an extended
version of the one-dimensional Lorentz
transformation equations to three spatial
dimensions when there is simultaneous relative
motion along the X-, Y-, and Z-axes. These
three-dimensional transformations treat each
spatial coordinate on equal footing, and the
transformation of time t depends equally on the
X-, Y-, and Z-coordinates. In Ref. [1], the 3D
transformations were formulated to explain the
phenomenon of space contraction; however, in
the present work, the same 3D transformations
are retrieved to construct the correct matrix form
of the Lorentz transformation equations. Based
on the contents of our work, an event in the
spacetime continuum can be represented by six-
vectors (X1, X3, X3, X4, X5, Xg) out of which the
first three denote the space coordinates and the
last three denote the time coordinates. The 3D
Lorentz transformation given in Eq. (3),
expressed in terms of six-vectors, takes the
following form:

X =y(x + iPx4),\
X2 =y (xy +ipxs), |
X3 =y (x5 + ipxe) }
X =y (xy —ipx), |’
X5 = y(xs — ipxy),
X6 =y (x¢ — ipx3)
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4)
|
)

It should be noted that Egs. (1) and (2)
represent spacetime coordinate transformations
when the relative motion between inertial frames
is aligned along a single X-axis, whereas Egs.
(3) and (4) represent spacetime coordinate
transformations when the relative motion
between inertial frames takes place along the X-,
Y-, and Z-directions. In concise terms, this work
develops the three-dimensional Lorentz
transformations, namely Eq. (3), by considering
simultaneous relative motion along the X-, Y-,
and Z-directions, and also presents their
formulation in terms of six-vectors, namely Eq.
4).

Albert Einstein and Henri Poincaré
considered the concept of three-dimensional time
many years ago, such that space and time would
possess the same dimensionality. At present,
many authors in works [8—12] introduce
multidimensional time in order to provide better
explanations of quantum mechanics and spin.
Some time ago, Recami and Mignani [13],
Pappas [14], Guy [15], and Weinberg [16] added
two extra time coordinates to the four-
dimensional spacetime coordinates to interpret
imaginary quantities in superluminal Lorentz
transformations. In Ref. [17], three-dimensional
time is also proposed, along with the
replacement of the Lorentz transformation by
vector Lorentz transformations. The author of
Article [18] obtained a general subluminal
Lorentz transformation in six-dimensional
spacetime. Paper [19] explains the phenomenon
of time dilation on the basis of a special theory
of ether. In Work [20], it was shown that the
existence of a universal frame of reference in
which light propagates remains an unresolved
problem in physics. Paper [21] presents a
method for parameterizing new Lorentz
spacetime coordinates based on coupled
parameters. Article [22] introduces an innovative
method for deriving infinitely many dynamics in
relativistic mechanics. The author of Article [23]
describes a Lorentz-invariant extension of
Newton’s second law. The authors of Works [24,
25] propose an original method for deriving
transformation equations for kinematics with a
universal reference system. The author of Work
[26] provides a mathematical interpretation of
the Lorentz transformation equations between
inertial frames of reference moving in two
spatial dimensions. Reference [27] demonstrates
the phenomenon of space contraction along the
X-, Y-, and Z-directions by introducing relative
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motion between inertial frames in three-
dimensional space. Reference [28] gives a
detailed explanation of time dilation and the
relativity of simultaneity in two- and three-
dimensional space.

The structure of this paper is organized as
follows. In the next Section, we introduce the
transformation equations along the X-, Y-, and
Z-axes when the motion between coordinate
systems takes place in three-dimensional space.
In the subsequent Section, we develop new
modified three-dimensional spacetime
transformation equations for the X-, Y-, and Z-
axes. In the Section that follows, we formulate
the exact matrix form of the Lorentz
transformations by introducing the notion of six-
vectors. Next, we discuss the invariance of the
spacetime interval and the D’ Alembert operator
under the six new Lorentz transformation
equations. In the following Section, we develop
formulas for relativistic velocity addition and for
the transformation of momentum and energy on
the basis of the extended three-dimensional

2. Methods

2.1 Transformation Equations between Inertial
Frames

Consider two inertial reference frames, K and
K', with relative velocity v between them along
the radius vector r in 3D space, as shown in Fig.
1. The Cartesian space coordinates of a point P
are (x,y,z)and (%,y,2Z)in frames K and K'
respectively while the respective corresponding
polar coordinates of the same point are
(r,a,B) and (7, a, B). Here, the angles a and 8
are the same for observers in both the K and K'
systems due to symmetric space contraction in
the X-, Y-, and Z-directions. If the motion
between the frames of reference occurs in three
dimensions of space, then simultaneous space
contraction takes place in the X-, Y-, and Z-
directions by the same Lorentz factor, which
consequently keeps the angles a and § identical
in both frames of reference. For further details, it
is strongly recommended to consult Ref. [1].

Lorentz  transformation  equations.  The
conclusion is presented in the final Section.
Zl
% i
P(x,y,2), (1., B)
K K (x.7.2), (.. B)
X
a z
0 >y’
X B - N.—% -7
' “~_N %
—
A
Z
a
04 7 —»Y
BT X
X& el

)l

- P
FIG. 1. Motion between inertial frames in three-dimensional space.

Consider time measured in the rest frame by
the variable ¢t and in the moving frame by the
variable t. The coordinate axes in the two frames
are parallel and oriented such that frame K' is

moving in three-dimensional space with speed v,
as viewed from frame K. For simplicity, let the
origins of the coordinates in K and K' be
coincident at t = t = 0. If a light source at rest
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at the origin in K is flashed on and off rapidly at
t =t =0, then Einstein’s second postulate
implies that observers in both K and K' will see a
spherical shell of radiation expanding outward
from the respective origins with speed ¢ along
the radius vector r. Breaking up the resultant
velocity of light ¢ into X-component c, =
csinacosff, Y-component ¢, = csinasinp,
and Z-component c, = ¢ cos a allows us to deal
with each direction separately (see Fig. 1).
Hence, the equation of the wavefront of light
along the X-axis in the frame K is given by the
equation:

x%2 — (e t)? =0,

x% — c?t?sin? a cos? f = 0. (%)
where ¢, = csina cos S be the component of
the velocity of light along the X-axis. According
to the constancy of the speed of light, the
component of velocity of light along the X-, Y-,
and Z-directions in the K’ frame should be the
same as in the K frame of reference. Therefore,

in frame K', the equation of wavefront light
along the X-axis is specified by the equation:

fz - (Cxaz = 0!
%% — c?t? sin? a cos? § = 0. (6)
Since both the frames are at the center of the
expanding wavefront at t = t = 0, Egs. (5) and
(6) must be equal.
x% — c?t?sin acos? f =
%% — c?t? sin? a cos? . (7)
Equation (7) represents the wavefront of light
along the X-axis when motion between inertial
frames is in three-dimensional space. Similarly,

the equation of the wavefront of light along the
Y-axis in the frame K is given by the equation:

2
¥ = (eyt)” =0,

y? — c?t?sin asin? g = 0. (8)
where ¢, = csinasinf be the component of
the velocity of light along the Y-axis. Also, in

frame K', the equation of the wavefront of light
along the Y-axis is specified by the equation:

_ -2
72 = (eyf)" =0,
y2 — c?t?sinasin? g = 0. 9)

Since both the frames are at the center of the
expanding wavefront at t = t = 0, Egs. (8) and
(9) must be equal.
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y? — c?t?sin® asin? g =
y2 — c?t? sin® a sin? B. (10)

Equation (10) represents the wavefront of
light along the Y-axis when motion between
inertial frames is in three-dimensional space.
Similarly, the equation of the wavefront of light
along the Z-axis in the frame K is given by the
equation:

z2 — (c,t)?> =0,
z? — c%t? cos? a = 0. (11)

where ¢, = ccosa be the component of the
velocity of light along the Z-axis. Also, in frame
K', the equation of the wavefront of light along
the Z-axis is specified by the equation:

Z_Z - (CZDZ = 0!
72 — c%t? cos? a = 0. (12)

Since both the frames are at the center of the
expanding wavefront at t =t = 0, Egs. (11) and
(12) must be equal.

z? — c?t? cos? a = 7% — c?t? cos? a. (13)

Equation (13) represents the wavefront of
light along the Z-axis when motion between
inertial frames is in three-dimensional space. The
frame K' is moving away from the rest frame K
in such a way that there is relative motion along
the X-, Y-, and Z-directions simultaneously, as
shown in Fig. 1. Let v denote the velocity of the
moving frame along the radius vector r in 3D
space. Breaking up the resultant velocity v into
X-component v, = vsina cosf, Y-component
vy =vsinasinf, and Z-component v, =
vcosa allows us to deal with each direction
separately. Hence, the respective transformation
equations from frame K to K' along the X-, Y-,
and Z-axes are as follows:

X =x—v,t =x—vtsinacosf,
y=y-vt=y—vtsinasinp,
Z=2z—v,t =z—vtcosa.

The three equations above are valid only in
classical mechanics, but not in relativistic
mechanics. Therefore, multiplying them by the
Lorentz coefficient y, we get:

X =y(x —vtsinacosp), (14)
y =y(y — vtsinasinp), (15)
Z =y(z — vt cos a). (16)
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Similarly, the respective inverse
transformation equations from frame K' to K
along the X-, Y-, and Z-directions are as follows:

X =X+ vt =X+ vtsinacosp,
y=¥+nt=y+vtsinasinp,
z=Z+v,t =Z+ vtcosa.

where vy, = vsina cos f, v, = vsinasinf and
v, =vcosa are the components of velocity
along the X-, Y-, and Z-directions, respectively.
The above three equations are valid only in
classical mechanics, but not in relativistic
mechanics. Therefore, multiplying them by the
Lorentz coefficient 7, we get:

x = y(x + vtsinacos p), (17)
y =7 + vtsinasinp), (18)
z = y(Z + vt cos ). (19)

Furthermore, the following equations show
the mathematical relationship between Cartesian
coordinates (x,y,z) and polar coordinates
(r,a,B) of point P measured from the K frame
of reference (see Fig. 1).

x =rsinacosp, (20)
y =rsinasinp, (21)
Z =Tcosa. (22)

Squaring both sides of Egs. (20)-(22) and
then adding them, we get:
r2sin? a cos? f + r?sin® asin?f +
r2cos?a = x? +y? + 72,
r2 sin? a (cos? f§ + sin? B) + r? cos? a = x? +
y2 4 22,
r?sin?a +r? cos? a = x? + y? + 72,
r2 =x2 +y?% + 72,

r=.x%+y%+z2 (23)

Also, the following equations show the
mathematical relationship between Cartesian
coordinates (%,y,Z) and polar coordinates
(7, a, B) of point P measured from the K’ frame
of reference (see Fig. 1).

X =7sinacosf, (24)
y =rsinasinp, (25)
Z =T CoS Q. (26)

Squaring both sides of Egs. (24)-(26) and
then adding them, we get:

72 sin? a cos? § + 72 sin® a sin? § +
72 cos? a = x% + y2 + 72,

72 sin? a (cos? f + sin? B) + 72 cos? a = % +
yz +Z_2,

72 sin® a + 72 cos? a = x¥% + y? + Z2,

72 =% +y* + 7%,

7 =x%+y%+ 272 27)
2.2 Lorentz Transformation Equations Along the

X-axis

From Eq. (17), the relativistic transformation
equation along the X-axis is given by the
equation:

x = y(x + vtsinacos B),

Substituting Eq. (14) into the
expression leads to

above

x = yly(x — vtsina cos B) + vt sin a cos ],
X = yyx — yyvtsina cos f + yvt sina cos 3,
yvtsina cos f = yyvtsina cos B — yyx + x,

- . . X X
tsinacospf =ytsmacosﬁ—y7+_—,

yv
t= ﬁ[tsinacosﬁ —%(1 —%)] (28)

Now, substituting Egs. (28) and (14) into Eq.
(7) leads to

2 —c?t?sin®acos? f =

%% — c?t? sin? a cos? B, (29)

X

—c?t?sin®acos? f =
[y(x — vtsina cos B)]? —
y2

———— —|tsinacosf —
sin? a cos? 8 [ ’8

c? sin? a cos? B

2
X 1
-3
(-5
—c?t?sin? acos? f = y%x% —
2y%xvtsina cos B + y2v?t? sin? a cos? § —
c?y?t?sin? a cos? B +
1
2c2y?tsina cos £(1——)—
presmacosp (1
@2(1-3)
yeet s 1 )
—c?t?sin? a cos? f§ = x? [y2 —

c2y? _iz . )
— (1 )_/y) ]+xtsmacosﬁ[ 2y“v +

2c2y?

_1 2 in2 2 2.2 _
” (1 7y)]+t sin® a cos” B (y*v
c?y?),
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After  comparing the  corresponding
coefficients of x?,xt,and t? on both sides, the
following expressions are obtained:

2 c2y? 1 2 _

; o2y, 4 2V (1] =
sina cos [ 2y°v + - (1 7)/)] =0, 31
sin? & cos? B (y?v? — c?y?) =
—c? sin? a cos? B. (32)
Now, Eq. (32) gives

—y*(c* —v?) = =%,

(33)

in
1
yz = v2:
-z
v? 1
vo1-3 (34)

Again, Eq. (31) yields

—v+S(1-2) =0,

144
—v2+c2(1—_i)
” Yy, 0’
v? 1
Z=(1- ﬁ). (35)

Substituting Eq. (34) into Eq. (35) leads to

Now, substituting Eq. (33) into (14) leads to

%= x—vtsinacosf

) (36)

Substituting the value of sin a cos 8 from Eq.
(20) into Eq. (36), and then inserting the value of
r from Eq. (23) into the resulting expression,
yields
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vtx

— X

_ x—vrﬁ x2+y2+72

R G7)
1-5 1=

Equation (37) represents the Lorentz
transformation along the X-axis for the case of
simultaneous relative motion between inertial
frames in three-dimensional space. To obtain the
transformation equation for the time coordinate,
Eq. (35) is substituted into Eq. (28):

t=y|t- o (1-5)]

f=y(t-=2 ), (38)

cZsinacosf

Using the value of r from Eq. (20) and then
substituting Eq. (23), the above expression takes
the form

T vr vy x2+y2+22
i=y(-%) =V(t—c—z)'
v [x2+y2+22

f=—rt — (39)
v
-z
The inverse space-time coordinates along the
X-axis in 3D space can be achieved by
exchanging space-time coordinates and replacing
v by —v in Egs. (37) and (39) as follows:

_ vt

®l

x+
x2+y2+22
x = —— (40)
iz
72 +72 472
Hin
t=—rt— (41)

1-=
c2

2.3 Lorentz Transformation Equations Along the
Y-axis
From Eq. (18), the relativistic transformation
equation along the Y-axis is:

y =y + vtsinasinB),
Substituting Eq. (15) into the
expression leads to

above

y =7[y(y — vtsinasinp) + vtsinasinf],
y = yyy — yyvtsinasin f + yvt sina sin f3,
yvtsinasinf = yyvtsinasinf —yyy +y,

tsina sin =ytsinasinﬁ—%+%,

f=m[tsinasinﬁ—%(l—%)l, 42)

Now, substituting Egs. (42) and (15) into Eq.
(10), we get:
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y? — c?t?sin® asin?f =
y? — c?t? sin? a sin? B, (43)
— c%t?sin® asin?f =

[y(y — vtsinasinp)]? —
_r
sin? a sin? B

y2

c? sin? a sin?

-

—c?t?sin®asin? g =

y2y? — 2y?yvtsinasinf +

y2v2t?sin? asin? B — c?y?t?sin? a sin? § +
2

Zczyztsinasinﬁ% (1 - é) —y2c? i—z(l -

4%
1 )2
—_ )
4%

—c?t?sin? asin? B = y? [yz —

[t sinasinf —

2

y

N

CZ)/Z

1 2 . . 2
2 (1_ﬁ) ]+ytsmasmﬁ[—2y v+
2¢2y2

1 2 win2 ) 2.2 _

” (1 7y)]+t sin” a sin”* B (y*v
c?y?),

After  comparing the  corresponding

coefficients of y?2,yt and t? on both sides, the
following expressions are obtained

- (1-1) o, (44)

v2

. . 2 2c¢2y? (0 1\] _
sina sin 8 [—Zy v+ (1 _y)] =0, (45
sin? a sin? B (y?v? — c?y?) =
—c?sin? a sin? . (46)
On solving the above three equations as done
in Section 2.2, we obtain:

_ 1

y=v= ﬁ 47)
L= (1-5) (48)

Substituting Eq. (47) into Eq. (15) leads to

__y-vtsinasinf

V=" (49)
=

Substituting the value of sin a sin § from Eq.
(21) into Eq. (49), and then putting the value of r

from Eq. (23) into the resulting equation, leads
to

vty

y——2F

_ y_E%X x2+y2+z2

y=rr =t (50)
3 ez

Equation (50) is the Lorentz transformation
equation along the Y-axis when there is the

simultaneous relative motion between inertial
systems in 3D space. To find the equation of
time coordinates, let us use Eq. (48) in Eq. (42):

=y[t -ty (-5
t=y (¢~ momaamg) G

Using the value of r from Eq. (21) and then
substituting Eq. (23), the above expression takes
the form

- vr vy x2+y2+22
t=V(t—c—z)=V<t—c—z)'
v [x2+y2+22
- S
t=:————4%;——. (52)
ez
Here, it should be noted that the

transformation equation of time, namely Eq.
(52), is exactly the same as Eq. (39). Hence, the
transformation equation of time is the same for
X- and Y-directions. The inverse space
coordinates along the Y-axis in 3D space can be
achieved by exchanging space-time coordinates
and replacing v by —v in Eq. (50) as follows:

_ vty
y

+7
xX2+y2+72 (53)

102
C2

y:

2.4 Lorentz Transformation Equations Along the
Z-axis

From Eq. (19), the relativistic transformation
equation along the Z-axis is given by the
equation:

z=7(Z+ vtcosa),

Substituting Eq. (16) into the above

expression leads to

z =y[y(z — vt cos a) + vt cos a],
Z = yyz — yyvt cos a + yvt cos a,
yvtcosa = yyvtcosa — yyz + z,

fcosa =ytcosa —E+ =
v yv
F—_Y _Z(1_-L
t= [t cosa —- (1 )_/y)]. (54)
Now, substituting Egs. (54) and (16) into Eq.
(13) leads to

z? — c?t? cos? a = 722 — c?t? cos® a (55)

z? — c?t? cos? a = [y(z — vt cos @)]? —
v [t cosa — Z(1 — i)]2

cos?a v Yy

c?cos? a
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272 —2y%zvtcosa +

c?y?t? cos® a +

z? — c?t?cos? a = y
v2v?t? cos® a —

2¢2y2t cos a = (1—y—) yzczz( _VL)
c2y 2(1_i)2]+

4
Ztcosa[ 2y v+2€ v’ (1_ﬁ)]+

z? —c?t?cos’a =z [y

t? cos? a (y?v? — ¢ V)

After  comparing the  corresponding
coefficients of z2,zt and t? on both sides, the
following expressions are obtained:

2_ci(,_ 1 2 _
cosa[ 2y%v X (1 - W)] =0, (57)
cos? a (y?v? yz) = —c? cos? a. (58)

On solving the above three equations as done
in Section 2.2, we obtain:

_ 1

Y=Y =T7— (59)
1__
’UZ
5=01-3) (60)
Substituting Eq. (59) into Eq. (16) leads to
_ _ z-vtcosa

zZ = ﬁ, (61)
ez

Substituting the value of cos a from Eq. (22)
into Eq. (61) and then putting the value of r from
Eq. (23) into the obtained equation leads to

vtz

vz
_vtz 2492472
- — (62)

- : :
v v
1-= RS

Equation (62) is the Lorentz transformation
equation along the Y-axis when there is the
simultaneous relative motion between inertial
systems in 3D space. To find the equation of
time coordinates, let us substitute Eq. (60) into
Eq. (54):

t= y[t_vczszx(l _%)]'

t=y(t-52), (63)

c2cosa

Using the value of r from Eq. (22) and then
substituting Eq. (23), the above expression takes
the form

- vr vy x2+y2+22
i=y(-%) =V(t—c—z)'
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F— — (64)
Here, it should be noted that the

transformation equation of time, namely Eq.
(64), is exactly the same as Eq. (39) and Eq.
(52). Hence, the transformation equation of time
is the same for the X-, Y-, and Z-directions. The
inverse space coordinates along the Y-axis in 3D
space can be achieved by exchanging space-time
coordinates and replacing v by —v in Eq. (62) as
follows.

T———
xX2+y2+72 (65)

2.5 Lorentz Transformation Equations Along
Radial Line

In previous sections, we have derived the
Lorentz transformation equations along the X-,
Y-, and Z-directions. Now we wish to find the
relativistic space-time transformation formulas
relating radius vectors r and 7 along the radial
line OP. In Fig. 1, the moving frame K' and the
emitted pulse of light are moving along the
radial line OP with the velocity v and c
respectively. Now, the equation of the wavefront
of light along the radius vector r in the frame K
is given by the equation:

r? —c%t? =0, (66)

Also, the corresponding equation of the
wavefront of light along the radius vector ¥ in
frame K' is specified by the equation:

72 — c2F2 = 0, (67)

Since both the frames are at the center of the
expanding wavefront at t = t = 0, Egs. (66) and
(67) must be equal.

— 22, (68)

Equation (68) represents the wavefront of
light along the radial line OP. Also, frame K' is
moving along the radial line OP with the
uniform velocity v as shown in Fig. 1. Hence, it
is obvious that radius vectors r and 7 are related
by the equation:

O'P=0P-00,

r2 — o242 = 2

r=1—7t,

Hence, the corresponding relativistic
transformation equation relating radius vectors r
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and 7 with Lorentz coefficient y should be in the
following form:

7=y — vt). (69)
Also, the corresponding inverse relativistic

transformation equation relating radius vectors r

and 7 should be in the following form:

r=y({ +vt), (70)
Substituting Eq. (69) into Eq. (70) leads to
=yly(r —vt) + vt ],
= yyr — yyvt + yvt,

yvt = yyvt — yyr +r,

E=y[e-2(1-2)] (71)

Now, substituting Egs. (71) and (69) into Eq.

(68) leads to
r2 — 242 = 72 _ (2F2

r? —c?t? = [y(r — vt)]? — c?y? [t -

20-3)

r? —c%t? = y%r? = 2¥%rvt + y%v
c2y22 +M(1__L) @(1_
v Yy v

1 )2
4%

r? — o242 = 2 [yz _&r
rt [—Zyzv L
2 (r2v? — 2y,
After  comparing the  corresponding

coefficients of r2,rt and t? on both sides, the
following expressions are obtained

2 c2y? _i 2 _
Y~z (1 7y) =1, (72)
2¢? y 1
-2 1-1)=
yv+ 2 ( 7y) 0, (73)
vY2v? —c?y? = —c2. (74)

On solving the above three equations as done
in Section 2.2, we obtain:

_ 1

y=7="— (75)
iz
v 1
Z=(1-3) (76)
Substituting Eq. (75) into Eq. (69) leads to
F=lZ (77)

This Eq. (77) is the Lorentz transformation
equation along the radial line. To find the
equation of time coordinates, let us substitute
Egs. (76) and (75) into Eq. (71),

= o2

f=—== e (78)
P s
Here, it should be noted that the

transformation equation of time, namely Eq.
(78), is exactly the same as Egs. (39), (52), and
(64). Hence, the transformation equation of time
is the same for all directions. The inverse space
coordinates along a radial line can be achieved
by exchanging space-time coordinates and
replacing v by —v in Eq. (77) as follows.

7+vt

>’
v
1-=
c2

Using Egs. (23) and (27), Eq. (79) takes the
following form:

Jx2+y? 422 =
Jl—c—z

This Eq. (80) represents the inverse
transformation equation along the radial line
when the relative motion between inertial frames
occurs in 3D space. If the motion between
inertial frames is aligned along a single X-axis
only, then we need to substitute y =y = 0 and
z=27z=0 in Eq. (80), which exactly gives the
former 1D inverse Lorentz transformation
equation along the X-axis as follows:
VE2+02+02+vi

v2
C2

(79)

VX2 +y2+z2 40t +zz+vt (80)

x? 4+ 0% +0% =

)

_ X+vt

= =.
v
1_c2

3. Results and Discussion

3.1 Lorentz Transformation Equations in 3D
Space

In Section “Methods”, we have derived the
Lorentz transformation equations along radial
line, the X-, Y-, and Z-directions when the
motion between inertial frames takes place in 3D
space. These 3D transformation equations,
namely Egs. (37), (50), (62), and (64) represent
the extended version of the 1D Lorentz
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transformation to three dimensions of space, and
these equations exactly take the form of the 1D
Lorentz transformation when the relative motion

between inertial frames is reduced from 3D to
1D along the X-axis, as discussed in Table 1.

TABLE 1. Inverse Lorentz transformation equations in 3D space

Motion . . Space coordinate transformation equations
between | Transformation of time — — —
frames Along the X-direction Along Y-direction Along Z-direction
From Eq. (41), From Eq. ({9), From Eq. (§§), From Eq. (§§),
Along X-, N y2 + 22 i+ vtx 7+ vty P vtz
Yoand | T | T @+yrez | T JBayrez | TR +yr4 2
Z-axes 1_1]_2 = 1_U_z Y= 1_U_z 2= 1_1]_2
c? c2 c2 c2
BT O P S yr—t
S e Nz NS b0
t= X = y = 0+ —
Along X- 2 2 2 [%2 + yZ + 02
and Y- 1_5_2 1_0_2 1_0_2 z= —
axes only _ v /x4 2 - vtx 54 vty -7
z=0| T & G RN
7 *= 0 y= 0 z2=0
c i T c?
_, vWxZ + 07 + 02 . vix 2 "
S —: Froe | 0+t | o+ M0
Along X -| 02 x — __ NEH02402 | P+ 02402
axis only 1-2= 1 Z—z y v v
ZT)O'y P+%7 X +vt c? c
= t= X =
1 v? 1— U_j y=0 z=0
- C

From the last row of Table 1, it is clearly seen
that modified Lorentz transformation equations
achieve the exact form of the former 1D Lorentz
transformation equations when the motion
between inertial frames takes place along a
single X-axis only. These transformation
equations are exactly the same transformation
equations as derived in Ref. [1]. In Ref. [1], the
equations were obtained to demonstrate the
simultaneous space contraction along the X-, Y-,
and Z-directions, whereas in the present work,
the same equations are recovered in order to
formulate the matrix representation of the three-
dimensional Lorentz transformation.

3.2 Invariance of Space-time Interval

One of the important properties of the
Lorentz transformation equations is that the
space-time interval must be invariant under these
transformation equations. The equation of the
space-time interval in a moving frame of
reference is given by,

T2 = %% + 9% + 72 — c?t?,

The corresponding equation of the space-time
interval in the rest frame of reference is given by

678

12 =x2 +y? + 22 — %2,

Substituting the values of x,y,z,t from Egs.
(40), (41), (53), and (65) into the formula of
space-time interval, i.e.,
x2 +y? 4+ z2 — c%t?,
vEX 2

T—
x2+y2+22

v? v
62

2
It _ v w2 +y2+22
x2+y2+22 ——

2 &

1—>=
c2

2 52 52
922+}72+22+2vf(—x ty +7 )

VEE+§2 4+ 22
X2 +y°+7°
x* +y%+2z°

2(+v2 52 52
N o R e b e R )
[

+(vt)? c?t?

)’

22492422+ ()% —c?t

2 V2 (x%+y%+22)
ez

v2 )
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252, 52 v? 272 v?
(X2+y%+2z )<1—c2)—c t <1—c2)
2 )’
v
1__
2

=% +y* +7° — *t?,

Thus, we have clearly proved that x? + y? +
z? — c?t? = x? + y%2 + 2% — c?t?. Hence, the
space-time interval equation is invariant under
the 3D Lorentz transformation equations.

3.3 Matrix Form of 3D Lorentz Transformation
Equations

In former 1D Lorentz transformations, the
relative motion between inertial frames is
constrained along a single axis (say X-axis).
Hence, we take the account of single space
coordinates and the transformation of time
coordinate depends only upon X coordinates [see
Eq. (1)]. Unlike it, in 3D Lorentz
transformations, we have simultaneous relative
motion between inertial frames along the X-, Y-,
and Z-directions. Hence, we need to have the
transformation equations for all X, Y, and Z
space coordinates, and the transformation of the
time coordinate should depend upon all space
coordinates [see Eq. (4)]. For that, let’s write the
corresponding values of space coordinates from
Egs. (20)-(22) as follows:

X =x; =rsinacosp, (81)
y =x, =rsinasinf, (82)
Z = X3 =T COoS Q. (83)

Equations (81)-(83) represent the value of
space coordinates along the X-, Y-, and Z-axes
in the rest frame of reference. The corresponding
expression of space coordinates in a moving
frame can be written from Egs. (24)-(26) as
follows:

X =Xx; =rsinacosp, (84)
y =X, =7sinasinp, (85)
Z = X3 =T Cos Q. (86)

In fact, the above equations represent the
three components of the resultant radius vector
7. Now, we wish to find the components of the
time coordinate, or more conveniently ict, under
the 3D Lorentz transformation equations. For
that, let us write the equation of the wavefront of
light along the X-axis from Eq. (29) in the
following form:

x% — (ctsina cos B)? = x? — (ct sina cos )2,

x% + (ictsina cos f)? =
%% + (ictsina cos )2 ;. (87)
x12 + X4,2 = flz + f42
Equation (87) shows the invariance of the
space-time interval along the X-direction. Hence,
it is obvious that x, = ictsinacosf must
represent the time coordinate corresponding to
the space coordinate Xx; =rsinacosf.
Similarly, let us write the equation of the
wavefront of light along the Y-axis from Eq.
(43) in the following form:

y? — (ctsina sinB)? = y? — (ct sina sin$)?,

y? + (ictsinasinf)? =

y% + (ictsinasin)? . (88)

XZZ + X52 = fzz + fsz

Equation (88) shows the invariance of the

space-time interval along the Y-direction. Hence,
it is obvious that x5 = ictsinasinf must
represent the time coordinate corresponding to
the space coordinate x, =rsinasinf.
Similarly, let us write the equation of the
wavefront of light along the Z-axis from Eq. (55)
in the following form:

7% — (ctcosa)? = 72 — (ct cos a)?,

2 ; 2 _ 52 F 2
z% + (ict cos a) Z% + (ictcos a) } (89)

X32 + x62 = f32 + fﬁz
Equation (89) shows the invariance of the
space-time interval along the Z-direction. Hence,
it is obvious that x¢ = ict cos ¢ must represent
the time coordinate corresponding to the space
coordinate x3 =rcosa. Thus, the time
coordinates, namely the components of ict,
under the 3D Lorentz transformation equations
in the rest frame, can be written from Eqgs. (87)-
(89) in the following form:

x4 = ictsinacosf, (90)
X5 = ictsinasinf, 91)
Xg = ict cos a. (92)

The corresponding expression of components
of ictin a moving frame can be written from
Eqgs. (87)-(89) as follows:

X, = ictsina cosf, (93)
Xs = ictsinasinf, (94)
X = ict cos a. (95)

From the above mathematical manipulations,
it is obvious that time has three coordinates,
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namely (x4,xs,x5), like space has three
coordinates, namely (x;, X5, X3). Hence, an event
in the spacetime continuum should be
represented by six coordinates (let’s name them
six-vectors), out of which the first three
represent the space coordinates and the
remaining three represent the time coordinates.
Now, our main task is to write the 3D Lorentz
transformation in terms of six-vectors. For this,
let’s write the Lorentz transformation equation
along the X-axis with p = v/c from Eq. (36) as
follows:

X =y(x —vtsinacosp),

= y(x —%ctsinacosﬁ),
% =y(x — pct sina cos B),
% =y(x + i?pctsina cos B),

Substituting Egs. (81), (84), and (90) into the
above expression results in
X1 =y(x + ipxy). (96)

Similarly, let’s  write the Lorentz
transformation equation along the Y-axis with
p = v/c from Eq. (49) as follows:

y =y(y — vtsinasinp),

_ LV i o

y = y(y cctsmasmﬁ).
y =y(y — pctsinasinp),
y =y(y + i%pctsina sin B),

Substituting Egs. (82), (85), and (91) into the
above expression results in
X, = y(x; + ipxs). 97

Similarly, let us write the Lorentz
transformation equation along the Z-axis with
p = v/c from Eq. (61) as follows:

Z=y(z — vtcosa),
> — _Y
Z = y(z Cctcosa),
Z=vy(z — pctcosa),
Z=7v(z+ i’pctcos a),
Substituting Egs. (83), (86), and (92) into the
above expression results in
X3 =y (x3 + ipxe). (98)

Equations (96)-(98) are the 3D Lorentz
transformations of space coordinates in terms of
six-vectors. To find the transformation equations
of time in terms of six-vectors, let us write Eq.
(38) with p = v/c in the following form:

680

- vX
t=vy (t s sinzxcosﬁ)'

=y (t-tess)

ctsina cos B = y(ctsina cos f — px),

ictsina cos B = y(ictsina cos B — ipx),
Substituting Egs. (81), (90), and (93) into the

above expression results in

Xy =y (x4 — ipxq). 99)

Similarly, let us write Eq. (51) with p = v/c
in the following form:

- _ vy
t=vy (t c? sinzxsinﬁ)'

t= 14 (t N csin'lz)xysin ﬁ)'

ctsinasinf = y(ctsinasinf — py),

ictsinasinp = y(ictsinasinf — ipy),
Substituting Egs. (82), (91), and (94) into the

above expression results in

x5 =y (xs — ipxy). (100)

Similarly, let us write Eq. (63) with p = v/c
in the following form:

- vz

t=y (t T e coszx)'

t= ]/(t ccoszx)'

ctcosa = y(ctcosa — pz),
ictcosa = y(ictcosa — ipz),

Substituting Egs. (82), (92), and (95) into the
above expression results in

Xe =y (xg — ipxs3). (101)

Equations (99)-(101) are the transformation
formulas for three coordinates of time, i.e.,
(x4, %s,%¢). Equations (96)-(98) represent the
Lorentz transformation equations of the first
three space coordinates of six-vectors, while
Egs. (99)-(101) represent the Lorentz
transformation equations of the remaining three
time coordinates of the six-vectors. Equations
(96)-(101) can be written in the following form:
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X1 =V7.%1+0.x3 +0.x3
+ipy. x4 + 0.x5 + 0. x4
X, =0.x1 +y.x5, +0.x3
+0.x4 + ipy. x5 + 0. x4
X3=0.x1 +0.x, +y.x3
+0.x4 + 0.x5 + ipy. xg
X4 = —ipy.x1 + 0.5, + 0.x3
+Y.x4 + 0.5 + 0. x4
X5 = 0.x; —ipy.xy + 0.x3
+0.x4 +y.x5 + 0.x4
X¢ =0.x1 +0.x5 —ipy.x3
+0.x4 + 0.5 + y.x¢

, (102)

In matrix form above equations can be
written as:

X y 0 0 ipy O 0 1rx,
El lo v 0 0w o]
x| _| 0 0 y 0 0 ipy|lxs]
|z, | = |-ipy 0 0 vy 0 o0 [lxl
FSJ l 0 —ipy 0 0 y OHst
X6 0 0 —ipy 0 0 yl1%

(103)

Equation (103) represents the matrix form of
the three-dimensional Lorentz transformation
equations in terms of six-vectors. The inverse of
this equation that transforms coordinates from a
moving frame to a rest frame can be achieved by
exchanging space-time coordinates and replacing
p with —p in Eq. (103) as follows:

X, y 0 0 —ipy 0 0 7rx,;
El foov o0 0 i o |z
|xs| |0 0 'y 0O 0 —ipy||xs|
x| =lipy 0 o y 0 o |z
lst lO ipy O 0 y 0 “JZSJ
X6 0 0 ipy O 0 y Ilxg

(104)

Equations (103) and (104) represent the
matrix form of 3D direct and inverse Lorentz
transformation equations, respectively, when the
motion between inertial frames takes place along
the X-, Y-, and Z-directions simultaneously.
However, when the motion between inertial
frames takes place along a single X-axis, we
should have a = % and f = 0 (see Fig. 1), and

Egs. (81), (82) and (83) achieve the following
form under such one-dimensional conditions.

X =x =rsin§c050=r, (105)
y =X, =7sinzsin0 =0, (106)
Z = X3 =rcos==0. (107)

2

Equations (90)-(92) take the following form
when a =§andﬂ =0.

X4 = ict sin%cos 0 =ict, (108)
x5 = ictsinZsin0 = 0, (109)
X = ictcos~ = 0. (110)

Substituting Egs. (105)-(110) into six Lorentz
transformations, namely Eq. (102) results in

X =y.x1+00+00+
ipy.x4 + 0.0+ 0.0
X, =0.xy +y.0+0.0 +
0.x4, +ipy.04+0.0=0
X3=0.x,+00+7y.0+
0.4 +0.0+ipy.0=0
X4 =—ipy.x1 +0.04+0.x3 +
y.x4 + 0.0+ 0.0
X5 =0.x; —ipy.0+0.x3 +
0.x,+y.0400=0
0.x4+00+y.0=0

. (111)

From the above mathematical calculations, it
is clear that the value of Y and Z space-time
coordinates drops out (¥, = X3 = X5 = Xz = 0)
when the motion between inertial frames takes
place along a single X-axis only. If we remove
the coordinates having zero values from Eq.
(111), then we get:

X, =y.x1++0.0+ 0.0 +ipy.x4 + 0.0 + 0.0}
X4 =—ipy.x; +0.0+0.0+7y.x4 + 0.0 + 0.0)
(112)

In matrix form above equations can be
written as:

[9?1] |7 im/] [xl]
X4 —ipy v 1lxel

Equation (113) represents the matrix form of
the one-dimensional Lorentz transformation

equations. Also, Egs. (84) and (93) achieve the
following form  under  one-dimensional

.. o Vs
conditions, i.e., @ = > and § = 0:

(113)

X =% =Tsinzcos0 =T, (114)

Xy = icfsin%cos 0 = ict. (115)

Substituting Egs. (105), (108), (114), and
(115) into Eq. (113) results in

[iff] - —Zoy i?xy] [i)cct]' (116)

681



Article

Chandra Bahadur Khadka

Solution of the above matrix Eq. (116) gives
exact one-dimensional Lorentz transformation
equations as follows:

X =yx +iypct =

and,

ict = —ipyx + icty =

For the invariance of the space-time interval
in terms of the six-vector, let us add the Egs.
(87)-(89):
= flz +

(117)
This equation represents the invariance of the

spacetime interval under the extended new six
Lorentz transformation equations.

2+ 2,2 4+ x3% 4 x4% + x52 + x62
24 X%+ X, + X%+ X6l

3.4 Invariance of the Wave Equation

In Fig. 1, frame K' is moving with velocity v
relative to frame K along the radius vector r in
3D space. If an electromagnetic wave is
travelling in frame K, then the propagation
equation for such a wave is of the form,

* e = (et © =
{V a(ct)? P=1r T a(ict)? ¢ =0,

Here, r denotes the resultant vector, which
has three components, namely x; = x, x, =y,
and x; =z, as discussed in Egs. (81)-(83).
Hence, the above expression can be extended in
terms of components of 1 as follows,

a2 | 92 | 02 92 92 92
ettt oo @ = e T o

a2 a2
dx32 + a(ict)z} ® =0,

Similarly, ict has three components, namely,
X4, X5, and xg as discussed in Egs. (90)-(92).
Hence, the above expression can be extended in
terms of components of ict as follows,

02 02 02 02 02 02
{ax12 + x5 + dx32 + 0x42 + dxg? + axGZ} ¢ =0.
(118)

Equation (118) represents the equation of an
electromagnetic wave in a six-dimensional
space-time continuum. Now, the propagation
equation of the same wave in frame K' is given
by
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{62 92 9? n 9? 9?
2 7 9%z | 0x,?  9xs?

02 _
+ afGZ}‘D = 0.
(119)

Here @ is a function of Xj, X5, X3, X4, X5 and
X¢ and thus it may be written as
®(X1,%,,X3,X4, X5, Xg). Hence, we can write the
following differential operator:

0x.2 0%,

00 _ 00 0%, 0005, 00 0%; | 00 0%
axl - 63?1 axl 63?2 axl 63?3 axl 63?4 axl
00 05500 0%,
63?5 axl 63?6 axl’
0 _0om, 0%, 005, 00n
axl - 63?1 axl 63?2 axl 63?3 axl 63?4 axl
0 0%y 0 0%
63?5 axl 63?6 axl’

Substituting Eqgs. (96)-(101) into the above
expression results in
0 _ 0 oly(xatipxs)} | 0 0{y(xa+ipxs)}
axl 63?1 axl 63?2 axl
0 3{y(xz+ipxe)} iay(x4—ipx1)+
af3 axl 63?4 axl
iay(xs—ipxz) iay(xG—ipJ@)
afs axl 63?6 axl

—y+—0+—0——lyp+—0+

axl axZ

+

I N
_yafl ypaaa’

axl

]

Multiplying the above equation by itself, we
get:

92 a . 9 a . 9
P = (Va—fl —yp 6_924) (Va—fl - lypg).
92 5 02 2 62
Flz =Y 0%.> 'Dy 6x1 ax 'D 14
(120)
Similarly, we can write the following
differential operator:
0® _ 9b 3%, , 0D 0%, , 0P 9%z |, 0P 0%,
0x, 0% 0%, | 0%, 0%y 0%3 0%, | 0%y 0%,
0P x5 |, 0D 0%
d 9 9%y, D A%, , O 0%z , O 0%,
0x, 0% 0%, | 0%, 0%y 0%3 0%, | 0%y 0%,
9 9%s , 0 0%

Substituting Eqgs. (96)-(101) into the above
expression results in

0 9 {y(xy+ipxy)} ia{y(xzﬂpxs)}_i_
0x4 x4 0x4 0%, 0xy
0 3{y(xz+ipxe)} iay(x4—ipx1)+
0x3 0xy 0%, 0x4
iay(xs—ipxz) iay(xG—ipJ@)

63?5 aX4, 63?6 aX4, !



Derivation of the Lorentz Transformation Equations for Determination of their Matrix Form

2 - lyp+—0+—0+—y+—0+
aX4,
0%
9 _ i
dxy ypa_,

Multiplying the above equation by itself, we
get:

a2 ( .9 )( a . 8 )
x42 o e 8%, 8%, tup 8%.)’
02 .2 02 6 2.2 02
Bx42 =Y 87,2 2ipy? 9%, 0%, Py 9%, %
(121)
Adding Egs. (121) and (120) results in
02 02 02 . a 0
2 = yz — — 2ip P
0x4 6x4 x4 0X1 0%,
2y 22y Z L oipy2 29 _
PY 5% 42 Vo 42 p 0%, 0%,
2., 2 52
Py 97,2’
62 62 =y2( 62 _pz 62 + 62 _
axl aX4, 63?12 63?42 63?42
2 02 )
p ox
62+62_1(62 vz o | o
0x,2 | 9x,2 1 v2\0xy% 20,7 0%,°

vZ 92 )
c? 63?42 !

2 2 v2 2) 55 2
axl aX4, 1_C_2 c axl
v?) 8?2
( - c_z) a;zﬁ]
02 02 02 02
+ = >+ (122)

axlz aX42 63?1 aX4,

Similarly, we can write the following
differential operator:
0 _0om  99% 805, 0 0%
axZ - 63?1 axZ axZ axZ + aX3 axZ 63?4 axZ

0 0% 9 0%

63?5 axZ 63?6 axZ’

Substituting Egs.
expression results in
0 _ 0 oly(xatipxs)} | 0 0{y(xa+ipxs)}
axZ 63?1 axZ 63?2 axZ

0 3{y(xz+ipxe)} | 0 dy(x4—ipxy)

63?3 axZ 63?4 axZ

ial/(xs—ipxz) iay(xG—ipJ@)

63?5 axZ 63?6 axZ

(96)-(101) into the above

+

+

%0+—0——1yp+

Multiplying the above equation by itself, we

get:
s = (Vo — r5g) (vag -

iyp aixs)

92 5 02 . a 9 92
[ -2 2.9 Y9 _ 2,2 .
0x,2 14 0%,> tp 0%, 0%y Py %52
(123)
Similarly, we can write the following
differential operator:
0 _0om 09w 8 0%, 0 0%
dxs 0%, 0xs 0%, 0xs 0%z 0xs 0%, 0xs
0 0% 9 0%
69?5 axs 63?6 aXS’

Substituting Eqgs. (96)-(101) into the above
expression results in
0 _ 0 oly(xatipxs)} | 0 0{y(xa+ipxs)}
axs 69?1 axs afz axs
0 3{y(xz+ipxe)} ial/(le-_ipxl)_i_
69?3 axs 63?4 axs
ial/(xs—ipxz) iay(xG—ipJ@)
69?5 axs 69?6 axs

+

—=—0+—lyp+—0+—0+—y+

9
dxs ypa_,

Multiplying the above equation by itself, we
get:

92 d
> = ( —+
axs axs

> _ 5 2 0 0 2 2 52
(’)xsz_y ‘2+ 'Dy 0%, 0%y 14
(124)
Adding Egs. (123) and (124) results in
0 L 29 20 0
Bx,2 axs =Y 69?22 2ip 8%, 6925

d
py? af2+y -2+2mf Frraie

0x, 0Xg
2
2,29
Py 9%,
92 | 22 2( 92 2 | 9
8x,2  dxs? =Y %2 P 3 8%s2
2 0% )
p afZZ )
az+az_y2(az _p? 2 | 9
9x,2  dxg? 0x,2 0xs? = 9xg?
2 0%
p 69?22)'
62+62_1(62 v2 92 | 92
9x,2  dxg? 1_’;_: 05,2 c20x, %52

683



Article

Chandra Bahadur Khadka

2 2 v2 2) 552
0x, Oxs 1_C_2 c?) 0x,
v?) 8?2
(1-%)5]
c?/) 0xg
a2 a2 a2 a2

+ j—

8x,2  Oxs?  0%,> + 8%s2"

(125)

Similarly, we can write the following
differential operator:
0 _0om  99% 805, 0 0%
aX3 - 63?1 aX3 63?2 aX3 63?3 aX3 63?4 aX3

0 oxs 9 o%

63?5 aX3 63?6 aX3’

Substituting Eqgs. (96)-(101) into the above
expression results in
0 _ 0 oly(xatipxs)} | 0 0{y(xa+ipxs)}
aX3 63?1 aX3 63?2 aX3
0 3{y(xz+ipxe)} | 0 dy(x4—ipxy)
63?3 aX3 63?4 aX3
iay(xs—ipxz) iay(xG—ipJ@)
63?5 aX3 63?6 aX3

a a a a a
a—ﬁ0+a0+ay+a—@0+a—&0—

+

+

)

N
9% v,
I R
aX3 - y 63?3 lyp 63?6'
Multiplying the above equation by itself, we
get

" (i) (v — trp L)
aX32 - y6f3 yp 63?6 y6f3 yp 63?6 ’
92 , 92 . a9 92
_ _9ipy2 29 _ 2,2 0%
aX32 y 63?32 lpy 63?36326 p y 63?62
(126)
Similarly, we can write the following
differential operator:
0 _0om, 0%, 005, 00n
ax6 - 63?1 ax6 63?2 ax6 63?3 ax6 63?4 ax6
0 0%y 0 0%
63?563(6 63?6 ax6’

Substituting Egs. (96)-(101) into the above
expression results in
0 _ 0 oly(xatipxs)} | 0 0{y(xa+ipxs)}
ax6 63?1 ax6 63?2 ax6
0 3{y(xz+ipxe)} | 0 dy(x4—ipxy)
d%3 dxg 0%y 0x¢
iay(xs—ipxz) iay(xG—ipJ@)
63?5 ax6 63?6 ax6

a a a a . a a
—0+£0+al]/p+a0+a—fs0+

+

+

)

axs 0%,
9
0%g £

d

0 _ 0 0
ax6 - yafG yp 63?3'
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Multiplying the above equation by itself, we
get,

2 (y L+ ivp L) (= + ivp)
dxg? y6f6 yp6f3 y6f6 yp6f3 ’
02 5 02 . a 0 02
[ 2 2.9 Y9 _ 2,2 .
ax62 y 6f62+ lpy 63?3 63?6 p y 63?32

(127)
Adding Egs. (126) and (127) results in
02 02 5 02 . a 0
— = -2 2 = =
6x32+6x62 y 63?32 lpy 63?3 63?6
2 2
2,29 2.9 920 9
Py 6f62+y 6f62+ Py %3 0%¢
2
2,29

PV 5

2 2 2 2 2
a + a _]/2( a —,02 a a
0x32  9xg? 0x32 0%g%  0%g?

2 0% )

p af32 )

2 2 2 2 2
6+6=y2(6 _p26+6_
aX32 ax62 63?32 63?62 63?62

2 0% )

p ax3%)’
62+62_1(62 ﬁaz 02
aX32 ax62 - 1_% 63?32 CZ 63?32 63?62

(128)

Adding Egs. (122), (125), and (128), we get,

92 92 92 92 92 92
2 ;t ;t ;t ;T z =
0xq 0x, 0x3 0xy Oxs 0xg

92 92 92 92 92 92
2 2 2 2 2

(129)

From Egs. (118), (119), and (129), we can
conclude that the propagation equation of the
electromagnetic wave or D’ Alembert operator is
invariant under the six new relativistic Lorentz
transformation equations.

8%.2 | 0%,% | %32 | 0%, | 0% | 0%

3.5 Transformation of Energy and Momentum

Let us suppose once again that the frame K'
moves relative to the frame k with velocity v in
three dimensions of space as indicated in Fig. 2.
Here, the symbols u and % will be used for
velocities of the particle measured from the
inertial frames K and K', respectively. Symbol v
will only be used for the relative velocity
between inertial frames (see Fig. 2), and symbol
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y will always represent 1/4/1 — v2/c?. Symbol
mg will be used to represent the rest mass of the
particle so that the relativistic mass of the
particle measured from the frames K and K'
isgiven by the following:

Z Z'

| |

my — my
m= ,m=—.
u? u2
1-X 1-2
c2 c2

Here, m and m represent the relativistic mass
of the particle measured from the inertial frames
K and K, respectively.

,no‘/lz (ul, Uus, U3)

u (ﬁlr 1_12, 1_13)

7

.Y'

*

»Y

FIG. 2. Velocity of a moving particle observed from frames K and K'.

The position vector of a particle measured
from frame K at any instant of time t can be
written as follows:
= xl+yj + zk,

Differentiating this equation with respect to ¢,
we get:
ar _dxy  dyo  dzp
- at Tl T k}_ (130)
U=ul+uy +usk

Multiplying both sides by the relativistic
mass m = mgy/+/1 —u?/c? of the particle as

measured in frame K we get:
mu = mu,t + muyJ + mus E}
P =pil+poJ +psk

Here, p4, p,, and p3 represent the component
of linear momentum along the X-, Y-, and Z-
directions in the K frame of reference. Also,
using Egs. (20)-(22), the position of the same
particle in the form of polar coordinates can be
written as follows:

(131)

= xl+yj + zk,

S
7 =rsinacosfi+rsinasinfj+rcosak,

Differentiating this equation with respect to ¢,
we get:

df _ d(rsinacospf)- , d(rsinasinp) -

= l
dt ( sit + dt J+

d(rcosa) 7

-k,

dt

ar dar . - dar . . -
— = —sin —sin a sin
prialent acosﬁl+dts asinfj+

rcosak

—cosa

dt !

i =usinacos i+ usinasinf]+ucosak,
(132)

Multiplying both sides by the relativistic
mass m = mgy/+/1 —u?/c? of the particle as

measured in frame K, we get:
mu = musinacos BT+ musinasinf j+

-
mucosak,

p =psinacosBI+psinasinfj+pcosak,
(133)

Now, comparing the  corresponding
coefficients of Egs. (130) and (132), we get:
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u; =usinacosf,u, =usinasinf,u; =

ucos «a, (134)
Also, comparing the  corresponding
coefficients of Egs. (131) and (133), we get:
p1 =psinacosf,p, =psinasinf,p; =
p cos q, (135)

Similarly, the position vector of the same
particle measured from frame K' at any instant of
time t can be written as follows:

F =%+ y] + zk,

Differentiating this equation with respect to ¢,

_dx. , dy, dzp
L+ oel+ dfk}_ (136)

ar _ dx
£ dtf
U =0 + Uy] + Usk

Multiplying both sides by the relativistic
mass m = my/+/1 —U?/c? of the particle as

measured in frame K', we get:

—= — — — — —— 7
MU = MUy + MUy + Mils k}

it (137)
D = p1l+ Poj + D3k

Here, p;, P, and p; represent the component
of linear momentum along the X-, Y-, and Z-
directions in the K' frame of reference. Also,
using Egs. (24)-(26), the position of the same
particle in the form of polar coordinates can be
written as follows:

= %1+ V] + zk,

i

=2 — . — . . — >
7 =7sinacos BT+ Fsinasinfj+rcosak,

Differentiating this equation with respect to ¢,
we get:

a7 d(7 sin a cos d(7 sin a sin
- = = ﬁ)i)‘i' = ﬁ)f+
dt dt dt

d(fcosa) 7

—_k,

dt

ar . ar 5 . .o dF S
— =SInacosp —1 sinasinp —
dt ﬁ dt + ﬁ dt] +

COS(XEI—C)

at ™’

i =1usinacosBi+usinasinf]+ucosak,
(138)

Multiplying both sides by the relativistic
mass m = my/+/1 —U?/c? of the particle as

measured in frame K', we get:

=2 — . — . .
mu = musina cos BT+ musinasinj+
-
mucos ak,
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p =psinacosBl+psinasinfj+pcosak,

(139)
Now, comparing the  corresponding
coefficients of Egs. (136) and (138), we get:

U, =usinacosf,u, =usinasinf,u; =
ucosa, (140)
Similarly, comparing the corresponding

coefficients of Egs. (137) and (139) we get:

pL=psinacosf,p, =psinasinf,p; =
pcosa, (141)

Now we find formulas relating the velocity of
the particle in one inertial frame to its velocity in
a second inertial frame. From Egs. (78), (77),
(61), (49), and (36), we can write the following
relativistic space-time coordinates
transformation equations in differential form

with the Lorentz factory = 1//1 — v2/c2.

df =y (dt — S dr), (142)
dr = y(dr — vdt) (143)
dx = y(dx — vsina cos f dt), (144)
dy = y(dy — vsinasin B dt), (145)
dz = y(dz — v cos a dt), (146)

From Eq. (136), the total resultant velocity of
the particle as measured in frame K' can be
written as follows:
ar
at’

After the substitution of Egs. (142) and (143),
the following is obtained

u=

dr
7= y(dr—-vdt) _ g~v
- v - vdr’
y(dt—c—zdr) 1=zae
_ u-v
=" (147)

Equation (147) determines the transformation
of the velocity of the particle along the radial
line. To determine the velocity transformation
formulas for the X-, Y-, and Z-components, let’s
write the X-component of velocity of the particle
from Eq. (136) as follows:

dx
U =29

After the substitution of the Egs. (142) and

(144), the following is obtained:

. dx .
_ _ y(dx—vsinacos Bdt) _ g ~vsinacosf

u; = v vdr )
y(dt _c_zdr) T cZdt
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— _ u;—vsinacosp
U =——w

(148)
Similarly, let’s write the Y-component of

velocity of the particle from Eq. (136) as

follows:

o

T at’

After the substitution of the Egs. (142) and

(145), the following is obtained:

Uz

. . dy . .
— _ y(dy-vsinasingdt) _ g —vsinasinf

) “za

— __ ux—vsinasinp
Up ==
2

(149)

Similarly, let’s write the Z-component of
velocity of the particle from Eq. (136) as
follows:

. dz
Uz = E,

After the substitution of the Egs. (142) and
(146), the following is obtained:

dz
— _ y(dz—vcosadt) _g~vcosa

Uz = v - vdr
y(dt—c—zdr) = Zar
_ Uz—-vcosa
U ==~ —w— (150)
2

Equation (147) represents the transformation
of the resultant velocity along the radial line,
whereas Egs. (148), (149), and (150) give the
relativistic velocity-addition formulas for the Z-
components, respectively. The corresponding
inverse velocity-transformation equations along
the radial direction and the X-, Y-, and Z-axes
are obtained by interchanging the coordinates
and replacing v with —v in Egs. (147)-(150).
These inverse transformations take the following
forms:

u+v
= — (151)
1+—
C
__uytvsinacosp
U == (152)
1+—
C
__Uytvsinasin B
Up =~ (153)
1+—
C
__ Uztvcosa 154
Uz = uv ( 5 )
1+C_2

In the inertial frame K, the total resultant
linear momentum of the particle along the radial
line [see also Eq. (131)] is given by the relation:

mou

p =mu= —
==

And total energy is defined by the relation:

2 _ mgc?

E=mcc = 2
uZ
Ji—z

The corresponding quantities in frame K' are
defined as:

p == (155)
==
E =mc? =25 (156)

From Eq. (147), the velocity transformation
formula along the radial line is given by the
equation:

ﬁ=1_%, (157)
e _ (Y
< (1-%)”
e (WY _wes
1 —_ 2 - 2
S
CZ 2
o _CEE) ()
SR
c2 c2
- 142\ (122
1 ‘C‘j_ ( 12_),£ CZ), (158)
CZ

Substituting this value in Eq. (155) and also
using Eq. (157), one obtains

E
But, p = mu and m = —. Hence,
c

p=—==r(p-3),

Now, from Egs. (156) and (158) we get:

(159)
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P= mgc? mocz(l—%) — P1—Evsmc+.sﬁ —y (p Ev sinacosﬁ)
= —= 2 PV 1=~ 17 = 1= =2 )
[ = c
. (169)
F=_M X(c—uv): 2 ’
AT y(me? —muv) Similarly, substituting Egs. (149) and (158)
~ ¢ ¢ into Egs (167), one obtains
E =y(E — pv). (160) v
larly, one has th I gy = e o)
Similarly, one has the inverse relations: 2= —= ,
g g Jea)s)
p=v(p+%), (161) .
¢ — _ Mo(up—vsinasin f) (1_C_2)
E =y(E +pv). (162) 7 -5 (-2)(-2)
c2 c2

Equations (159) and (161) represent the
transformation of total resultant linear
momentum along the radial line. Now we wish
to determine the transformation equations for the
X-, Y-, and Z-components of linear momentum.
The components of momentum along the X-, Y-,
and Z-directions in frame S are defined by the
relations [see also Eq. (131)]:

MmolUq

Py =mu; = >
u

1[1——2
(o

(163)

(164)

(165)

The corresponding quantities in frame K' are
defined as [see also Eq. (137)]:

(166)

(167)

(168)
Substituting Egs. (148) and (158) into Eq.

(166), one obtains

mot(1-37)

P e

——  mg(uy—vsinacosp)

o= M0y (u;-vsinacosf)
1= u? v2 -
ez 1-=
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(uz-vsinasinp) _

2 2 2
u v
1_C_2 1_C_2

mu,—mv sina sin 8

> )
v
1——=
c2

Evsinasin

— 2 2 Ev sin a sin ﬁ)

Al 14 (Pz - 2
12
Jj (170)

Similarly, substituting Egs. (150) and (158)
into Eq. (168), one obtains

— uv
moti; (1-33)

uv
% (1-%)
1-— u? v2Y’
¢ (1-52)(-2)

— mg % (uz—vcosa) _ muz—-mvcosa

)

(171)

Equations (169), (170), and (171) represent
the relativistic momentum transformation
formulas for the X-, Y-, and Z-components,
respectively. The respective inverse momentum
transformation equations along the X-, Y-, and
Z-axes are obtained by interchanging the
coordinates and replacing v with —v in Egs.
(169)-(171). These inverse transformations take
the following forms:

__  Evsi

py =y (pr + 2Resh) (172)
__ , Evsi i

P, =Y (pz + vsmcz;c s1nﬁ)’ (173)
__ E

ps =y (75 +22529). (174)
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These equations represent the transformation
relations for the first three spatial components of
the four-momentum vector (p;,p,,ps, iE/c) in
ordinary four-dimensional Minkowski space.
However, in the extended space—time continuum
considered in this work, it will be shown in the
derivation presented in the forthcoming Section
3.6 that the time part of the momentum also
yields three distinct components. This leads
naturally to the concept of a six-momentum. The
six-momentum vector thus defined has six
components, of which the first three represent
the spatial momenta (p;,p,,p3) i.e., momentum
components along the X, Y and Z-directions,
while the remaining three represent the time
components of momentum, which are of the
following form (see the forthcoming Section 3.6
for the explicit derivation):

iEsinacosf iEsinasinf§ iEcosa
Po=———Ps = »Pe = )

c c c
(175)

These time components of the six-momentum
are defined for the frame K; however, they must
be defined for the frame K' in the following way
(see the forthcoming Section 3.6 for the explicit
derivation):

__iEsinacosp _ _ iEsinasinp

Py = B yPs = B

iE cosa

D6 = c

(176)

Using Eq. (175) in Egs. (169), (170), and

(171), the following expressions are obtained
with the factor p = v/c:

— E i
pi =y (py - p PR — y (p, +
MY
M) =y(p, + ipps), (178)
A
R (PLALLALE R (A
2 : 1
EEEE) =y (p, + ipps), (179)
— E_ '2E
7 :y(p3—,0 C(C)szx) =y(p3+pl ZOSUC) —

y(P3 + ippe)- (180)
Now, multiplying both sides of Eq. (160) by
isina cos B/c, we get:
E=y(E -pv),

iEsinacosf _ ¥ (iE sinacosfS ipvsinacos ﬁ)
- - )
c

Cc Cc

After the substitution of Egs. (135), (175),
and (176), the following is obtained with factor
p=v/c:

iEsinacosf _ iEsinacosﬁ_ﬂ
c - Y( c c )'
Pa = ¥(Pa — ipp1). (181)
Similarly, let us multiply both sides of Eq.
(160) by i sina sin8/c to get:
E=y(E -pv),
iEsinasinf _ (iE sina sin 8 _ ipvsin a sin ﬁ)

c Cc Cc

After the substitution of Egs. (135), (175),
and (176), the following is obtained with factor
p=v/c:
iEsinasinf _ (iE sinasinf %)

c - c c /)’

ps = v(ps — ippy). (182)

Similarly, let us multiply both sides of Eq.
(160) by i cos a/c to get:

E =y(E —pv),

iEcosa __ (iE cosa ipvcos zx)
- - ]

Cc Cc Cc

After the substitution of Egs. (135), (175),
and (176), the following is obtained with factor
p=v/c:
iEcosa _ (iEcosuc _ %)

Cc Cc Cc

Ps =¥ (s — ipP3). (183)

Equations (178)-(183) represent the Lorentz
transformation equations for the six-momentum.
These transformation relations have been
obtained using the extended three-dimensional
Lorentz transformation equations. The same six-
momentum transformation equations can also be
derived directly by employing the matrix
formulation of the three-dimensional Lorentz
transformation, as discussed in the forthcoming
Section 3.6.

3.6 Six-Velocity and Six-momentum

Based on the matrix form of the extended
Lorentz transformation equations, namely Eq.
(103), an event in the space-time continuum
should be represented by six coordinates
(x1, %2, X3, X4, X5, Xg), out of which the first three
represent the spatial coordinates and the last
three represent the temporal coordinates. As a
result of these six space-time coordinates, we
need to extend the notion of the ordinary four-
vector analysis to a six-vector. Now, the
components of the six-velocity in the rest frame
K can be defined as:
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w, = i
Ldey
where x; = (xq, x5, X3, X4, Xs5,%¢) denote the

space-time six-vector coordinates of a particle
moving with velocity u with respect to the rest

frame K, and dt, = dt /1—?—; is the proper

time. Now, the components of the six-velocity in
the rest frame are:
__dxy; _ d(rsinacosf) _ sinacosfdr _

wy =—= = —=
dt 2 2 ar
0 dt /1—’;—2 1-%

usinacosf

__dx, _ d(rsinasinpB) _ sinasinf dr

Wy = ——= = _=
dt 2 z dt
0 dt /1—’;—2 1-5

usinasinf§

dxz _ d(rcosa) _ cosa dr _ ucosa

dtg - uz u?2 at u2’
Py Jl wa [

dx, _ d(ictsinacosf) _ . sinacosfdt _

Wy =—= =ic
dt 2 2 dar
0 de [1-% 1-5
(o

icsina cosf

W3 =

)
u?
CZ

sina sin dat _

u? dt
__2

dxs _ d(ictsinasinf)

Wg =—= =ic
T dt dt/1—ﬁ
CZ

icsinasinf

)
¥
CZ

dxe _ d(ictcos a) cosa dt _ iccosa

W, = — =
¢ Tan L [ / _ﬁdt /l_ﬁ'
c2

The components of six-momentum can be
defined as

bi = mow;,

where my is the rest mass, and w; denotes the
components of the six-velocity. Now, the
components of the six-momentum are:

— — mo
b1 = mMoW1 = 77—
u
Ji—z

musina cos f = psinacosf,
Mo

b2 = MW, = >
u

1[1——2

(o

musina sinff = psinasinf,

— _ Mo
b3 = MoW3 = 7——
Ji—z

pcos q,

Xusinacosf =

X usinasinf

Xucosa =mucosa =
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m . .
Py = MoW, = ﬁx icsinacosf =
1-=

C

. . iE .
imc sin a cos ,8 = —sinacos B,

imc smasmﬁ = —smasm B,

my
D = MoWg = —r
1__

iE
—Cos qa,
c

Ps = mows = =X icsinasinf§

X iccosa =imccosa =

Thus, we can write the following expression
of the six-momentum for the frame K.

p1 =psinacosf,p, =psinasinf,p; —pcosa
Da ——smacosﬁ ps——smasmﬁ p6——cosa

(184)

These expressions represent the components
of the six-momentum of a particle as measured
in the rest frame K, relative to which the particle
moves with velocity u. Next, we aim to
determine the six-momentum in the moving
frame K', with respect to which the particle
moves with velocity #. The components of the
six-velocity in frame K' can now be defined as
. = 4

Ldey
where X; = (Xq,X,,X3,X4,X5,Xs) denote the
space-time six-vector coordinates of a particle
moving with velocity # with respect to the

moving frame K' and dt, = dt fl —f—z be the

proper time. Now, the components of the six-
velocity in the moving frame are:
dx, _ d(fsinacosp) _ sinacosfdr _

W, = = = " =
17 ae, [ w2 “aZ di
at [1-% 1-%

usinacosf

)

u2
u
1_c2
_dx, _ d(fsinasinB) _ sinasinf dr _
2 dto - uz ‘17.2

dt 1-—

ra c2
usinasin
)

2
-2

Wa = dxz _ d(Fcosa) _ cosa dFf _ Ucosa

3 — — —)
dtg - u2 u di u?2
‘“Jl—c—z Jl——z Jl—c—z

_ dx, _ d(ictsinacosp) sinacosfdE _

Wy =—= =ic -
dt - u2 u2 dt
0 at [1-% 1-4
C C
icsina cosf
—2 4
u
1-
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o _ dxs _ d(ictsinasinp) _ i sinasinp dt _

We = =
57 at, ai 2 L@ db
2 2

icsinasinf

— )
u?
C2

o _ dXe _ d(ictcosa) _ cosa df _ iccosa

i, = e _ dlctcosa) _
6 Tar T [ @ / _u_Zdt L _ﬁ'
c2

The components of the six-momentum in the
moving frame K' can be defined as

p; = mow;,

where my is the rest mass, and w; denotes the
components of the six-velocity in frame K'.
Now, the components of the six-momentum are:

mo
aZ
Ji—z
musina cosf = psinacospf,

my
Jl—c—z

musinasinf = psinasinf,

— = _ _Mo
Pz = mows = —
JiI—z

pcosa,

p1 = mow; =

Xusinacosf =

= mow, = Xusinasinf =
2 ow2

XUCOSax = mucosa =

— m . .
Pa = MoW, = ——= X icsina cos § =
u

==

. iE .
imcsinacosf = — sinacos B,

my
Jl—c—z

imcsinasinf = 7 sin asinf,

— = _ _Mo
Pe = MoWe = —
JiI—z

iE
—Ccos «a,
c

= MmoWg = X icsinasinf =
5 oWs

X iccosa = imccosa =

Thus, we can write the following expression
for the six-momentum in the frame K'.

P, =psinacosf,p, =psinasinf,p; =pcosa
_iE . _iE . __iE .
p4=7smacos,8,p5=7smasmﬁ,p6=7cosa}

(185)

These expressions represent the components
of the six-momentum of a particle as measured
in the moving frame K', relative to which the
particle has velocity #. The transformation of
this six-momentum from frame K to K' follows
the same rules as the transformation of space-
time coordinates, as discussed in Egq. (103).
Hence, based on the transformation in Eq. (103),
the six-momentum transforms as:

D1 14 0 0 ipy 0 07mp
{ﬁz} |[ 0 14 0 0 ipy 0“1%}
Bs| | 0 o vy 0 0 ipy||ps
15, = |=ipy 0 o vy 0 o l|lp}
[ﬁsJ [ 0 —ipy 0 0 o“sz
Ds 0 0 —ipy O 0 y 1Ps

Solution of the above matrix gives the
following equations:

=y(py +ipps),
=y(p, +ipps),
¥ (p3 + ippe),
=y(ps — ipp1),
=y(ps — ipp2),
=y(ps — ipp3).

These six transformation equations are
identical to Egs. (178)—~(183) from Section 3.5.
In Section 3.5, they were derived using the
extended 3D Lorentz transformations; here, in
Section 3.6, we obtain the same results directly
using the matrix form of the 3D Lorentz
transformation. An important property of a six-
vector is that the square of its magnitude remains
invariant under Lorentz transformations. Now
we wish to prove that the square of the length of
the six-momentum is also invariant under the
Lorentz transformation. In  relativistic
mechanics, it is well known that the quantity
p? — E?/c? remains unchanged in any frame of
reference, i.e.,

'"d| '"d| '"d| '"d' '"d' '"d'
||

(186)
Now from L.H.S. of Eq. (186),

2 E? 2(cin2 2 E? . 9
— — =p?(sin* a + cos* a) — —= (sin a +

pP-==p =

cos? a),
= p?[sin? a (cos? B + sin? B) + cos? a] —

2

E— —[sin? a (cos? B + sin? B) + cos? a],

= (p sina cos 8)? + (psina smﬁ)2

(p cos a)? + ( sin @ cos ﬁ)
2

iE . A
(?smasmﬁ) + (?cosa) ,

After the substitution of Eq. (184),
following is obtained:

2
P2 =5 = () + (2)? + ()? + (pa)* +
(ps)* + (pe)?. (187)
Similarly, from R.H.S. of Eq. (186),
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52 — E? _ 52(sin2 @ + cos? @) — E? (sin a + In fact, these equations represent the
<2 ) c? components of the radius vector r along the X-,

cos? a),

= p?[sin? a (cos? B + sin? B) + cos? a] —
m2
}5—2 [sin? a (cos? B + sin? B) + cos? a],
= (psina cos )% + (psinasinf)? +
P 2
(P cosa)? + (%sinacos ﬁ) +
L= 2 = 2
iE . . iE
(7 smasmﬁ) + (7cos a) ,

After the substitution of Eq. (185), the
following is obtained:

P2 =5 = (B2 + ()7 + (B3)2 + () +
(Ps)? + (P6)?. (188)

Now, after the substitution of Eqs. (187) and
(188) into Eq. (186), the following is obtained:

()% + ()% + (3)? + (pa)? + (ps)? +

(p6)* = (B1)* + (52)* + (B3)* + (Pu)* +

(Ps)? + (Pe)?.

From the above expression, one can conclude
that the square of the length of the six-
momentum vector remains unchanged in any
frame of reference.

4. Conclusion

In this investigation, we have derived
extended relativistic Lorentz transformation
equations for three-dimensional motion between
inertial frames of reference. Both polar and
Cartesian coordinate systems were introduced to
specify the position of a point in 3D space. The
Lorentz transformation equations along the X-,
Y-, and Z-directions were thoroughly obtained
for the case where the relative motion between
inertial frames occurs in three dimensions. To
formulate the matrix representation of these 3D
transformations, namely Eqgs. (37), (39), (50),
and (62), we first expressed the X-, Y-, and Z-
coordinates as given in Egs. (81)-(83), which
take the following form:

Xy =rsinacosf,
X, =rsinasinf,
X3 =71 Cosq.
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Y-, and Z-directions. In the same way, we
considered that the time coordinate ict must
have three components, like space coordinate r
has. For that, we have first analyzed invariance
of the space-time interval equations along the
X-, Y-, and Z-directions [see Egs. (87)-(89)] and
these invariance equations explicitly clarify that
the temporal coordinate ict has three
components in following form [see Egs. (90)-
92)]:

x4 = ictsinacosf,

X5 = ictsinasinf,

X¢ = Ict cos a.

Based on the concept of six-vectors, an event
in the space-time continuum should be
represented by six coordinates (xq, x5, X3,
X4, X5, Xg), of which the first three represent
spatial coordinates, and the last three represent
temporal coordinates. Using these six-vectors,
we obtained six new Lorentz transformation
equations, including their 6 X 6 matrix form [see
Eq. (103)]. Furthermore, the D’Alembert
operator, the fundamental component of the
wave equation, is shown to be form-invariant
under these six Lorentz transformations [see Eq.
(129)]. Correct transformation equations of
linear momentum between inertial frames were
also theoretically interpreted using the matrix
form of the six-vector Lorentz transformations,
as discussed in Sections 3.5 and 3.6. To the best
of our knowledge, this is the first study to
formulate Lorentz transformation equations in
terms of six-vectors. This work could serve as a
milestone, providing a potential new framework
to explore further consequences of relativistic
mechanics using the obtained six-vector Lorentz
transformations.
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Abstract: This study assessed the radioactivity levels in soil samples from Anambra and
Imo States, two regions affected by the Nigerian Civil War. Using a thallium-activated
sodium iodide detector, a total of 80 stratified, randomly collected soil samples were
analyzed. The detected radionuclides included non-serial “K and decay series of »**U and
232Th, as well as trace levels of the anthropogenic !*’Cs. Their spatial variability and
associated health implications were also evaluated. The average activity concentrations in
Anambra State were 835.91 + 7.40 Bq kg for “°K, 21.05 + 3.65 Bq kg for 2*U, 12.99 +
0.85 Bq kg! for 22Th, and 3.88 + 0.10 Bq kg™ for *’Cs. In Imo State, the respective values
were 761.29 £ 6.63, 19.19 + 2.97, 9.29 + 1.52, and 5.39 + 0.25 Bq kg*. The estimated
mean absorbed dose rates were 52.65 nGyh™ for Anambra and 46.38 nGyh™ for Imo,
corresponding to annual effective dose equivalents of 0.06 mSvy™ for both states, a value
well below the global safety thresholds. Spatial analysis revealed that “°K levels were
influenced by potassium-rich soils and intensive agricultural practices, while geological
formations governed the distribution of 2**U and #?Th. This study confirms that current soil
usage poses no immediate radiological risks. However, proactive monitoring is
recommended to mitigate potential long-term radiological impacts.

Keywords: Soil radioactivity, Spatial distribution, Radiation hazard, Gamma spectrometry,

Nigeria.

1. Introduction

Human exposure to naturally occurring
radioactive materials (NORM) is an inevitable
aspect of everyday life. Primordial radionuclides
such as 23U, 2?Th, along with radon isotopes
(**?Rn) from the decay of these elements and the
non-serial decay *°K, are the primary sources of
natural radiation. While the radiation from these
sources is universal, the risks associated with
ionizing radiation vary depending on the region's
geological setting, human activities, and
historical factors [1-4]. Therefore, global

background radiation levels differ significantly.
Thus, the understanding of these concentrations
is essential in quantifying the absorbed dose and
potential radiological hazards, which can have
significant public health implications [5-9].

Several studies from various parts of the
world have been carried out to assess the
radionuclide levels of different environmental
matrices, most especially soil. In the study
conducted by Leal et al. [8], it was reported that
the median values of the activity concentrations
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of *°Ra, “*Ra, and *“K in the soils of
Pernambuco, Brazil, were consistent with values
reported worldwide. In reporting their findings
on the natural radioactivity in soil dust samples
from Ketu, Ghana, Addo ef al. [10] found that
the soils in the studied area had normal levels of
radiation and were therefore radiologically safe.
In another study conducted by Nagathil et al.
[11] to investigate the spatial analysis of
radionuclide  concentration in the high
background radiation regions of Kerala, India, it
was reported that the results obtained exceed the
safe limits recommended by the [1]. Abu-
Kharma et al. [12] reported that, with the
exception of “°K and *°Th, the radioactivity
levels obtained for ***U in soils from Al-Lajjun,
Jordan, were significantly higher than world
average values.

In Southern Nigeria, Anambra and Imo states
were among the regions severely affected by the
Nigerian Civil War waged half a century ago
(1967 - 1970). As radiation exposure is
influenced by both natural and anthropogenic
factors, the movement of contaminated soil and
debris in the zones can contribute to elevated
radiation levels. While examining the
radioactivity levels and related radiological
dangers of surface soils in Ore metropolis, Ondo
state, Nigeria, a town located along the civil war
track, Akinloye et al. [13] reported the presence
of primordial radionuclides and detected "*'Cs at
three places. Furthermore, after evaluating the
radioactive contents in soil and food samples in
Enugu state, southeastern Nigeria, Agbelusi et
al. [14] found that the radioactivity levels and
calculated radiological indices were above the
prescribed limits. The results also revealed that
B’Cs were present in a small number of
communities at low concentrations, which was
linked to wartime activity.

Hence, the redistribution of artificial
radionuclides during this period, in conjunction
with natural radiation sources, has raised
concerns about long-term exposure risks in other
regions (specifically Anambra and Imo states)
affected by the war. Soils, frequently used for
construction and agricultural purposes, are a
significant source of both external gamma
radiation and internal radon exposure. The
accumulation of the penetrative radiations in
poorly ventilated buildings may further elevate
internal radiation exposure, making this a public
health concern. Epidemiological studies have
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linked prolonged exposure to  natural
radionuclides to severe health issues [15, 16].
The health risks associated with ionizing
radiation include genetic damage and other
conditions such as tumors, cataracts, and
leukemia.

This study, therefore, focuses on evaluating
the levels of radionuclides in Anambra and Imo
states, offering a comprehensive assessment of
the associated health impacts, as well as
identifying and mapping radiation hotspots.
Particular attention is given to areas where
elevated radiation levels are influenced by both
natural sources and the historical redistribution
of radioactive materials. The study aims to
contribute to public health initiatives by
providing baseline data for radiation monitoring
in the states, with emphasis on the spatial
distribution of radionuclides. The findings are
expected to support the development of radiation
protection programs, inform policymakers about
radiation-related risks, and aid efforts to mitigate
exposure in both urban and rural areas. In
addition, this research provides a foundation for
future studies on radiation hazards in Anambra
and Imo States. Overall, the study aligns with the
United Nations Sustainable Development Goals
by contributing to the promotion of healthy lives
and well-being for all at all ages (SDG 3) and to
the development of inclusive, safe, resilient, and
sustainable cities and human settlements (SDG
11)[17].

2. Materials and Methods
2.1 Study Area

Anambra and Imo states, located in
southeastern Nigeria (Fig. 1), are known for their
rich cultural heritage and diverse socio-economic
landscapes. Anambra State, nicknamed the Light
of the Nation and one of the urbanized states in
Nigeria, lies between latitudes 5°50'N and
7°10'N and longitudes 6°40'E and 7°25'E, with a
land area of approximately 4,844 km?. It is the
eighth most populous state in the country and the
second most densely populated after Lagos State,
with a population exceeding 7.2 million.
Anambra experiences a tropical wet-and-dry
(savanna) climate, with an average annual
temperature of about 28.99 °C, which is slightly
lower than the national average. The state
receives approximately 212.36 mm (8.36 inches)
of rainfall annually and experiences rainfall on
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about 243 days per year, corresponding to
roughly 66.7% of the year.

Imo state, positioned between latitudes
4°45'N and 7°15'N and longitudes 6°50'E and
7°25'E, covers a total area of 5530 km’.
Although it is the third smallest state in Nigeria

by area, Imo State is the fourteenth most
populous, with an estimated population
exceeding 6 million as of 2022 [18, 19]. Both
states are adjacent to each other and have
predominantly agrarian economies, with farming
and trading as common occupations.

/ 6°30'0"E 7°0'0"E 7°30'0"E 8°0'0"E 8°30'0"E
.Z N Nsukka ?
> Legend >
: :,3 b E ¢ Sampling Location '§
Nigeria @ S ==== State Boundary "
1 —— Anambra State Admin Boundary[
z — Imo State Admin Boundary z
S| Minor Road \E kot E
;2 -==— Major Road ?
- ] Study Area Boundary b
Anambra State z ] z
= =
0 0
- -
o o
n "
@ 4 7
g > =
Imo State o ; 7
- 1:3,000,000 = N
0| e — - — K - L
\ 10 1020 4 6 8 i
\ 6030'0"E 700'0"E 7030'0"E 800'0"]:: 8030'0"E
FIG. 1. Map of study area.
2.2 Sample Collection polypropylene container that matched the

An initial survey was conducted to identify
representative sampling points across the study
area. Subsequently, the study area was divided
into four regions covering the northern and
southern parts of each state, with random
sampling points selected within each region to
ensure spatial variability and adequate coverage
of the entire area. Soil samples were collected
using a hand auger to a depth of 10 cm. A total
of 80 soil samples were collected from Anambra
and Imo states and packaged in a black
polypropylene  bag  pending  laboratory
preparation and spectrometry analysis.

2.3 Sample Preparation

The soil samples were air-dried at room
temperature to a constant weight, ground up, and
sieved through a 2 mm mesh. A 200 g portion of
ecach sample was placed into a cylindrical

detector's geometry and was tightly sealed to
prevent **Rn from escaping. To ensure
radioactive secular equilibrium between U and
its decay products, as well as between “*Th and
its progeny, all samples were stored for 28 days
before being measured [2, 3].

2.4 Sample Measurement

The samples underwent gamma spectrometry
analysis using a gamma spectrometry system
that featured a 3" x 3" sodium iodide detector
activated with thallium [Nal(Tl)], which was
linked to a multichannel analyzer (MCA),
specifically the GS-2000 Pro model. Acquisition
and analysis of the gamma-ray spectra were
carried out using Theremino software. The
calibration of the system was accomplished
using standard sources that contained known
radionuclides, with an acquisition duration of
36000 s. Before measuring the samples, an
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empty container identical in geometry to the
detector was counted for 36000 s to determine
the background gamma-ray distribution. After
reaching secular equilibrium, the sealed samples
were counted for the same period. The
concentrations of radionuclides were estimated
by analyzing the gamma energies of *'*Pb at
352.0 keV, **Bi at 609.3 keV for **U, **Tl at
583.2 keV, and “**Ac at 911.1 keV for *°Th, as
well as “)K at 1460.8 keV and "'Cs at 661.6 keV
[2, 3, 20]. The activity concentrations A (Bq kg’
" of the samples were calculated using Eq. (1):
-1\ _ Cnet

ABakg ) =5 et 1)
where € is the detector's full energy peak
efficiency, t is the counting time, m is the sample
mass, Cy is the net peak area, and P, is the
absolute gamma-ray emission probability [2 - 4,
14, 20].

The minimum detectable activity (MDA) for
each radionuclide was determined using Eq. (2):

2

where Py, €, m, and t remain as earlier defined,
and o is the standard deviation of the background
recorded at time t over the energy range of
interest. For “K, **U, *Th, and "Cs, the
corresponding minimum detectable limit (MDA)
is 7.79 Bq kg™, 5.68 Bq kg, 4.59 Bq kg'', and
2.98 Bq kg, respectively.

2.4.1 Calculation of Absorbed Dose Rate

2.71+4.66 (0)
PyxExmxt

MDA =

Equation (3) was used to assess the
contribution of the radionuclides found in the
samples to the absorbed dose rate as a result of
external exposure [1-4, 14, 20].

D (nGyh™) = 0.462 A, +(0.621 Ar) + (0.0417

Ar) 3)
where Ay, Am, and Ay are the activity
concentrations of **U, *’Th, and *K,

respectively.

2.4.2 Calculation of Annual Effective Dose
Equivalent

Equation (4) was used to estimate the annual
effective dose equivalent caused by the
radionuclides found in the soil samples:

AEDE (mSvy) = D (nGyh) x 24hr x
365.25days x 0.2 x0.7(SvGy ") x10°°  (4)

where 0.7 SvGy™ is the conversion coefficient
which transforms the absorbed dose rate in the
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air to an effective dose, and 10° is the factor
converting nanosievert into millisievert [1-4, 14,
20].

2.4.3 Spatial Distribution of Soil Radioactivity
Concentration

Using the spatial analyst extension in the
geographic information system (GIS)
environment, the spatial distribution of the
radionuclide concentrations was carried out in
ArcMap 10.8.2. Using the Kriging interpolation
technique described by [21], a map of the
distribution of activity concentration of detected
radionuclides  was  created, offering a
comprehensive view of the radionuclide
distribution. This provides crucial insights into
how local geological formations, agricultural
activities, and historical events impact
radionuclide concentrations.

3. Results and Discussion

Tables 1 and 2 present the results of the
gamma spectrometry analysis of soil collected
from Anambra and Imo states. In Anambra state,
the activity concentrations of “’K ranged from
42.44+6.72 to 2275.54£15.67 Bq kg, with a
mean of 835.91+7.40 Bq kg '. The activity
concentrations of ***U ranged from 9.09+3.67 to
57.56+3.52 Bq kg, with a mean of 21.05+3.65
Bq kg'. For ?°Th, concentrations ranged from
4.78 + 0.73 to 38.69+0.66 Bq kg', with a mean
of 12.99+0.85 Bq kg '. Additionally, the "'Cs
concentrations ranged from 3.66+0.10 to
4.16+0.20 Bq kg, with a mean of 3.88+0.10 Bq
kg™'. In Imo state, the activity concentrations of
“K ranged from 106.01 + 1.76 to 2135.74x18.37
Bq kg, with a mean of 761.29+6.63 Bq kg .
The concentrations of **U ranged from
10.01£1.92 to 34.44+1.37 Bq kg, with a mean
of 19.19+2.97. The concentrations of **Th
ranged from 4.96+0.42 to 15.43+4.03 Bq kg
with a mean of 9.29+1.52. Similarly, "'Cs
concentrations ranged from 3.76+0.11 to
4.78+0.23 Bq kg, with a mean of 5.39+0.25 Bq
kg '. These values are significantly lower than
the global average of 400.00, 35.00, 30.00, and
10.00 Bq kg for “K, **U, **Th, and “’Cs,
respectively [1]. However, Anambra state
recorded higher radionuclide levels than Imo
State. These elevated levels can be attributed to a
combination of the region's geological
composition and significant industrial activities.
Geologically, Anambra is characterized by
formations rich in NORMs, such as granitic and
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sedimentary rocks, which inherently contribute
to higher radionuclide concentrations [22]. These
formations act as natural sources, releasing
radionuclides into the surrounding soil and
environment. Industrial activities in Anambra
state further amplify these concentrations. The
state's industries, including mining,
manufacturing, and construction, play a pivotal
role in redistributing radionuclides through
processes such as raw material extraction and
processing. For instance, mining and quarrying
activities disturb subsurface  materials,
mobilizing radionuclides such as *K, ***U, and
*>Th. Additionally, industrial emissions, waste
disposal, and the use of by-products in
construction and land reclamation contribute to
the elevated observed radionuclide activity levels
[23].

In  comparison  with  other studies,
significantly higher *’K activity levels were
recorded in this study for Imo (761.29 Bq kg™)
and Anambra (835.80 Bq kg™) states compared
to previous studies (Table 3). This increase may
be attributed to the agricultural practices of using
potassium-rich fertilizers and the environmental
legacy of the civil war, which could have
redistributed potassium-bearing materials in
these regions due to soil disturbances caused by
explosives and other military activities.

Interestingly, the present study recorded lower
activity levels for Imo state (**U: 19.19 Bq kg™,
*2Th: 9.30 Bq kg"'), while Anambra had 21.05
Bq kg (*U) and 12.99 Bq kg™ (**Th). These
values are lower than those reported in other
southern Nigerian regions affected by the civil
war, such as Ebonyi (**U: 88.22 Bq kg, *’Th:
80.26 Bq kg) and Abia (**U: 52.64 Bq kg™,
*2Th: 97.68 Bq kg™) states. These lower values
could be attributed to natural geological
variability, as these areas may lack uranium and
thorium-rich rocks or minerals. Over time, soil
erosion and leaching, exacerbated by the post-
war environmental recovery, might have further
reduced the  concentrations of  these
radionuclides. Previous studies largely did not
report or detect °'Cs at some locations, possibly
due to its low concentrations being below
detection limits (BDL) or minimal historical
inputs. In the present study, the detection of
B7Cs (5.39 Bq kg in Imo state and 3.88 Bq kg™
in Anambra state) suggests anthropogenic
contributions, likely from fallout associated with
explosives used during the war [13]. The civil
war may also have played a role in redistributing
this radionuclide, as military activities could
have introduced or concentrated cesium isotopes
in localized areas.

TABLE 1. Activity concentrations of radionuclides in soil samples from Anambra.

Location 40K 1 238U 1 232Th1 137CSl D 1 AEDEI
(Bgkg™) (Bgkg™) (Bgkg™) (Bgkg™) (nGyh™) (mSvy™)
AN1 1223.98+5.62 27.16£5.42 5.95+0.67 BDL 67.28 0.08
AN2 1256.66+8.37 29.5543.67 5.41+0.70 BDL 69.41 0.09
AN3 1435.33+8.33 29.7342.93 38.69+0.53 BDL 97.62 0.12
AN4 1145.86+8.63 17.85+4.57 36.66+0.88 BDL 78.80 0.10
AN5 958.7+4.85 19.35+3.58 4.78+0.92 4.15+0.13 51.89 0.06
ANG6 900.00+5.34 22.00+2.72 13.00£1.12 BDL 55.77 0.07
AN7 850.00+15.65 21.00+5.69 13.00+0.78 BDL 53.22 0.07
ANS 820+11.04 20.50+3.96 12.50+0.73 BDL 51.43 0.06
AN9 870.00+10.83 21.50+2.77 13.5.00+0.44 BDL 54.60 0.07
AN10 840.00+7.83 21.00+3.56 13.00+£0.69 BDL 52.80 0.07
AN11 860.00+:14.49 21.50+2.08 13.50+0.76 BDL 54.18 0.07
AN12 830.00+13.78 20.50+1.86 12.50+0.93 BDL 51.85 0.06
AN13 2135.74+15.67 57.56+3.52 8.26+1.44 3.66+0.62 120.78 0.15
AN14 880.00+14.98 22.00+3.52 13.50+1.32 BDL 55.24 0.07
AN15 810.00+6.33 20.50+3.77 12.50+0.76 BDL 51.01 0.06
AN16 890.00+6.72 22.00£1.99 13.50+0.56 BDL 55.66 0.07
AN17 800.00+5.84 20.00+1.07 12.00+0.34 BDL 50.05 0.06
AN18 870.00+3.07 21.50+1.92 13.50+0.39 BDL 54.56 0.07
AN19 850.00+11.88 21.00+2.44 13.00+0.66 BDL 53.22 0.07
AN20 820.00+10.62 20.50+2.38 12.50+0.43 BDL 51.43 0.06
AS21 763.45+6.07 9.09+1.67 9.16+0.39 BDL 41.73 0.05
AS22 664.64+14.79 10.01+3.85 5.16+0.74 BDL 35.54 0.04
AS23 566.44+7.27 29.3442.17 7.160.42 BDL 41.62 0.05
AS24 567.44+8.05 20.30+1.75 8.16+0.31 BDL 38.11 0.05
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Location 40K 1 238U_1 232Tl’}1 137CS_1 D . AED]_EI
(Bgkg™) (Bgkg™) (Bgkg™) (Bgkg™) (mGyh™)  (mSvy')
AS25 785.26£12.02 14.68+3.36 7.41+£0.73 BDL 44.13 0.05
AS26 623.66£10.62 10.95+2.44 27.93+0.74 BDL 48.41 0.06
AS27 519.11+6.07 19.95+1.37 12.17+0.88 BDL 38.42 0.05
AS28 691.10£14.79 11.89+3.52 6.97+0.92 BDL 38.64 0.05
AS29 820.00+7.27 20.50+3.77 12.50+1.12 BDL 51.42 0.06
AS30 2084.04+8.05 28.05+1.99 14.45+1.32 BDL 108.84 0.13
AS31 860.00+4.85 21.50+1.85 13.50+0.43 BDL 54.18 0.07
AS32 2275.54+5.34 17.77£3.85 17.23+0.39 3.68+0.10 113.80 0.14
AS33 561.35+15.65 20.50+2.17 12.50+0.69 BDL 40.64 0.05
AS34 251.04+13.78 22.00+1.99 13.50+0.76 3.76+0.11 29.02 0.04
AS35 252.58+15.67 20.50+1.07 12.50+0.93 4.12+0.11 27.77 0.03
AS36 310.36£14.98 22.00+1.92 13.50+0.88 BDL 31.49 0.04
AS37 225.85+6.33 22.00+2.44 12.00+0.92 BDL 27.04 0.03
AS38 270.9145.62 21.50+2.38 13.50+1.12 3.66+4.16 29.61 0.04
AS39 250.41£8.37 13.63+1.85 14.43+0.56 4.16+0.20 25.70 0.03
AS40 42.44+6.72 9.09+1.99 4.78+0.34 BDL 8.94 0.01
Mean 835.80+7.40 21.05+3.65 12.99+0.85 3.88+0.10 52.65 0.06
TABLE 2. Activity concentrations of radionuclides in soil samples from Imo.
Location YK | 238U1 232Th1 137CS1 D 1 AEDE1
(Bgkg™) (Bgkg™) (Bgkg™) (Bgkg™) (mGyh™)  (mSvy’)
INI 1435.32+6.72 27.16+5.42 8.69+0.48 BDL 77.80 0.10
IN2 1413.75+18.37 34.4443.67 14.25+1.14 BDL 83.71 0.10
IN3 1289.09+3.07 13.63+2.93 13.2+0.84 BDL 68.25 0.08
IN4 1191.44+5.84 16.18+4.57 4.98+0.88 BDL 60.25 0.07
IN5 1145.86+10.62 14.68+3.58 6.66+0.82 BDL 58.70 0.07
IN6 1092.72+3.33 11.38+2.72 9.254+0.54 BDL 56.57 0.07
IN7 940.99+£11.88 29.34+5.69 7.44+0.77 BDL 57.42 0.07
INS 716.22+£10.02 15.75+3.96 4.96+0.34 BDL 40.22 0.05
IN9 638.54+2.33 13.53+£2.77 6.334+3.35 BDL 36.81 0.05
IN10 562.44+6.33 28.08+3.56 7.16£0.72 4.48+0.23 40.87 0.05
INI1 540.61+£7.22 22.2742.08 9.52+0.8 BDL 38.74 0.05
INI12 516.11£1.76 19.91+1.86 8.25+0.71 6.57+£0.31 35.84 0.04
INI13 458.76+2.92 20.7£1.37 5.7240.61 BDL 32.25 0.04
IN14 439.88+7.22 10.95+3.52 9.17+0.42 BDL 29.10 0.04
INI15 394.02+3.81 19.31+3.77 14.87+0.13 6.18+0.25 34.59 0.04
IN16 338.92+£5.97 27.73+£1.99 10.25+0.43 BDL 33.31 0.04
IN17 301.26+4.69 20.3£1.07 6.07+0.89 BDL 25.71 0.03
INI8 299.88+10.97 18.39+1.92 15.43+1.05 BDL 30.58 0.04
IN19 277.56£2.92 12.6+£2.44 6.45+1.29 BDL 21.40 0.03
IN20 274.45+14.98 22.53+£2.38 15.38+2.84 BDL 31.40 0.04
1S21 2135.74+18.37 34.44+1.85 15.434£3.73 BDL 114.56 0.14
1S22 243.96+2.17 11.86+3.85 14.434+4.72 4.97+0.29 24.61 0.03
1S23 106.01£11.02 28.05+£2.17 6.63+3.03 BDL 21.50 0.03
1S24 106.01£2.97 10.01+1.92 4.96+4.03 BDL 12.13 0.02
1S25 623.66+3.77 10.01+3.36 7.9343.54 3.89+0.11 35.56 0.04
1S26 2135.74+2.33 19.09+2.93 8.22+1.05 BDL 102.99 0.13
1S27 1614.74+6.33 11.88+4.57 11.25+1.29 BDL 79.81 0.10
1S28 277.56%3.07 12.6£3.58 6.454+2.84 BDL 21.40 0.03
1S29 716.22+5.84 15.75+£2.72 4.96+1.29 BDL 40.22 0.05
IS30 439.88+10.62 10.95+5.69 9.174+2.84 BDL 29.10 0.04
1S31 550.61£10.87 22.27+£3.96 9.52+0.34 7.1240.42 39.16 0.05
1S32 516.11£10.02 22.36+1.85 8.25+3.35 3.76+0.11 36.98 0.05
IS33 1092.72+2.33 11.38+3.85 9.254+0.72 BDL 56.57 0.07
1S34 338.92+6.33 27.73£2.17 8.39+0.8 BDL 32.15 0.04
1S35 1614.74+2.33 11.88+1.99 11.2540.71 BDL 79.81 0.10
IS36 1289.09+6.33 13.63+1.07 9.10+0.61 BDL 65.71 0.08
1S37 274.45+7.22 22.53+2.38 9.294+0.42 BDL 27.62 0.03
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Location 40K_1 238U_1 mTlT] 137Cs_1 D . AED]_E1
(Bgkg™) (Bgkg™) (Bgkg™) (Bgkg™) (nGyh™)  (mSvy’)
1S38 1413.75+1.76 34.44+1.85 8.71+0.13 BDL 80.27 0.10
1S39 299.88+2.92 18.3943.85 9.87+0.43 BDL 27.13 0.03
1S40 394.02+7.22 19.3142.17 14.8743.03 6.15+0.27 34.59 0.04
Mean 761.29+6.63 19.1942.97 9.30+1.52 5.39+0.25 46.38 0.06

TABLE 3. Comparison of mean radioactivity levels and radiological parameters with previous studies.

Location K Ty o T FCs) D~ AEDE Reference
(Bgkg™) (Bgkg') (Bgkg') (Bgkg') (nGyh) (mSvy')
IMSU, Imo State 91.63 20.32 22.55 - 26.86 33.1 Eke et al. [24]
Ebonyi State 202.18 88.22 80.26 BDL 97.67 0.24 Ubgede et al. [25]
Abia State 179.15 52.64 97.68 - 92.45 0.11 Agbalagba et al. [26]
Imo State 761.29 19.19 9.30 5.39 46.38 0.06 Present Study
Anambra State 835.80 21.05 12.99 3.88 52.65 0.06 Present Study
World Average 400 35 30 59 55 1.00 UNSCEAR
Spatial ~ distribution  of  radionuclide = minimal geological variability in uranium-rich

concentration within the study area, illustrated in
Figs. 2(a)-2(d), revealed distinct patterns
influenced by both natural and anthropogenic
factors. *’K concentrations ranged from 486.49
to 1205.51 Bq kg, with the highest values
observed in southern parts of Anambra and Imo
states, as seen in Fig 2(a). This likely reflects the
use of potassium-based fertilizers and naturally
potassium-rich soils. Figure 2(b) shows that >**U
exhibited a narrower range (15.26-26.20 Bq kg’
") and a more uniform distribution, suggesting

materials. 2*Th concentrations, depicted in Fig.
2(c) varied from 8.79 to 27.97 Bq kg, with
higher levels concentrated in specific northern
and central regions, likely due to thorium-rich
mineral deposits. In contrast, *’Cs [Fig. 2(d)]
showed lower activity concentrations (0.19-6.90
Bq kg') but notable hotspots in central regions,
which may be linked to anthropogenic sources,
including fallout from explosive weapons and
redistribution during the civil war.
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FIG. 2. Spatial distribution of radionuclide concentration within the study area: (a) “’K, (b) ***U, (c) ***Th, (d)
137
Cs.
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This highlights the distinct influence of
human activities on cesium distribution
compared with naturally occurring radionuclides.
Among the radionuclides, “’K showed the widest
range and highest concentrations, reflecting
significant variability, while **U exhibited the
least  spatial  variability. The observed
concentrations of *’Cs emphasize the lingering
impacts of historical events, contrasting with the
geological control seen in **Th. These patterns
not only highlight the environmental
heterogeneity of the study area but also
underscore the importance of monitoring
radionuclides  with  both  natural and
anthropogenic origins for radiological safety.
While the activity concentrations remain within
global safety limits, elevated levels of *’Cs in
hotspots may require further investigation to
assess localized risks.

In addition, as presented in Tables 1 and 2,
the estimated average dose rate (D) values
ranged from 25431 to 120.78 nGyh' for
Anambra and from 21.40 to 102.99 nGyh™ for
Imo, with an average of 52.65 and 46.38 nGyh™,
respectively. Both mean values are below the
global average of 55 nGyh™' recommended by
[1]. Similarly, the annual effective dose
equivalent (AEDE) ranged from 0.03 to 0.15
mSvy' in Anambra and from 0.03 to 0.13 mSvy’
" in Imo, with mean values of 0.06 and 0.06
mSvy', respectively. The mean values are
significantly lower than the recommended 1.00
mSvy™ [1]. These values indicate no significant
health risks. When compared with previous
studies (Table 3), the present study recorded
lower absorbed dose rates, D, with
corresponding AEDE values, than those reported
for Ebonyi state (97.67 nGyh™, 0.24 mSvy) and
Ota, Ogun state (109.8 nGyh™, 0.135 mSvy™").
This is consistent with the reduced **U and
*>Th activity concentrations observed in the
present study areas. Furthermore, the low AEDE
values are well below the global safety threshold
of 1 mSvy', indicating minimal radiological
risk. The present study highlights elevated *’K
activity linked to agricultural and war-related
soil disturbances, lower **U and *’Th
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concentrations due to  geological and
environmental recovery factors, and the
detection of "’Cs, which was not accounted for
in previous studies, likely due to its
anthropogenic origins and redistribution from
historical events. Despite these variations,
radiological risks remain minimal in the studied
regions.

4. Conclusion

Using gamma-ray spectrometry with a
thallium-activated sodium iodide [Nal(TI)]
detector, the study analyzed 80 random soil
samples collected from various locations within
the Anambra and Imo states. The radionuclides
measured include “°K, 2*#U, 232Th, and “’Cs,
providing insight into both natural and
anthropogenic radiation sources. The spatial
distribution map created using ArcMap version
10.8.2 visualized the variability of radionuclide
activity levels within the study area. In both
states, the activity levels of the identified
radionuclides, with the exception of *’K, were
found to be lower than the global average. The
spatial distribution of the radionuclides within
the study area revealed distinct patterns
influenced by both natural and anthropogenic
factors, with *K exhibiting the highest
variability, driven by agricultural activities and
naturally potassium-rich soils, while **U and
“Th were predominantly influenced by
geological conditions. Elevated P7Cs
concentrations in localized hotspots highlight
anthropogenic sources such as explosive fallout
and redistribution used during the civil war.
Furthermore, the radiological indices estimated
in lieu of the activity concentrations were lower
than the permissible limit of 1.00 mSvy™
recommended globally, indicating the safety of
using these soil samples for their intended
purposes and posed no radiological health risk.
Based on the findings of the study, it is hereby
recommended that other environmental matrices,
such as water and plants, in the studied locations
be investigated to ascertain their radiological
status.
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Abstract: Proton radiography (PR) is a new imaging method that allows direct
measurement of the proton energy dissipation in different tissues. Proton radiography
enables fast and effective high-precision lateral alignment of the proton beam and target
volume in human irradiation experiments with limited dose exposure. The benefits of PR
can be summarized as: 1) high image resolution, 2) the complete field of view can be
measured with one short proton spill, 3) short data acquisition time, and 4) simple data
processing. Enhancing image contrast can be achieved by substituting cuts on the scattering
angle with the use of a magnetic lens (ML) system, resulting in optimal images of objects.
The current study is primarily focusing on proton acceleration via target normal sheath
acceleration (TNSA) using nanowire-coated foils as targets, followed by an investigation of
the LET, range, and dose of protons. In this work, simplified physical models of proton
transport, including Bethe—Bloch energy loss, energy straggling, and multiple Coulomb
scattering (MCS), are used in the 0300 MeV energy range of interest to analytically
quantify the tradeoffs and scaling relationships between dose, spatial resolution, density
resolution, and voxel size. We found that dose (D) is directly influenced by the size of
voxel a and the necessary density resolution §, which highlights a very strong dependence
on voxel size. Our work shows that the average dose increases with increasing number of
protons, while the average dose decreases with increasing proton beam energy, which is in
good agreement with the other references. These studies demonstrate that the dose D of
water, breast, brain, lung, and eye tissues is directly influenced by the size of voxel a and
the necessary density resolution §, adhering to the relationship D o« a=>8~2, which
highlights a very strong dependence on voxel size.

Keywords: Magnetic lenses, PR, Tissue characterization, Radiation dose, Image blurring,
Diagnostic imaging.

1. Introduction

A new diagnostic technique, high-energy
proton radiography (PR), is being used to
investigate the imaging of objects [1-3]. The
three key events affecting protons as they pass
via a material are absorption, energy dissipation,
and multiple Coulomb scattering (MCS). PR has
not been utilized for a prolonged time due to the
MCS causing image blurring in radiography. A
crucial method used in PR development involves
a magnetic imaging lens system situated between
the image and object, which focuses the proton
beam (PB) point-to-point and achieves the
resolution required across the full field of view
for radiography [3—10].

More recently, it has been shown that many
of the advantages of protons as a radiographic
probe can be realized by using a magnetic lens to
focus on the transmitted proton beam. Some
potential  advantages of protons  over
conventional X-ray techniques for flash
radiography of thick, dense, dynamic systems
include: 1) high penetrating power, 2) high
detection efficiency, 3) small scattered
background, 4) no need for a conversion target
and the consequent phase-space broadening of
the beam, 5) inherent multi-pulse capability, and
6) large stand-off distances from the test object
and containment vessel to the detectors.
Additionally, the use of a magnetic lens with thin
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detectors allows multiple images on a single
axis, though progressively smaller apertures to
be used to vary the magnitude and Z-dependence
of the interaction, and can provide material
identification. In addition, mono-energetic
protons offer advantages over X-rays in the
visualization of internal bodily structures. Thus,
unlike X-rays and neutrons whose flux is
exponentially attenuated with respect to absorber
thickness, proton flux is only moderately
attenuated before falling off steeply at the end of
the particle range. This property may be used to
advantage by placing a photographic film in the
region of very steep attenuation, when
radiographs of very high contrast may be
obtained. A further advantage is that radiography
based on proton transmission is relatively
insensitive to variations in the chemical
composition of the tissues [10-16]. This work
utilizes a radiography technique that employs
protons with high energy as probe particles. The
effectiveness of this method relies on the use of
magnetic lenses (MLs) to counteract the small
MCS angle caused by the passage of charged
protons through the object under investigation.
Employing an ML renders the side effects of
MCS perturbation a valuable and fulfilling
endeavor. Protons exhibit distinct dependencies
on material properties, influenced by a
combination of Coulomb scattering at small
angles, nuclear scattering, and energy dissipation
processes, each with unique characteristics
related to electron configuration, atomic number,
density, and atomic weight. These tips enable the
simultaneous estimation of the amount of matter
and its identity [17-25].

However, protons suffer a significant amount
of elastic scattering with nuclei through their
trajectory in the form of multiple Coulomb
scattering (MCS), which severely reduces the
spatial resolution of proton imaging. Advanced
trajectory estimation methods have successfully
helped address the problem of MCS in proton
imaging, ameliorating the spatial resolution. In
PR, the images are blurred because of MCS.
Thus, it is important to find the best way to
reduce the impact of MCS on the extracted
proton energy loss radiographic image to
minimize the blurring and, consequently, to
improve the accuracy of the energy-loss map. To
suppress this kind of blurring, a magnetic
structure called the Zumbro lens was developed
by Mottershead and Zumbro [1], which is now
the most important part of the PR system. The
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Zumbro lens is designed according to the
momentum of the transmitted proton [8, 9]. As a
result, the lens provides point-to-point focusing
from the object to the image without blurring for
protons whose momentum matches the reference
value. The basic configuration of the PR system
consists of three key parts: the diffuser, the
matching lens, and a Zumbro lens. In the system,
the proton beam propagates from left to right. A
pencil monoenergetic proton beam is first
scattered by a diffuser. After acquiring a broader
angular distribution, it is transported into the
matching lens. Both the angle and size of the
beam are modified in the matching lens
according to the coordinate-angle correlation
required by the Zumbro lens. Then, the protons
with this correlation can be imaged by the
Zumbro lens upon reaching the image plane.

The multiphase interaction allows
adjustments to be made to the sensitivity of the
technique, thereby enhancing its utility across
various material thicknesses. The magnetic optic
enables unit magnification between the image
and object and allows the detector planes and
image to be moved away from the object being
tested [26-27]. This significantly enhances the
signal-to-background ratio. The ML system
allows for adjustable angular acceptance, which
is essential for material identification and
enables the system to be sensitive to objects of
varying thicknesses. Protons offer additional
advantages as probe particles in radiography due
to their high detection yield and the ability to be
recorded repeatedly using a multilayer detector.
In applications where dense objects require
multiple rapid radiographs, consecutive
velocities, protons are nearly an ideal solution
due to their high penetration capabilities. This is
because devices that accelerate protons produce
long trains of high-intensity and short-duration
beams, which are needed for these applications.
Furthermore, advancements in technology have
made available high-resolution, high-velocity
proton data recordings, allowing for accurate
results in energetic experiments, as well as in
proton computed tomography (PCT). The range,
as well as the transverse displacements and their
angles, of the input protons can now be
measured, for instance, by employing
calorimeters and detectors.

This approach bears a strong resemblance to
XRCT methods [1-8, 28-30]. 1) The average
energy dissipation method involves gathering
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statistics for a set of paths, with a focus on
quantitatively assessing the average energy
dissipation per path. Proton radiographs taken
from multiple viewpoints can then be used to
perform PCT in the same manner as X-ray
computed tomography (XRCT) or PET, even
when the paths of the protons are not completely
straight. Many imaging methods can predictably
quantify the dose-resolution relationship, as well
as spatial and density resolution, in an ideal
diagnostic system scenario. Two specific
methods were chosen. Statistics for every
category of proton path, not limited to a straight
line, are compiled from within the imaged
object. The proportion of protons transferred to
each respective pathway is known as the
"transfer efficiency” quantity. This method and
XRCT are similar to each other. [1-8, 28-30]. 2)
The mean energy dissipation method collects a
set of statistical paths, but is qualitatively
interested in determining the mean energy
dissipation on every path. In fact, it turns out that
the use of protons instead of X-rays for
transmission imaging has some disadvantages.
These include the need for large, expensive
equipment to produce proton beams (e.g., a
cyclotron or synchrotron) and the limitations on
image quality arising from the multiple
scattering of protons. However, the advantages
of PR include a lower patient dose, higher soft-
tissue contrast than X-rays, and real-time
capability for tumor tracking within tissue [11-
13]. PR also offers an improved contrast-to-noise
ratio compared with standard X-ray imaging.

Verification of patient-specific ~ proton
stopping powers obtained in the patient’s
treatment position can be used to reduce the
distal and proximal margins needed in particle
beam planning. Proton radiography can be used
as a pre-treatment instrument to verify integrated
stopping power consistency with the treatment
planning CT. Although a proton radiograph is a
pixel-by-pixel representation of integrated
stopping powers, the image may also be of high
enough quality and contrast to be used for
patient alignment. This investigation quantifies
the accuracy and image quality of a prototype
proton radiography system on a clinical proton
delivery system. The highest level of spatial
resolution can be attained by employing the most
advanced methods to reconstruct the individual
path, which is primarily constrained by the
physical properties of the MCS phenomenon.

This paper investigates ways to attain high image
quality with high contrast in PR employing MLs
in PCT. The structure of the paper is as follows.
Section 2 presents a laser-driven proton
accelerator based on target normal sheath
acceleration (TNSA) using nanowire-coated foils
as targets. Section 3 discusses the interaction of
protons with matter. Section 4 examines proton
imaging quality. Section 5 compares high-energy
PR with other imaging techniques. Section 6
presents a theoretical investigation of PR along
with numerical results. Finally, the discussion
and conclusions are provided.

2. Laser-Driven Proton Accelerator

The higher flux and temperature of hot
electrons that propagate into the target enable the
use of nanostructured targets to accelerate
protons or light ions via target normal sheath
acceleration (TNSA) when a foil a few um thick
is used as the substrate for the nanostructures.
According to the TNSA scheme (Fig.1),
relativistic  electrons produced during the
interaction between an ultra-intense laser pulse
and a thin foil cross the target and escape from
its rear surface, generating a sheath electric field
of several TV/m. Therefore, nearby ions,
including protons adsorbed on the target surface
as impurities, accelerated in the forward
direction at energies of up to several tens of
MeV per nucleon [31-33]. The capability of
nanostructured targets to improve laser-target
coupling and electron acceleration suggests the
possibility of producing compact electron or
proton beam sources using optimized structured
targets and controlled irradiation conditions.
Since different target geometries are suitable for
different scopes, it is important to achieve a
deeper understanding of the interaction
mechanisms and processes involved in this
system in order to optimize the experimental
conditions for various applications. Experimental
and numerical studies suggest, for example, that
the size of the gaps between nanostructures, such
as the spacing between nanowires or the channel
size in a nanotube, plays a key role in the
interaction. Larger gaps seem in fact to favor the
acceleration of high-energy electrons via
plasmonic effects, whereas small gaps give rise
to a stochastic heating that produces a hot, dense
plasma [34-39].

707



Article Namdari and Hosseinimotlagh
ZnO nanowires
Ti or Ni .
: substrate LS
High density plasma to image
«
- v
« = €
Laser
Accelerated
protons spectrometer
imaging
Fast electrons et Ao

FIG. 1. Scheme showing proton acceleration via target normal sheath acceleration (TNSA) using nanowire-
coated foils as targets with illustration of laser-driven PR.

3. Interaction of Protons with Matter

In PR, several interaction processes with
matter have to be considered. These mainly
include energy loss, nuclear interactions, and
multiple Coulomb scattering.

3.1. Energy Loss

The energy loss of charged particles in matter
is described by the Bethe-Bloch formula:
_ dE/ __amkiz%e*n, I 2mec?B® o

dx ~ mec?p2p 1(1-2)

2B B where ky = 8.99 x 10'Nm’C %z =

atomic number of the projectile, e = electron
charge, n. = electron density of the medium, m,
= electron mass, ¢ = speed of light, p = v/c =
relativistic beta factor, p = density of the
medium, I = mean excitation energy in eV. It is
dependent on the thickness, density, and
composition of the target. The interaction in the
target with the electrons of the target atoms leads
to a non-uniform energy distribution of the
exiting beam. This affects the point-to-point
focusing as the Lorentz force, responsible for the
bending of the particle trajectories, which is
dependent on the particle velocity or beam
direction, which is directly correlated to the
particle energy. This causes dispersion in the
magnets, leading to a z-shift of the focal spot x;
in the image plane. It is difficult to estimate the
quantitative effect of the energy loss on the
spatial resolution performance of a radiographic
setup, mainly because of the unknown influence
of the used collimator. Assuming that particles
experiencing more energy loss also exit the
target with a larger scattering angle due to more
interactions, these particles will be the ones
traveling further away from the beam axis at the
location of the Fourier plane. The mid-plane
collimator will sort out the particles; therefore,
this effect can partly be canceled by choosing a
different collimator.
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3.2. Nuclear Interactions

In case of nuclear interactions, we have to
differentiate between elastic nuclear collisions
and inelastic nuclear interactions. The elastic
collisions cause large scattering angles and
possibly even a recoil of the proton. In this case,
the interaction between the incident protons and
the nuclei of the target happens through charge,
as described in the following section on MCS. If
the velocity of the incident proton is large
enough to overcome the electrostatic potential of
the nucleus, a nuclear reaction will happen. In
this reaction, which is considered an inelastic
interaction, the protons are first absorbed by the
target nuclei, forming a new compound nucleus.
These nuclei are mostly unstable and break up
into various fragments, being ejected from the
initial nucleus. The process is also called
spallation and happens through strong
interaction; it is dominant for the high energies
used for PR. Although both types of interaction
usually lead to a removal of the involved
primary proton from the particle distribution, the
total cross-section for the processes, and
therefore the effect on the total particle
distribution at the image plane of a radiographic
setup, is very small. By integrating the
differential cross-section for nuclear collisions
outside of the angular acceptance of the utilized
radiographic setup, the removal probability can
be determined; however, this quantity is not
measured continuously at the high energies
required for PR. Therefore, a simple
approximation can be introduced. For
sufficiently high beam energies above 1 GeV,
the probability for a scattering event is related to
the nuclear collision length A,. [38]. Using the
exponential attenuation law known as the
Lambert-Beer law, the transmission can then be

X
described by: Tuct = € [ e, The
corresponding nuclear collision lengths are
tabulated by the particle data group [39]. Due to
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the small cross-section, the influence of nuclear
collisions on the total transmission is naturally
very small, but will increase for thick or dense
targets.

4. Image Quality

The image quality of a radiographic setup
depends mainly on three factors: chromatic
aberrations, scattering, and detector blur.

4.1. Chromatic Aberrations

Chromatic aberrations lead to the definition
of the chromatic length. This effect is dependent
on the properties and geometry of the object of
interest, which directly affect the scattering ¢
and the energy loss straggling 6. This may lead
to an effect known as limning, which particularly
affects regions with steep density transitions.

4.2. Scattering

Scattering in the object, especially MCS,
results in a non-zero scattering angle of the
exiting proton but may also cause a shift of the
trajectory. It is proportional to the square root of
the target thickness and is also « 1/p, where p is
the proton momentum.

4.3. Detector Blur

Protons interacting in the used scintillation
generally do not travel on a trajectory parallel to
the beam axis but rather traverse the material
with an angle determined by the focusing
properties of the lens system. This leads to a
non-parallel emission of photons by a single
proton track, an effect that can be partially
reduced by selecting scintillators grown from
columnar crystals capable of containing the
produced photons in one column by total
reflection. The effect can also be decreased by
using thin scintillators, which in turn decreases
the total yield of light [38-39]. Detector blur is
also boosted by secondary particles, which are
created during scattering processes of primary
protons in the scintillation  material.
Summarizing the above findings, the detector
blur is « 1/p and decreases with increasing
proton energy. All of the effects above tend to
scale inversely with the proton energy,
suggesting that an increase in the particle energy
would lead to infinitely good spatial resolution
performance. However, this is not the case for
several reasons. Choosing higher proton energies
will decrease the amount of scattering and
therefore require longer collimators with smaller

angular acceptances, which are not only
complicated to handle in terms of alignment but
also deliver worse results. This is obvious as the
collimator has to be long or dense enough to at
least deflect unwanted parts of the angular
proton distribution so that those protons do not
contribute to the final image.

5. High-Energy PR s
Techniques

Other

Currently, the most prominent candidates for
future medical imaging alongside high-energy
PR are single-tracking pCT and DECT. DECT is
already clinically available and has been shown
to deliver good results for treatment planning;
however, its material separation capability is
mainly used to improve image quality. This
includes reducing artifacts originating from
parasitic high-Z materials or enabling the
visualization of contrast agents, for example, for
the analysis of renal function or renal stones.
Compared with conventional XCT, DECT
neither offers increased data acquisition speed
nor improves the spatial resolution performance
of the system. In contrast, tracking pCT offers,
compared with current high-energy PR, the
possibility of simultaneously measuring both the
density of the sample via scattering and the
stopping power by employing a range telescope.
As the requirements on the accelerator side are
relatively low, a large number of research groups
worldwide are addressing the challenges of this
technique. Despite significant advancements in
recent years, the major limitations of this method
remain the speed of data acquisition, particularly
for scattering data), as well as constraints on the
size of the object being investigated. Both
factors are critical for clinical adoption, since
maintaining a patient in a fixed position is more
difficult in a constricting environment, which
may also cause stress. In terms of dose
deposition and image quality, tracking PCT is
quite similar to conventional XCT. The
requirements for novel PCT scanners, and more
generally for any new clinical imaging
technique, were discussed in the early 2000s [38]
and remain valid today, as the parameters of
conventional XCT, which serve as baseline
values, have not changed significantly since
then.

When comparing high-energy PR with
tracking PCT, the advantages of PR clearly
include outstanding spatial resolution in the
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micrometer range, extremely short data
acquisition times limited only by the capabilities
of the accelerator, and generous space
constraints that allow easy patient placement and
handling due to the long range of high-energy
protons in air. The crucial factors that still need
to be addressed are dose deposition, which
remains too  high in the performed
measurements, but may be reduced as suggested
by the investigations conducted on proton flux
dependent density measurements.

The tracking PCT performance may increase
further during the next few years due to more
computing power and better detector systems;
however, the outlined problem of the narrow
space available for patient positioning will
remain. Summing up those findings, high-energy
PR presents a promising alternative to current
imaging techniques. Several improvements and
upgrades will be required, but these may become
available in the coming years. The unique
capability of real-time online imaging during the
treatment procedure, as well as the outstanding
spatial resolution performance, could
significantly boost the accuracy of current
hadron therapy and make this technique very
useful for clinics.

6. Theoretical Investigation of PR
6.1. Desired Particle Attenuation Length

By setting a constant regulation for incoming
particles, one can estimate the optimal
attenuation length A in order to inspect particles
during radiography of an object with a specified
thickness L. The attenuation length A is
minimized when there is a relative error in
estimating the number of particles transferred
between two regions of the object under
consideration, which vary in L and are distinct
from T in terms of size. We begin with the
fundamental assumption that the exponential
decay of the beam through the object is:
N(L) = Nyexp(—L/A). We assume that N, is
the number of incident particles per pixel.
Therefore, the net number of particles passing
through the two areas is as follows:

N(L) = N(L +T) = Nyexp (—%) —
Noexp (— (L;T)) = Noexp (— %) [1 -

exp(— D] (1)
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If T — 0, then exp (— g) -1- g, and Eq.

(1) converts to N(L)-NL+T)=
Nyexp (— %) E] .Research findings indicate that

the maximum absorption distance is equivalent
to half the object thickness, with a specific ratio
of A =1L1/2.

6.2. MCS Mechanism

Coulomb scattering describes the deflection
of charged particles in the -electromagnetic
potential of the nucleus of target atoms. During
the passage, this process does not happen only
once, but several times; therefore, it is also
called MCS. In certain cases, MCS can affect the
reconstruction of the initial scattering event and,
consequently, degrade image quality. For thin
objects, MCS 1is the dominant interaction
process, as the cross-section for nuclear
collisions is considerably smaller.

Unlike X-rays, when proton beams enter an
object, they undergo multiple collisions with
charged particles in the atoms of the object. As a
result, they are scattered at small angles and
propagate through the material. At first glance,
MCS appears to be a significant drawback for
PR because protons do not travel in straight lines
over long distances, leading to image blurring
caused by angular dispersion immediately after
exiting the object. The angular distribution of
protons emerging from the object due to MCS
follows a Gaussian distribution, which can be
characterized by its root mean square (rms)
value. The initial deflection angle 6,yin the plane
of projection is defined by: 0y(2) =

1

0.0136GeV (Bcp)~? (Xio)E [1+0.038 1n(Xio)]
(1.

In this equation, c¢ represents the light
velocity, the proton velocity is B¢, p is the proton
linear momentum, and z parameter is the object's
thickness, which is measured in the same unit as
the length, denoted as X,. It is important to note
that the proton beta value is close to unity, and
the angle 6, depends inversely on the proton
momentum, while increasing significantly with
VL, where L is the object thickness. We plotted a
three-dimensional variation of 6,(z) as a
function of z and the energy of the incident
proton (E), for water and various tissues
including breast, eyes, brain, and lung in Fig. 2.
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Breast
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FIG. 2. 3-D diagram of 6,(z) variations in terms of different values of z and E in water and in breast, eye,

brain, and lung tissues.

MCS has two important effects on system
performance. The first is a random effect that
results in the limitation of object blurring, which
is determined by the rms deviation of the image
plane, y, upon the proton's arrival at the object's
end from its non-scattered location. This

o

deviation is expressed as: y(z) = 3712260, (2).
The 3-D diagram depicted in Fig. 3 illustrates
variations of y (z) as a function of E and z in
water and four distinct biological tissues, namely
breast, eye, brain, and lung.

Breast

FIG. 3. The 3-D variations of y (z) in terms of E and z in water and breast, eye, brain, and lung tissues.

The second factor contributing to blurring is
the random proton trajectories emitted from the
MCS when they depart the object and travel
towards the detector, a distance greater than zero
from the object. This effect can be studied by
merely elevating the PB momentum. The initial
effect can be readily examined by raising the
PB's intensity. It is evident from 6,(z) and y(z)
that the results become progressively better in a
linear fashion, as the momentum of the beam is
increased. Multiplying the linear thickness of an
object by the square root of the object thickness

as a function of radiation length leads to even
greater growth. Choosing a high momentum can
effectively reduce blur to any desired degree for
radiography of thick objects. For observing
moving objects, the detectors need to be
positioned at a distance from the object. The
second effect is characterized by different
methods of operation. The current approach to
solving this issue hinges on the fact that protons
possess a charge and their paths can be altered
by a B-field, which can be achieved using an
ML, as discussed in the following section. This
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is in addition to PR processes, where a facile
exponential equation is used for the angular
scattering  distribution and the nuclear
attenuation based on a Gaussian MCS [12-13].
The proton transmission process in this

approximation is T(L) = exp (—Zii_i) [1 -

Water

T,

E( WeV) “ ~(L”l)

2
exp (— zCT}‘gt)]. A three-dimensional diagram of
the variations of T (L) is shown in Fig. 4,
illustrating its relationship with different z values
and the incident proton energy of E for both
water and various human tissues, including
breast, eye, brain, and lung.

Breast

Brain

FIG. 4. 3-D diagram of T (L) variations in terms of different values of z and 1n01dent proton kinetic energy of

E in water and in breast, eye, brain, and lung tissues.

Y.iL; is defined as the sum of L; (the
individual areal densities of each material), while
A; is the factor of nuclear attenuation for i’th

material: A; =

the parameters can be defined as follows: Ny, is
equal to Avogadro's number; the absorption
cross-section and atomic weight of the i’th
material are shown by o; and A;, respectively.
0., represents the angle-cut that includes the
angular collimator. The X,; (radiation length)
parameter is defined

716.44;
L . initial
Z; (Z;+1) In(287/,/Z;)

component of T(L) pertains to attenuation,
specifically nuclear attenuation, and is consistent
with the X-ray attenuation process, whereas the
second component is attributed to angular
attenuation, a characteristic that distinguishes
PR. Angular attenuation provides an alternative
method for distinguishing material properties.
The angular beam fraction broadening that forms
the image for thick objects is determined by the
material composition and the elastic scattering of
proton-nucleon within the object itself [13]. The
given equation should be accurate if the
scattering angular distribution exhibits the same
Gaussian momentum correlation spectrum. It is
assumed that pixels a and b, which are crucial
for observation in the lane of the image, are

as: Xo; = The
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correlated with the quality of PR based on the
contrast between them. The difference in
transmission between these pixels is expressed
as:

2

AT = exp (_Ziﬁ) [1 —exp ( 29;1;;)] -
op (-2 [1-ew (-Z)| o

The cut-angle at its most favorable value can
be found using Eq. (2). At high-energy, A; (the
mean free path for the i’th material) parameter
being roughly constant, the optimal cut-angle
can be estimated by: dT/dH = 0.

cut

6.3. Magnetic Lens of PR System

The magnetic lens (ML) system, as illustrated
in Fig.5, is designed in accordance with [14].
The two imaging lens cells have a magnification
factor of negative one. Each cell contains four
quadrupole magnets that operate under the same
field strength, but they show alternating poles (+,
— 4+, —). The cell's configuration has a
characteristic where protons are positioned
radially around the midpoint between its two
central magnets, based exclusively on their
scattering angle in the object.
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FIG. 5. Schematic illustration of the ML system, showing the X and Y planes.

Despite the fact that the appearance of the
object's origin relates to a specific point in its
plane, this topic enables the placement of a
collimator in that specific location for making
cuts on the MCS angle within the object. It was
previously mentioned that the scattering
distribution angle is in a Gaussian shape, with a
width that can be calculated using the 6,(2)
relation. The collimator enables one to direct the
particles at angles smaller than the cut angle

Water

Breast

(B;ut), denoted by MCS. The number of

transmitted particles N; is given by: No =
2

N [1 —exp (— zg‘g)] In Error! Reference source

not found., we plotted the 3D diagram of the

N, .. . .
Fc variations in terms of different values of z and

E in water and in breast, eye, brain, and lung
tissues.

Brain

FIG. 6. 3-D diagram of % variations in terms of different values of z and E in water and in breast, eye, brain,
and lung tissues.

Here, the variable N represents the number of
incident particles. When the value of 6, greatly
exceeds 6, ,we anticipate that N will be equal to N.
By substituting the 6,(z) relation into the equation
for 6, and simplifying, it can be found that xi is

0
expressed as: = & — 00
p " Xo 2(13;:;1:‘/) ln(l_l\llvc) .

In Fig. 7, we depicted a three-dimensional
diagram illustrating variations of % with respect to z
0

and E in water and in breast, eye, brain, and lung
tissues.
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Water

Breast

Brain

FIG. 7. 3D diagram of % variations in terms of different values of z and E in water and in breast, eye, brain,
0

and lung tissues.

When examining an ML system comprising
two lenses (—I) mounted back-to-back, the first
lens has an aperture that allows passage of all
particles deflected by MCS, excluding those
deflected by inelastic collisions. The second lens
has its aperture set to cut into the MCS
distribution. Detectors are then placed in the
image plane of the two MLs and acquire two
independent measurements. The first dependence
is linked to the object's material in terms of
nuclear interaction lengths, whereas the second
dependence is related to the object's material in
terms of radiation lengths. Because the values
for nuclear interaction and radiation length have
varying dependencies based on the type of
material, we can thus determine both the
quantity of existing material within the object
and the type of material that exists in it. Using an
ML with a single MCS cut angle can produce
high-contrast PR, even when the object's
thickness results in poor contrast through nuclear
attenuation. For a thick object of a given
thickness, an optimization cut-angle exists,
which, as in the case of nuclear exponential
beam attenuation, maximizes sensitivity to
variations in object thickness when using pure
MCS radiography. The optimal cut angle can be
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calculated using the same method that yielded
equation A=L/2, with the attenuation now

expressed as Xi The cut angle of MCS is
0

generated by adjusting the aperture.
6.4. LET, Range, and Dose

The energy dissipation rate for a single proton
with kinetic energy K that passes through the

water is provided by |z—§ MeV/(g/ \ ~
cm

1

0.098k+0.0277"
relevant range for K is between 3 and 300 keV,

which is expressed as k = K / (100 [MeV]). The
unit of A is expressed as g.cm”, allowing
consideration of its relationship with the
thickness As (cm) of water, and AA = pAs. The
|dK/dA| variations were graphed against the
instantaneous kinetic energy K in the range 3 <
K [MeV] < 300 for a single proton within the
water, as shown in Fig. 8(a). The graph
demonstrates a decrease in the average energy
dissipation rate for the proton as K increases.

In medical applications, the
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FIG. 8. a) ax ,b)< R >, c) d<k> , and d) average dose (a = 0.1 cm) variations in terms of K in the interval
da aK
3 <K [MeV] <300 for a single proton in water.

The mean range (R [gcm™2]) of a proton in water
is: <R >=~ 4.900x? + 2.770k. Equations |Z—I;| and

< R > are not independent of each other. Hence, we
d<R> _ |dk|7! .
have: P |H . In Fig. 8(b), the average range
of proton variations versus K in water is plotted, with
K being the variable of interest. The average number
of protons in water exhibits a nonlinear increase with
rising K levels, exhibiting the opposite trend
compared to the average rate of energy dissipation

caused by incident kinetic energy. In Error! Reference
d<R>

dK
the incident kinetic energy K of a single proton in

water are shown, demonstrating a gradual nonlinear
increase with increasing K. The instantaneous energy
is maximized when K equals K, at which point A is
linked to the amplitude R. For example, a 200 MeV
proton energy has a LET of about 4.47 [MeV / (g /
cm?)] that exactly before it stops in the water at the
end of its average range of about 226g / cm?, it
increases significantly. Higher order approximations
can be applied to Eq. (2) to improve the accuracy of

in terms of

source not found.), the variations of

low energy behavior, which is proportional to LET.
The dose is expressed in grays, representing the total
energy deposited per unit mass, measured in joules
per kilogram. The average dose is obtained from the
number of protons N passing through a square pixel

i =_N_|aK — N |eK i
of size a: D = arns laxl PAS = 22 d/1|. Alternatively,
it is simpler to
write: D[Gy] = 1.6 x 10710 —— || mev/
’ ! a?[cm?] lda

(g / sz)]. In Error! Reference source not found.), the

average dose variations are plotted for the number of
protons N passing through a square pixel of size a in
terms of an incident kinetic energy of the proton, K. It
is clear that the average dose declines as K increases.
In Fig. 9, the 3D variations of the average dose are
shown for N protons passing through a square pixel
of size a = 0.1 cm in terms of the incident kinetic
energy K in the range 3 < K [MeV] <300 and
105 < N < 10°. As seen in this figure, the average
dose increases with increasing proton number, while
it decreases with increasing proton beam energy, in
good agreement with previous studies [40-41].
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K(MeV)

1000000 300

FIG. 9. 3D variations of the number of protons N passing through a square pixel with a size of 0.1 cm in terms of
incident kinetic energy K in the range of 0 < K [MeV] < 300 and 10° < N < 10°.

A proton with an energy of 200 MeV passing
through a square pixel measuring 0.1 c¢m in size
delivers an average dose of approximately
7.2 x 1078,

6.5. Adjustment

The loss of energy of protons in collisions
with atomic electrons is governed by statistical
principles. In addition to calculating the average,
it is also necessary to verify the collection of
dispersed RMS in energy dissipation and range
[30-33]. A PB traversing a material with a

Water

thickness of AA can acquire the average square of
the additional  scattered energy: AcZ =
0.6%(mec2)2y (1 — B?z) A\. Here, m, is the
electron rest mass, Z and A are the atomic
number and atomic weight of the element (pure)
being traversed, and  and y are the relativistic
coefficients [15]. The three-dimensional diagram
in Fig. 10 displays variations of A in relation
to the kinetic energy of an incident proton (K)
and the thickness (AL) for water and four distinct
biological tissues: breast, brain, eye, and lung.

Breast
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FIG. 1. 3D diagram of the variations of AgZ in terms of the kinetic energy of an incident proton K and the
thickness A for water and four different tissues: breast, brain, eye, and lung.

The growth rate is consistently uniform, and
for water, it can be accurately approximated
within the energy range relevant to medical

applications as: oZ[MeV?] ~ 0.089A [g/cmz]‘

Immediately before stopping, the total RMS
energy of a monochromatic proton beam can be
expressed
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as: ogr[MeV] = 0.30 J< R> [g/cmZ]- In

Error! Reference source not found.(a), ogxr
variations are plotted as a function of the
incident proton kinetic energy K in water. The
figure clearly shows that increases
nonlinearly with increasing K.

OkT
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FIG. 2. a) oy and b) ogvariations in terms of the kinetic energy of an incident proton K in water.

The phenomenon is linked to RMS range

broadening: oz = d:%am, which be
approximated by: oy [g/cmz] ~ 0.300(0.0980x +
0.0280) (4.900k? + 2.7701<)1/2. For example, a
monochromatic 200 MeV proton beam has an
RMS kinetic energy spread of about 1.53 MeV at
the end of its range of 26 g/cm’, and an RMS
range spread of about 0.34 g/cm® (0.34 cm in
water). The spatial resolution of the radiographic
image is defined by the RMS size of the beam on
exit and, as a result, by the RMS range

can

broadening if  proton-by-proton track
reconstruction is not possible or is not
performed. In Error! Reference source not

found.), we plotted og variations in terms of the
kinetic energy of an incident proton K in water.
The data shown in this figure reveal an
approximately nonlinear increase in the value of
ogwith rising K values in water (note that k=K /
(100 [MeV])). This is almost true for tissues,
because, on average, approximately two-thirds of
the human body is made up of water.

6.6. Mean Transmission Observation

The average transmission method, as depicted
in Fig. 12 [16], is characterized by setting the
incoming beam energy and bowtie filter
properties such that the Bragg peak falls at the
distal edge of the bowtie. This configuration
optimizes the dose delivered to the patient while
achieving maximum measurement sensitivity.

X .
Bow tie

Object

The total linear density along a straight line is
given by:

€)

A(x,y) is a function of the transverse
coordinates x and y at the entrance. Bowtie
filters are known to reduce the radiation dose at
the periphery of the imaging field of view [1, 3],
and they have also been shown to be effective in
reducing scatter, a major source of image
artifacts [1, 3, 4]. Additionally, they can help
flatten the scatter distribution, which is
beneficial for post-processing scatter correction
strategies [7]. Typically, the thickness of a
bowtie filter varies within the axial plane but
remains constant along the third dimension,
corresponding to the longitudinal field of view.
Therefore, the material, thickness, and density of
bowtie filters are important factors for image
quality. From Eq. (3), A(x,y) depends on both
the water density and the applied bowtie density.
The value of A(x,y) influences the number of
protons reaching the detector and, consequently,
the resulting image quality. Simulation data
indicate that the use of bowtie filters can reduce
the ambient dose around the tissue. Furthermore,
the bowtie filter design concepts are applied in
this work to create a computational realization of
a 3D human bowtie filter capable of achieving a
constant effective attenuation coefficient across
the entire field of view of human tissue.

B D
Ax, }’) = fA ,D(S) ds + f(; PbowtiedS

protons /

l Incident p beam Hll

Detector

FIG. 3. Schematic design of the radiographed object with a “bowtie” compensator. The illustrated simple
phantom can be used in initial reconstruction simulations [16].
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The fraction of the transferred PB is a
function of 4 and an initial kinetic energy Ky,
ie.,, T = T(A, Ky). Transmission is measured for
each square input pixel with a size of a: Ty eqs =
% .The number of input protons to each pixel
is denoted as N, but only N,,; is emitted from
the bowtie and is subsequently transferred to a

downstream detector. The accuracy of Tpeqs 1S
indicated by the fact that T increases with the

meas,+

100000
150000
200000

N

250000
300000

a)

0.5
meas,—
0

N: T

meas st

radiation proton number =T+

JN, . . .
Tout =T+ \/% .Note that in this relation, the

quantity T is a function of 4 and K. As a result,
T becomes a function of K. In Figs. 13(a)

meas st
and 13(b), we have plotted the 3D diagram of
Trneas,+ and Tyeqs — variations for the & signs in
terms of T and N variations, respectively.

150000 200000
- 250000

N
b)

FIG. 4. 3D diagram of a) T;,,045 + b) Tneas,— variations in terms of changes of T and N.

The number of radiation protons required to
alter the fractional change in density, expressed
as SAp/pO, in a cubic voxel to a specific size 'a’

needs to be determined. For the diagnosis of this
kind of variation, the transmission T must be

accurately  quantified: AT = Z—ZAA = % poad.
T rneas,+ approximately shows that: N = %.

Therefore, according to this relation, if the value
of AT decreases, then the value of N increases,

. T
and as a result, according to T, e =T £ \/%,

the value of T, .. ., increases.

meas
Protons are necessary for each pixel's
radiation. This outcome gives rise to a

fundamental principle that yields a distinct
radiography design: N62a? =ﬁ. This

( /dl) Po
expression can be applied straightforwardly to
photons in X-ray imaging.

6.7. Sensitivity Response - Optimal Dose

Figure 14 implies that the right-hand side of
the above relation can be minimized by adjusting
the initial kinetic energy Kyto optimize the
transfer gradient: 47/ 4> thereby maximizing
sensitivity 6 while minimizing dose D on the
left-hand side. Studies in proton radiography
indicate that the choice of analytical algorithms
for more complex clinical imaging, such as lung
or breast imaging, depends on the range
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distribution function. The range distribution ¢(R)
exhibits a substantial Landau tail. For practical
purposes, a Gaussian approximation is

1 (R—<R>)2
Voo exp( 202 ) Note

that the amount of beam spread is characterized
by the quantity oz, which is an increasing
function of the depth. Physically, this spread is
due to the lateral scattering during the proton
propagation. In addition, according to < R >~

4.900x%? + 2.770x, this @(R) depends on the K.

reasonable: (R) =

we have: a _
TdA

—@(4). and the maximum transfer gradient

occurs when A =< R > and T = 0.5: |Z_§
1

\/EO'R
K, is altered so that half of the protons pass
through into the object and the bowtie, we

2
have: N§6%a? =np%. The local dose D that is

0
delivered by this proton flux is a function of both
the local energy of K and the initial energy

%|. When K equalsK,, at the

Ignoring nuclear losses,

max
. As a result, when the initial kinetic energy

2
. 2.4 _ TOR
K:Dé%a —p—2

0

<R>
> OKT» and
0.0897 d<R>

24
Dé%a* = P <R> I

. . . d
patient's level, using equations

Op, We obtain:

Substituting |‘;—I;| and oy yields the following

suitable approximations:
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N&%2a?[em?] = 0!%
0
0.03)2
and

-1
Da*82%[Gy cm*] = %

0
2.8k)(0.10k + 0.03)

(4.9k% + 2.8k)(0.10k +

- (4.9k2 +

4)

)

R and D are functions of ¢(R). In Error!
Reference source not found., we plotted N§2a?
and D&2%a* variations in terms of the proton
kinetic energy for water and for breast, brain,
lung, and eye tissues. It is evident that as the
kinetic energy of a proton rises, the values of

Né&2%a?

fashion.

Here, k = K/100 [MeV]and p, ~ 1g/cm3'

Note that, according to the above equations, both
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FIG. 5. N§%2a? and D§2a* variations in terms of the kinetic energy of an incident proton in the range of
0 < K[MeV] < 300 for water and breast, brain, lung, and eye tissues.

A PB with an energy of 200MeV is used in
water for identifying density fluctuations, where
the fluctuations, denoted as d, are measured at a
resolution of 0.01 in voxels with dimensions of a
= 0.1 cm. In this case, N 8%’ = 0.37, and the
number of Ny, = 3700000 protons per pixel is
required, resulting in a surface dose of D =
26mGy for K =200 MeV. Egs. (4) and (5)
specify the dosage for a single radiographic
image. In a computed tomography scan, for a
field of view with a width of w, we have

approximately: M = % Accordingly, the total

w
552 .The
relationship is heavily influenced by the voxel's
size to the fifth power. In summary, results show
that the nonlinear increase in N§’a® and D&’a’
with increasing kinetic energy (K) are:
transmission, T'(4, K;), the total linear density of
a straight line, A, initial kinetic energyKy,
number of input protons to each pixel, N, and oy
parameter. Two factors are particularly
important for proton radiography: (1) image
resolution improves with accumulated proton
shots (dose), but beyond a certain dose, further
increases do not enhance resolution; (2) spatial
resolution is higher for higher-energy protons
due to their smaller scattering angle caused by
MCS.

Studies indicate that CR39 detectors provide
better resolution than RCF but are suitable only
for low proton flux. Image blurring is mainly
caused by MCS and represents out-of-focus blur.
Applying non-blind image deblurring algorithms
improves proton radiography image clarity and
spatial resolution. With advances in petawatt
(PW) lasers and target preparation technology,
laser-driven proton energies are approaching 100
MeV and are expected to increase further.
Therefore, a new generation of compact proton
radiotherapy devices based on laser accelerators,
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dose for CT scanning is scaled as: D~

along with associated proton radiography
diagnostic systems, is highly probable. The
methods presented here can also be extended to
higher-energy protons.

6.8. Proton Energy Dissipation Through Proton

In transfer measurements, the energy of each
individual proton is recorded rather than simply
counting the fraction of exiting protons. This
allows for an accurate reconstruction of energy
dissipation within each voxel, which is critical
for density mapping. It is assumed that a full-
energy detector, such as a calorimeter, has a
sensitivity limited by a minimum detectable
dose. The reconstructed proton path is assumed
to be sufficiently accurate to identify the specific
voxel traversed by each proton. The total
deposited energy for N protons passing through a
square voxel of side a is equal to: AK =

Nf|z_§|P(S)dSiN1/20KT. The second term

indicates the measurement error in relation to the
total fluctuation regulation, specifically: oxr =

do? 1/2 : : 1
( f d_/{( p(s)ds ) .A peculiar trait of PR is that

proton trajectories are stochastic and not straight
because protons undergo MCS. This is
commonly accounted for by estimating the most
likely path for each proton and performing line
integrals along the resulting curvilinear lines. In
addition to energy loss PR, other contrast
mechanisms have been proposed, which exploit
different types of interaction of protons with a
medium. In particular, these are attenuation and
scattering PR. The former measures the
reduction in proton flux after an object due to
inelastic nuclear interactions and reconstructs a
map of the nuclear attenuation coefficient. The
latter estimates the angular dispersion of protons
due to MCS in the object and reconstructs a
parameter describing MCS, e.g.,, radiation
length. The error in measuring the average
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energy dissipation per proton (AK / N) decreases
statistically with a reduction of 1/V N even for a
full-calorimeter. Therefore, additional protons
are required to resolve smaller density
fluctuations in a single radiograph image. The
average energy dissipation is provided by the
formula, given that the density of a single voxel
in this path varies at arate of 6 = Ap/py:

ASK = N | spya (6)

The condition associated with this deviation
o d
from the density is diagnosed as: |£| dpoa >

NY2g4r. We placed the expressions of intensity
and sensitivity on the left, and set the diagnosis

. 2,2 _ 1 _ ke
threshold at:  Nd§<a“ = o2 TakjaalE The
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relationship  becomes  dose-dependent, as

o di — N |aK - DS2g% =
indicated by D = — d/1|, and we have: D§“a* =

1 ok
p§ ldK /dA|’
is to first establish the amount: N62a?[cm?] =

02829/1 ((10k +.03)> and Dé&%a*[Gycm*] =

0
—11

—1"”(;2 ’1(_10k +.03). Figure 15 illustrates

0
three-dimensional  representations of  the

variations in the number of protons (N) and local
dose (D) in each radiography design, based on
the kinetic energy of incident protons ranging
from 0 to 300 MeV. A A thickness of 0.01, with
voxels of 0.1 cm in size, was drawn for water as
well as breast, brain, lung, and eye tissues.

One simpler method for our analysis

Water
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FIG. 6. 3D variations of N and D in terms of the kinetic energy of an incident proton in the range of 0 <
K [MeV] < 300 and thickness A for § = 0.01in voxels with the size of a = 0.1 cm in water and breast,

brain, lung, and eye tissues.

A is the patient's thickness. The instantaneous
energy k is given by: k = K /100 ,which is
MeV with a
approximately 1.09 /cm3’ denoted by py.The

measured in density of

surface dose delivery is considered for a 200
MeV PB in water to detect density fluctuations
of 0.01 in voxels with dimensions of 0.1 c¢cm, for
a thickness of 2 = 20 g / cm?, since Nad? ~
0.094 it is estimated that approximately 94000
protons are required to penetrate each pixel, and
the local dose in each radiography project is
approximately 6.6 mGy. At first glance, this
dose is roughly half the size of the standard
order, exceeding the amount normally received
with the average transfer method.

Proton imaging is a promising technology for
proton radiotherapy as it can be used for: (1)
direct sampling of the tissue stopping power, (2)
input information for multi-modality RSP
reconstruction, (3) gold-standard calibration
against concurrent techniques, (4) tracking
motion, and (5) pre-treatment positioning. One
of the limiting factors in imaging is noise. The
imaging noise originates from two processes: the
Coulomb scattering with the nucleus, producing
a path deviation, and the energy loss straggling
with electrons. Noise increases with the
thickness of tissue traversed and decreases with
higher proton energy. Scattering noise is
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dominant around high gradient edge whereas
straggling noise is maximal in homogeneous
regions. Image quality metrics are found to
behave oppositely against energy, lower energy
minimizes both the noise and the spatial
resolution, with the optimal energy choice
depending on the application and location in the
imaged object.

7. Conclusions

In this work, simplified physical models of
proton transport including Bethe-Bloch energy
loss, energy straggling, and multiple Coulomb
scattering (MCS) were employed in the 0-300
MeV energy range to analytically quantify the
trade-offs and scaling relationships between
dose, spatial resolution, density resolution, and
voxel size. We found that the dose D is directly
influenced by the voxel size alpha and the
required density resolution 6, highlighting a
strong dependence on voxel dimensions. Lens-
focused proton radiography (PR) represents a
novel imaging technique. Unlike X-ray
radiography, PR employs a magnetic imaging
lens system to achieve point-to-point focusing
from the object to the scintillator screen, thereby
minimizing blur caused by the angular
divergence of scattered protons. The advantages
of PR over conventional X-rays include precise
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targeting of tumors, reduced radiation exposure
to surrounding healthy tissues and organs, and
diminished short-term and long-term side effects
of radiation therapy. Clinically, PR also enables
the detection of proton range variations due to
anatomical changes in a patient, offering
potential for improved treatment accuracy.

In general, it would be possible to use PR in
combination with heavy ion gantries. The
challenge in PR imaging arises from the MCS of
the protons traversing different materials,
causing blurring of the radiography image. Thus,
to improve the image quality and identify each

material in the phantom, cuts for the proton
scattering angle have to be tuned carefully. The
challenging matching conditions could be
established already in front of the gantry and
then mapped to the patient position (point-to-
point focusing). Laser-driven ion accelerators
can deliver high-energy, high-peak current
beams and are thus attracting attention as a
compact alternative to conventional accelerators.
However, achieving sufficiently high energy
levels suitable for applications such as PR
remains a challenge for laser-driven ion
accelerators.
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Abstract: This project entailed the synthesis of novel nanofibers by the electrospinning
technique. The nanofibers included Poly (vinyl alcohol) (PVA) and polyethylene glycol
(PEG) doped with different concentrations (0.002, 0.004, 0.006) of copper oxide (Cu,0) at
room temperature. Images from the optical microscope (OM) revealed a fine and
homogenous dispersion of the nanomaterials. This was corroborated by Scanning Electron
Microscopy (SEM) analysis, which showed that the delicate fibers in both the polymer
blend and doped samples were randomly distributed and no signs of nanoparticle
aggregation were detected. Prior to the incorporation of the Cu,O additive, the nanofibers
demonstrated an average diameter of 68.97 nm, while the inclusion of Cu,O at varying
concentrations yielded average diameters of 64.14 nm for 0.002 g, 71.35 nm for 0.004 g,
and 68.46 nm for 0.006 g. Notably, these nanofibers maintained a smooth surface
morphology across all samples. The transmittance progressively decreases, starting at a
value of 0.996 for the unmodified PVA-PEG blend and reducing to 0.978 as the Cu,O
concentration reaches 0.006. Concurrently, the extinction coefficient demonstrates increase,
rising from 0.001027 to 0.00475 with higher Cu,O content. Similarly, the real part of the
dielectric constant increases from 1.4559 to 2.1044, while its imaginary part expands from
0.00247 to 0.0137. The Wemple-DiDomenico model was utilized to compute the
dispersion coefficients, comprising E,, E4, n,, M_j, and M_;.

Keywords: PVA-PEG-Cu,0, Nanofiber, Electrospinning, SEM, Dispersion parameters.

Introduction

Polymers have rapidly become an
indispensable component of modern life, owing
to their versatility, affordability, low operational
expenses, ease of processing, and desirable
chemical, physical, and optical properties [1]. A
polymer is comprised of countless molecules,
each including thousands atoms held together
with covalent bonds. In addition, the molecules
in a polymer are attracted to each other by
various forces depending on the type of polymer
[2]. Like conventional composites, a
nanocomposite is made of a matrix and filler.
But nanocomposites use nanoparticle fillers

instead of fiber fillers used in conventional
composites such as carbon or fiberglass [3].
Examples of the former include CNTs, carbon
nanofibers, and other semiconductor or metal
nanoparticles such as silicon, gold, silver,
diamond, and copper [4]. Polymer nanofibers are
an important category of nanostructured
materials, with potential uses in numerous fields
such as biology, electronics, medicine, protective
gear, and water treatment. Recent advancements
in preparation techniques such as phase
separation, electrospinning, drawing, and
template synthesis have enabled improvement in
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production processes and expanded the range of
possible  applications [5].  Electrospinning
technique is particularly renowned for its
simplicity, low expense, flexibility, and ability to
manufacture one-dimensional nanostructured
materials. Among all the various techniques one
can use for producing such materials
inexpensively and with versatility,
electrospinning is particularly worth mentioning

[6].

PVA or polyvinyl alcohol is increasingly
being known as a highly promising polymer with
some mind-boggling properties. They are
characterized by good water solubility, good
dielectric  strength, chemical stability, and
environmental friendliness. The hydroxyl groups
in PVA facilitate the formation of strong
interlinks in polymer composites through
hydrogen bonding [7]. Poly vinyl alcohol, or
PVA, is commonly used in various industries
such as electronics, construction, medicine, and
others. The reason is that the polymer has
numerous advantages such as its water solubility
and exceptional flexibility, which make it highly
versatile and effortless to apply across a wide
range of industrial purposes. Additionally, it is
regarded as safe for both medical and food-
related applications [8].

Polyethylene glycol, or PEG, is a common
polymer that is widely in demand due to its
availability, low cost, and safety [9].
Polyethylene glycols, or PEGs, are a family of
polymers containing a variety of properties
which may be liquid or solid [10]. To enhance
the elasticity, additional polymers can be
incorporated for the same. Utilization of
plasticizers relaxes the molecular rigidity by
decreasing the intermolecular forces along the
polymer chain [11].

Cuprous Oxide (CuyO) has come into new
focus for several technological applications
based on its optoelectronic properties [12, 13].
The Pn3m is the space group of Cu,O with the
unit cell consisting of two copper, and four
oxygen ions. These are placed with oxygen
atoms in a body center cubic enclosed lattice

with tetrahedrally surrounding copper ions [14].
The Cu,O is considered an excellent
photovoltaic material due to the abundance of
copper on Earth, its high theoretical energy
conversion efficiency of approximately 20%, its
non-toxic nature, and its cost-effective
production. The other reason for using Cu20 as
an absorber is due to its high absorption
coefficient in the visible region and its direct
bandgap nature of 2.1 eV [15-17]. In recent
years, Cu20 has attracted considerable attention
because of its promising applications in lithium-
ion batteries [18], nanomagnetic devices [19],
photocatalysis [20], transistors [21], gas sensors
22 | photodetector [23] and solar cell 24,25 ]. In
this study, we report the electrospinning
fabrication of PVA-PEG-Cu20 nanofibers, and
investigate their optical properties and dispersion
parameters for application as a promising

candidate for communication and optical
devices.
Experimental

Preparation of PVA-PEG/ Cu,0 Nanofibers

In order to synthesize 2 g of PVA-PEG
polymer nanofibers, the process was initiated by
dissolving 1.6 g of PVA powder in 60 mL
distilled water using a glass flask with a
magnetic stirrer. After 45 minutes of stirring at
90 °C, the solution was completely
homogenized. To this 0.4 gram of PEG was
added dropwise at 90 °C.The blending was
continued for a further 45 minutes until a hick
homogeneous solution formed. The stirring of
suspension was continued during the process to
increase  homogeneity.  Afterwards, three
portions of Cu20 (0.002; 0.004 and 0.006 g)
were added into the solution while, every portion
was sonicated for two minutes to disperse it
throughout the mixture. After each addition of
Cu20, the mixture was left stirring for 45 min
for good dispersion. As shown in Table 1, the
resultant mixture was then utilized for
electrospinning to  produce (PVA-PEG)
nanofibers with varied degrees of Cu,O
additions.

TABLE 1. Weight of PVA-PEG- Cu,0 nanocomposites.

PVA (g) PEG (g) Cu0 (g)
1.6 0.0
1.6 0.002
1.6 0.004
1.6 0.006
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Electrospinning Process

The solution was inserted into a 2 mL syringe
that was outfitted with a stainless-steel needle
after it had been thoroughly mixed. The
hypodermic was subsequently positioned in front
of a metal collector that was horizontally
oriented. During the electrospinning process, the

needle tip served as the positive electrode, while
the metal collector served as the negative
electrode. To make material deposition easier,
the collector was covered with aluminum foil.
The spinning parameters are specified in Table
2, and the electrospinning was performed at
room temperature.

TABLE 2. Electrospinning Parameters for Specimen Fabrication.

Electrospinning parameters Specification
applied voltage 24 KV
Collector distance 10 cm
Orifice size 0.7 mm
rotation speed 500 rpm
temperature 25°C
flow rate 0.5 ml/hr

Results and Discussion

Fig.1, Table 1 shows SEM micrographs of
PVA-PEG polymer blend and Cu.O embedded
in the PVA-PEG composite at concentration of
0.002, 0.004 and 0.006 magnification at x20kV
and x110Kv respectively. These pictures
corroborate the analysis of surface topology of
the samples and distribution of Cu2O in polymer
matrix.

The average fiber diameter was 68.97 nm
before use of Cu:0O. The fiber diameters were
between 64.14 and 68.46 nm after the Cu20
loading determined by Image] software. The
nanofibers had a smooth surface, while the
microfibers were irregularly distributed as well
as having crossing points. The stability of the
liquid filament in the process of electrospinning
depends mainly on molecular entanglement [26]
that is an important factor for fibre structuring
and homogeneity in this technique. During
electrospinning, changes in fiber morphology
and/or bead formation can occur as a result of
interactions between solution characteristics and
experimental  conditions. = The  structure
differences may be affected by the polymer-
related parameters such as molecular weight,
polydispersity index, glass transition temperature
(Tg), isomeric structures and cross-linking.

These might also be associated with the
solution (eg, composition of  solvent,
concentration, viscosity, electrical conductivity
and dielectric strength as well as surface tension
of the liquid), process (like magnitude of applied
field strength, distance for deposition etc.), 42 -
44 like flow rate or electric current passed
through an instrument or deposition time) or

postdeposition treatment. [27]. The influence of
various parameters on the morphology of
electrospun polymers is illustrated in Fig. 2 [28].
Among the various electrospinning parameters,
the concentration of the polymer solution plays a
crucial role in fiber generation. The solution is
characterized by reduced viscosity and increased
surface tension when the concentration is
insufficient, which leads to the formation of
polymeric micro- or nanoparticles through
electrospray rather than fiber development [29].
Conversely, a minor increase in concentration
results in a blend of fibers and pearls. But the
production of silky and homogenous nanofibers
is successful if the concentration is at an optimal
level [30]. Electrospun fiber morphology is also
significantly influenced by viscosity. Continuous
and uniform filaments are significantly opposed
by low viscosity, and high viscosity can oppose
the expulsion of the liquid projectile out of the
solution. Proper viscosity should thus be
achieved for the successful completion of
electrospinning [31, 32].

Also, surface tension, which is dominated by
the solvent component in large part, is one of the
critical parameters for electrospinning [33]. It is
well known that the shear viscosity of the
mixture determines the typical diameter of
nanofibers produced by electrospinning. As
viscosity increases, nanofibers of greater
diameters will tend to be formed, as in Eq. (1)
[34]. Briefly, the diameter and morphology of
nanofibers generated through electrospinning are
significantly influenced by the polymer
solution's viscosity and concentration and
surface tension. To achieve the desired fiber
properties in electrospinning, one has to achieve
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an  appropriate  balance between these
parameters.

d~n' (D

The given Eq. (1) establishes the connection
between the average electro spun fiber diameter
(d), the solution's shear viscosity (1), and the
yielding exponent (A). The exact value of the
yielding exponent (A) differs based on the
particular polymer solution used, however it is
usually more than 1/3 as per the scaling equation
[35].

Both the voltage and viscosity of the polymer
solution should be maintained within a range that
is optimal for efficient electrospinning. Some
factors like polymer concentration, solution flow
rate, working distance, and applied voltage in the
electrospinning device all together control the
production of uniform morphology continuous
fibers with minimal bead formation. However,
extremely high solution concentration has a
negative influence on the production of

nanofibers as improper levels of viscosity may
hinder fiber formation [36].

FIG. 1(A). The scanning mlcroscopy plctures of

A- P nobers taka o ifferent agmﬁcations, 25
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inspe HHFHY npany

FIG. l(B) Scanmng electron mlcrographs taken at two dlfferent magmﬁcatlons 25 kx and 1 10 kx, of
electrically spun PVA-PEG nanofibers containing 0.002 g Cu20.

30.00 KV 25 000 X Hl 141 inspect f 50-FEI Company
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FIG. 1(C). Scanning electron mlcrographs taken at two different magnifications, 25kx and l lO kx of electrospun
PVA-PEG nanofibers containing 0.004 g Cu.O.
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. Scanning electron micrographs taken at two different magnifications, 25 kx and 110 kx, of

electrically spun PVA-PEG nanofibers containing 0.006 g Cu20.
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FIG. 2. a schematic representation of the impact of process parameters on the electro spun product's structure.

The optical microscope (OM) images verify
the successful fabrication of PVA-PEG- Cu,O
nanofibers using the casting method. These
images expose a uniform matrix with Cu,O
evenly distributed throughout the polymer blend
composites. In particular, Fig. 3(a) displays the
PVA-PEG blend, signifying the effective
dissolution of the polymers. Parts (b, ¢, and d) of
Fig. 3 illustrate the diffusion of Cu,O within the
PVA-PEG blend, revealing a well-dispersed
distribution of nanoparticles within the blend.

Importantly, there is no nanoparticle
aggregation observed to be due to the interaction
between polymers and Cu20 as a result of high

surface area volume ratio. At a Cu20 nanofiber
weight, or loading, of 0.006 a network of
pathways are established for charge carriers to
transport via. This results in alteration of the
material characteristics [37].

The transmittance spectra (T) were calculated
by [38]:

T=1I/1, )

where It is the intensity of transmitted rays from
the film and I, intensity of incident rays on the
film.
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FIG. 3. Photomicrographs (100X) of (PVA- PEG) with add various content of Cu,O: (A) 0 Cu,O (B) 0.001
Cu,0 (C) 0.002 Cu,0 and (D) 0.003 Cu,O.

Figure 4 presents the transmittance (T)
spectra of PVA-PEG-Cu,O nanofibers with
varying concentrations of Cu,O as a function of
wavelength. Unlike the absorption spectra, the
transmittance decreases progressively, starting
from 0.996 for the pure PVA-PEG blend and
lowering to 0.978 as the Cu,O concentration
increases up to 0.006. This observed reduction in
transmittance is attributed to the incorporation of

1 -

Cu,0, which contains electrons capable of
absorbing  electromagnetic ~ energy  and
transitioning to higher energy states. In contrast,
the pure PVA-PEG sample shows significantly
high transmittance due to the absence of
particles. Without free electrons, such a sample
requires much higher energy for -electronic
transitions or bond disruption [39].

0.99 -
0.98 - e
0.97 -
g 0% e
g 0957 —=——0.002 Cu20
£ 0944 0.004 Cu20
§ 0.93 - —=—0.006 Cu20
0.92 - .
091 { +
0.9 —— ———— ————
200 300 400 500 600 700 800

wavelength (nm)
FIG. 4. The transmittance versus wavelength of PVA-PEG blend and PVA-PEG-Cu,O Nanocomposites.

730



Electrospinning of PVA-PEG Blend with Various Cu,O Nanoparticle Additives: Structural and Dispersion Properties

The extinction coefficient (k,) was calculated
by [40]:

ko= oaM/4n 3)

Figure 5 shows the extinction coefficient (k,)
for PVA-PEG- Cu,O nanofibers across a range
of wavelengths. It shows a marked increase with
higher concentrations of Cu,O. This trend can be
ascribed to the enhanced optical absorption and
photon dispersion within the as the concentration
of Cu,O increases, the PVA-PEG polymer
composite increases. The nanofiber samples'

substantial absorbance within this range is the
primary reason for the extinction coefficient's
elevated values in the UV region. As a result, the
nanofibers' extinction coefficient is notably
pronounced at UV wavelengths. Although the
absorption coefficient of the nanofibers remains
relatively consistent from the visible to the near-
infrared spectrum, the extinction coefficient
exhibits an upward trend as the wavelength
increases [41].

0.009 +
0.008 -
0.007 -
0.006 -
0.005 -
0.004 -
0.003 -
0.002 -

Extinction Coefficient (ko)

0.001 -

pure
e (0.002 Cu20

0.004 Cu20
e (0.006 Cu20

0

200 300

400
Wavelength (nm)

500 600 700 800

FIG. 5. The extinction coefficient versus wavelength of PVA-PEG blend and PVA-PEG -Cu,0 Nanocomposites.

Dielectric constants for two parts real (&1) and
imaginary (&,) were calculated by [42]:

e =n’—kZ 4)
&= 2n k() (5)

The dielectric constant is the basic source of
information about the electronic band structure
of materials. Slowing down light in a material is
associated with the real part of the dielectric
constant (g;), while the imaginary part (g;) is a
key optical parameter linked to both the
refractive index and the extinction coefficient.

Figures 6 and 7 show the variation of real and
imaginary parts of the dielectric constant for
PVA-PEG-Cu:0 nanofibers with wavelength

and Cu:0 concentration.

It can be seen that both parts of the dielectric
constant increase with the rise in Cu,O
concentration. This is because there is increased
electrical polarization in the nanofibers, which
results from the higher concentration of Cu,O in
the sample. This results in the increase in
charges in the polymers that make up both the
PVA-PEG blends and the PVA-PEG-Cu,O
nanofibers proportionally. The two figures also
show the changes in real and imaginary part of
dielectric constant versus wavelengths. This
behavior is primarily due to €1 depending more
on the refractive index, and less on the
extinction coefficient. In contrast, the absorbance
value of the imaginary part (g2) is significantly
influenced by an increased extinction coefficient
depending on wavelength and less by a refractive
index that remains relatively constant,
particularly in the visible and near-infrared
regions. [43, 44].
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FIG. 6. The real dielectric constant with the wavelength of PVA-PEG blend and PVA- PEG-Cu,O

nanocomposites.
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FIG. 7. The imaginary dielectric constant with the wavelength of PVA- PEG blend and PVA- PEG -Cu,O

nanocomposites.

; ; EqE
Dispersion Parameters (n2-1) = Ezd_(;u)z (6)

The refractive index dispersion of materials B
has been analyzed using the single-oscillator ng =1 +E—d (7)
model, which introduces the energy parameters °
E4 (dispersion energy) and E, (oscillator energy). € =15 (®)
According to the Wemple and DiDomenico g2 — M ©)
model, the refractive index (n) at a given photon 0 M,

energy (hv) can be expressed for both PVA-PEG , M,
blend and PVA-PEG-Cu:0 nanofibers. From the ~ Ed = M_s (10)
equations (6-10) the values E,, Eq, Eg, ng, €,

M_, and M_swere calculated [45-49], From the graphic representation of the

relationship between (n? — 1)~ ! and (hv)? in
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8 wused the slope (EqEq) tand the
intercept (E—Z) to determine Ey and E4. Table 3

contained the calculated wvalue, which
demonstrated a decline in their values when
(CuO)NPs  concentrations  increased, the
oscillator strength (E,) and the dispersion energy
linked with the energy of optical transitions (Eg)
are shown to decrease as (Cu;O)NPs increases,
but the other parameters ng, &, M_jand M_3
increase. This phenomenon can be attributed to
the shift of the optical transmission spectra
toward longer wavelengths, which corresponds
to the absorption edge shifting toward lower
energy wavelengths and rise in nanomaterials'

Fig.

concentration results in a reduction in
interparticle  spacing, thereby intensifying
interparticle interactions, which leads to a
decrease in dispersion-related parameters.

Additionally, elevated concentrations  of
nanomaterials  significantly  influence the
material's  optical  characteristics,  further

contributing to variations in the dispersion
parameters. The calculated optical energy gap
(the approximation relation E, = 2E,) using the
Tauc relation and the Wemple-DiDomenico
estimate both had similar values. The findings
concur with those of earlier researchers [50].

021 0.25
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0.205 | Attt gl A 0.24 N ; B
02 0.23
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FIG. 8. Plot of (n® -1)"" versus (hv)* of PVA-PEG with various content of Cu,0: (A) 0.00wt.% Cu,O (B)
0.002wt.% Cu,O (C) 0.004wt.% Cu,O and (D) 0.006wt.% Cu,O.

TABLE 3. Optical parameters of PVA-PEG -Cu,0 nanofibers.

parameter 0 wt 0.002wt. 0.004wt. 0.006wt.
’ CU.QO CU.QO CU.QO

E, 67.62 57.600 42.426 26.541
E, 8.223 7.589 6.513 5.151
slope 0.003 0.004 0.005 0.018
E, 4.111 3.794 3.256 2.575
Eq 39.725 31.622 27.367 10.514
n(0) 5.830 5.166 5.201 3.040
1,(0) 2.414 2.273 2.280 1.743
€ 5.830 5.166 5.201 3.040
M, 4.830 4.166 4.201 2.040
M.; 0.071 0.0723 0.099 0.076
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Conclusion

Nanofibers of PVA-PEG-Cu:0  were
synthesized with success by refining the
electrospinning parameters, which included the
careful adjustment of the spinning solution
composition, applied voltage, spinning distance,
and flow rate. Before incorporating Cuz0, the
nanofibers had an average diameter of 68.97 nm.
The integration of Cu:O resulted in average
diameters ranging from 64.14 nm to 68.46 nm.
Scanning electron microscopy analyses validated
the presence of a smooth surface morphology in
these fibers, while optical microscopy images
revealed a homogenous distribution of the
nanomaterial throughout the samples. The
transmittance exhibited a gradual decrease,
beginning at 0.996 for the pur PVA-PEG blend,
and declining to 0.978 when the Cu0O
concentration increased to 0.006. Additionally,
the extinction coefficient displayed a rising
trend, increasing from 0.001027 to 0.00475 with
higher Cu.O content. The real part of the
dielectric constant increased from 1.4559 to
2.1044, and the imaginary part grew from
0.00247 to 0.0137 as the concentration of Cu2O
augmented. Moreover, dispersion parameters,
such as E,, Eq4, n,, M_;, and M_3, were calculated
utilizing the Wemple-DiDomenico model. These
findings concerning dispersion parameters are
instrumental in advancing the design and
fabrication of optical devices.
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