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Electronic and Optical Properties of Zr-, Zr-N-doped 2D MoS, Using
First-Principle Study

A. Ouahdani, R. Takassa, A.E.Mouncharih, F. Elfatouaki, O. Farkad,
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Abstract: A MoS, monolayer is an emerging two-dimensional (2D) semiconductor for
next-generation flexible and miniaturized electronics. Its doping is of great importance in
order not only to adapt its properties, but also to facilitate many potential large-scale
applications. In this work, density functional theory (DFT) calculations, including spin-
orbit coupling (SOC), were performed to investigate the effects of p-type transition metal
Zr doping and Zr-N co-doping on the structural and optoelectronic properties of pristine
MoS,. Results obtained using both the PBE and TB-mBJ approximations show that while
pristine and Zr-doped MoS, monolayers exhibit semiconductor behavior with direct and
indirect band gaps, respectively, Zr-N co-doping leads to a transition to metallic behavior.
The Zr and N atoms significantly affect the partial and total density of state profiles, with a
main contribution of Zr — d, N — p, and S — p orbitals. The dielectric function and optical
refractive index are also determined. The findings show anisotropy in optical
characteristics, which is promising for optical applications. The Zr-doping and Zr-N co-
doping employed in this study provide an effective tool for changing the electrical and
optical properties of MoS, monolayers to fulfill the needs of a variety of technological
applications while producing an optoelectronic device based on a MoS, monolayer.

Keywords: MoS; monolayer, Zr doped, Zr-N co-doped, DFT study, Electronic properties,
Dielectric function.

1. Introduction

The most significant molybdenum mineral is
molybdenum disulfide (MoS,) [1], which occurs
naturally as molybdenite. MoS, belongs to the
VIB group of the transition metal dichalcogenide
(TMDC) monolayers and is one of the most
highly debated 2D materials in recent times,
second only to graphene [2, 3], due to its easy
synthesis, low cost, nontoxicity, and natural
abundance [4]. These layered materials have
attracted attention due to their weak van der
Waals interactions that allow to fabricate them
casily using mechanical exfoliation [5, 6].
Researchers reexamined this type of material and
succeeded in obtaining atomic-level two-

dimensional layered MoS, [7-12]. As a typical
graphene-like  single-layer transition metal
compound, single-layer molybdenum disulfide
exhibits a substantial band gap ranging from 1.3
to 1.8 eV [13], making it suitable for
applications such as transistors [14,15], solar
energy harvesting [16], flexible optoelectronic
devices [17], and sensors [18]. Lahourpour ef al.
[12] used full potential linear augmented plane
waves plus local orbital (FP-LAPW + lo) method
based on the DFT technique to study MoS,
nanolayers. Their findings reveal that the
estimated lattice parameters overshoot the actual
values, which is a characteristic of the typically
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generalized gradient approximation GGA-PBE
functional. Furthermore, they demonstrated that
MoS, exhibits semiconductor  behavior,
revealing a direct band gap of 1.72 eV at the K
point of the Brillouin zone, consistent with both
experimental observations [19] and theoretical
predictions [20, 21]. In recent years, numerous
studies have been conducted on the structural,
electronic, and optical properties of doped MoS..
The effect of doping with nonmetallic atoms (X
= 0O, C, N, B, Br, Cl, I, and F) using DFT
calculations on the structural, electrical, and
magnetic properties of single-layered MoS, has
been investigated. The outcomes indicated that
the systems doped with B, C, and N exhibit p-
type doping, while the halogen-doped systems
demonstrate  n-type doping. [21]. The
interactions with water molecules (H,O), carbon
dioxide (CO,), and sulfur dioxide (SO,) with
MoS, monolayers doped with Ru and Rh have
also been investigated using DFT calculations.
The investigation revealed the preferred
configuration for the adsorption geometry of SO,
on the monolayer Ru-MoS, [11]. In contrast,
Qian et al. [16] employed Au as a dopant to
modify both the structural and electronic
characteristics of MoS, fiber materials. Their
study utilized DFT theory to investigate the
adsorption effectiveness of Au-doped MoS,
towards gases such as C,H¢ and C,Hs The
results indicated that the presence of Au dopant
particles enhances the adsorption capability of
the MoS2 monolayer by influencing its

a) b)
QOO0 0O n0

d) e)

electronic structure. Furthermore, Xu et al. [22]
conducted DFT computations to investigate the
electronic and optical properties of co-doped
monolayers of MoS, with C, N, B, and Mn. The
co-doped systems containing Mn-N and Mn-B
atoms exhibited semiconducting behavior, with
energy band gaps of 0.81 and 1.03 eV,
respectively. Recently, Raza ef al. [23] studied
the electronic properties of doped monolayers of
MoS, with transition metals (Ag, Co, Bi, and Zr)
using a local combination of atomic orbitals
(LCAO) approach within the framework of DFT
calculations. They confirmed that doping with
transition metals led to a reduction in the band
gap to a certain extent.

In the present study, we extend the
exploration of electronic and optical properties
of MoS, monolayers through DFT calculations
utilizing the full-potential linearized augmented
plane wave (FP-LAPW) method. We introduce
p-type transition metal Zr atoms and explore
both Zr doping and Zr-N co-doping as strategies
to modulate the electronic and optical behavior
of MoS.. This choice is motivated by previous
findings showing that such dopants effectively
tune the physical properties of other 2D
transition metal dichalcogenide (TMD) materials
[24-26]. This research introduces a new
perspective by examining the effects of Zr
doping and Zr-N co-doping on the practical
applications of doped MoS, monolayers as

potential optoelectronic materials.
c)
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FIG. 1. Optimized geometric structures of the MoS: monolayer: (a) top view and (d) side view of the pristine

MoS: monolayer; (b) top view and (¢) side view of the Zr-doped MoS: monolayer; (c) top view and (f) side
view.
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2. Computational Method

This article examines the impact of Zr doping
and Zr-N co-doping on the monolayer of MoS,,
as illustrated in Fig.1. To characterize the
structural, electronic, and optical properties of
both the pristine and doped MoS, monolayers,
DFT and FP-LAPW method [27-29] are
employed using the WIEN2K code [30]. The
generalized gradient approximation in the form
of the Perdew-Burke-Ernzerhof (GGA-PBE) and
Tran-Blaha modified Becke-Johnson (TB-mBJ)
[31, 32] is employed to approximate the
exchange-correlation (XC) energy functional,
accounting for the presence of SOC effects,
without including the van der Waals correction
due to weak van der Waals interactions [5]. The
muffin-tin (MT) radii for Mo, S, Zr, and N are
chosen as 242, 2.05, 2.40, and 2.00 a.u.,
respectively. A plane wave cut-off value of Ryr
x Kmax = 7 was chosen for the wave function in
the interstitial region. Here, Ryt represents the
smallest radius of the atomic sphere, and Ki.x
denotes the largest k-vector in the plane wave
expansion. The cut-off energy of -6 Ry was
consistently maintained to distinguish the core
and valence states. The maximum angular

momentum for the atomic orbital basis functions
was specified as lpax 10. The Fourier
expansion’s charge density was terminated at
Guax = 12. Throughout the calculations, a 3 x 3 X
1 supercell was employed for both the pristine
and doped MoS, monolayers in the x-y plane.
Periodic boundary conditions were applied,
while ensuring a minimum vacuum space of 15
A along the z-axis to prevent interactions
between adjacent layers. The first Brillouin zone
(BZ) was sampled using a total of 1000 k-points.
The iteration process was concluded when the
total energy reached a threshold of 10* Ry. The
random phase approach (RPA) was utilized to
compute the optical properties. [33]. The optical
spectra’s intensity was controlled by dipole
selection criteria, which differentiate optically
permitted and prohibited transitions [34]. The
Kramers-Kronig transformation yielded the real
part & [35] and then the optical refraction index.
An additional Drude term was included to
account for free-electron intraband input in
metallic structures. For accurate evaluation of
optical response properties, a denser k-point
mesh of 9 x 9 x 58 (equivalent to 5000 k-points
in the BZ) was employed [34].
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FIG. 2. Optimized energy-volume curves for (a) pristine, (b) Zr-doped, and (c) Zr-N c-doped MoS,.

3. Numerical Results and Discussion
3.1. Structural Properties and Stability

A 3 x 3 x 1 supercell comprising 27 atoms
with hexagonal symmetry was constructed using
the supercell approach to model the pristine
MoS2, Zr-doped MoS: (ZrSz), and Zr—N co-
doped MoS: (ZrSN) structures. The unit cell of a
MoS: monolayer consists of one Mo atom and
two S atoms. In the case of ZrS», one Mo atom is
substituted with a Zr atom. For the ZrSN
structure, one Mo atom is replaced by a Zr atom
and one S atom by an N atom, as illustrated in
Fig. 1. To determine the stability and ground-
state properties of the pristine and doped
structures, energy minimization was performed
using the generalized gradient approximation

(GGA-PBE) in conjunction with the Murnaghan
equation of state, expressed as [39]:

+Q_
BoV 1

—]— (1)

BoV [ (v, /V)BO’
HW=%+H{ﬁﬁr

By —1|14703.6

Figure 2 shows the plot of total energy versus
volume. Here, Eo, V, V,, B,, and Bolare the
minimum energy at T = 0 K, unit cell volume,
unit cell volume at P = 0 GPa, bulk modulus, and
its pressure derivative, respectively. The crystal
structures and the estimated ground-state
parameters of all configurations are shown in
Table 1. The results show that the pristine MoS,,
Zr-doped, and Zr-N c-doped MoS, structures
crystallize in hexagonal structures with space

115



Article

Ouahdani et al.

groups P-6m2 (No. 187), P-6m2 (No. 187), and
P3ml (No. 156), respectively. The theoretically
optimized lattice parameters for the pristine
MoS, monolayer unit cell are a = b = 3.19A,
consistent ~with prior experimental and
theoretical values, as shown in Table.1. After Zr
doping and Zr-N co-doping, the Zr-S and Zr-N
bond lengths become larger than in the case of
Mo-S, which can be explained by the difference
in the radii of Mo, Zr, S, and N atoms. To
validate the thermodynamic stability, the
formation energies of all compounds are
calculated using the following equation [40],

which is  deduced experimentally for
semiconducting materials in any form:
Er = Eot(X) — Erot(M0S;) — nyp (2)

Ew(X) and E(MoS,) serve as
representations of the total energy for the doped
and pristine MoS, monolayers, respectively. The
term n; > 0 represents the number of doped
atoms, while n; < 0 represents the number of
replaced atoms from the MoS, monolayer. The
chemical potential of a single atom, which is
determined as the overall energy per atom of the
element’s most stable structure, is represented by
u;. The negative formation energies observed in
Table 1 indicate the thermodynamic stability of
the doped compounds, suggesting the feasibility
of material synthesis. In addition, the Zr-N co-
doped MoS, structure is more stable than Zr-
doped MoS, because it presents a smaller
formation energy value.

TABLE 1. Space groups, lattice parameters (a, b, ¢), unit cell volume at P = 0 GPa (V0), bulk modulus
(B0), pressure derivative of bulk modulus (B 0 0), formation energy (E¢), and band gap with
approximations PBE and TB-mBJ (Eg) for pristine, Zr-doped, and Zr-N co-doped MoS2

monolayers.
Space group bond length (A) a=b(A) c(A) Vo(A’) By(GPa) B Es (eV) E;(eV)
MoS, P-6m2 dpo—s)= 242 3.19 17.46 1046.001 51.672 4713 1.66pp;
1.6378-mB]
2.38 [36] 3.16 [36] 1.66 [37]
242 [22] 3.17 [37] 1.80 [38]
1.79 [36]
Zr / MoS> P-6m2 diz,_s)=2.59 3.55 1746 1308.645 46.512 5.000 -1.39 0.99p5;
11475
Zr-N / MoS; P3ml d(z,_s5)=2.45 3.36 16.40 1107.009 28.343 0200 -4,62 Opg:
diz,_ny=245

078—mB]

3.2 Electronic Properties
3.2.1 Electronic Band Structure and Band Gap

To fully wunderstand the optoelectronic
behavior of semiconductors, it is essential to
examine their electronic structure. The electronic
band structures were computed using the GGA-
PBE approximation while accounting for spin—
orbit coupling (SOC) effects. The nature of the
band gap, whether direct or indirect, is a critical
factor in determining a material’s suitability for
optoelectronic applications.

The calculated band structures using both
PBE and TB-mBJ approximations, along the
high-symmetry points in the Brillouin zone (BZ),
are presented in Fig. 3. Analysis of the pristine
MoS: monolayer reveals that both the valence
band maximum (VBM) and the conduction band
minimum (CBM) occur at the K point, as seen in
Figs. 3(a) and 3(d), indicating a direct band gap
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under both approximations. This confirms that
the undoped MoS: monolayer is a promising
candidate for optoelectronic applications. The
estimated band gaps are 1.66 eV (PBE) and 1.63
eV (TB-mBJ), which are in good agreement with
experimental values [19].

However, upon Zr doping, a transition from a
direct to an indirect band gap is observed,
accompanied by a reduction in band gap energy
to 0.99 eV (PBE) and 1.14 ¢V (TB-mBJ), as
shown in Figs. 3(b) and 3(e). This suggests that
Zr-doped MoS: may be less suitable for
optoelectronic devices.

In contrast, co-doping with Zr and N atoms
eliminates the band gap entirely, reducing it to 0
eV under both approximations. This transition
indicates a metallic behavior for the Zr-N co-
doped MoS:, as presented in Figs. 3(c) and 3(f).



Electronic and Optical Properties of (Zr, Zr-N) doped 2D MoS, using First-principles Study

3.2.2 TDS and PDOS

Partial (PDOS) and total density of states
(TDOS) calculations were carried out to
comprehend the role that Zr and N atoms played
in the formation of the valence band VB and
conduction band (CB) energies for the
compound MoS,, as well as any potential
hybridization and interactions between these
atoms. Fig. 4 presents the computed TDOS and
PDOS of pristine, Zr-doped, and Zr-N co-doped
MoS: monolayers over the energy range from -5
to 5 eV, using the PBE exchange—correlation
(XC) approximation. The VB and CB are
divided by the Fermi level, which has a value of
0.0 eV. The results show that the choice of the
doping manner and the two Zr and N atoms
significantly affect the DOS and PDOS profiles.
Indeed, significant effects are observed in the
TDOS profile in the energy range of -5 eV to 0

eV. By doping with the Zr atom, the gap value
width decreased, as shown in Figs. 4(a) and 4(b),
which is due to the d orbital of Zr dominating the
conduction band and which was dominated by
Mo — d and S — p orbitals [Figs. 4(d) and 4(e)],
with a clear annulment of the states in the
interval from 2.5 to 3.4 eV, which plays a crucial
role in defining the material’s electronic
behavior. While the valence band is strongly
dominated by p-orbitals in both structures, with
an annuity of states in -5 to 5 eV in the doped
structure. For the third compound, substitution of
Mo by Zr and S by N gives a different curve
shape. The conduction band retains its structure
with a slight diminution in the number of
states/eV, and the gap width decreased by 0.25
eV from that of the Zr-doped structure, as
presented in Fig. 4(c).
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FIG. 3. Calculated band structures using PBE and TB-mBJ approximations for (a), (d) pristine, (b), (¢) Zr-doped,
and (¢), (f) Zr-N co-doped MoS,.
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This band gap is primarily formed from the d-
states of Zr, p-states of N, and p-states of S. Yet,
the valence band has undergone a clear change:
it has displaced the Fermi level from -2 to 0.25
eV. The N — p orbital is the major contributor,
as evidenced by the increased intensity of the
observed peaks. In the energy range from -4 to 2
eV, S — p is the dominant orbital, as shown in
Fig. 4(f). The contribution from the Zr — d
orbitals is smaller, indicating that the
hybridization of these atoms occurs mainly
between the N — p and S — p orbitals, introducing
a strong interaction between them, and they are
responsible for the observed TDOS profile. In
contrast, the s orbitals of each atom show a weak
contribution.
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FIG. 4. Calculated total and partial DOS of (a), (d) pristine, (b), (¢) Zr-doped, and (c), (f) Zr-N co-doped MoS,.

3.3 Optical Properties
3.3.1 Dielectric Function

Investigating the optical properties provides
valuable insight into the interaction of materials
with electromagnetic radiation [41]. These
properties are essential for the design and
optimization of photoelectronic devices and
semiconductor-based technologies. In this work,
the optical characteristics were calculated using
the random phase approximation (RPA) within
the framework of DFT [42]. This approximation
considers only the interband transitions between
the valence and conduction bands, neglecting the
local field effects [42—44]. The substitutional
doping with Zr and co-doping with Zr-N alters
the structural parameters and modifies the band
structures of MoS: (see Fig. 3), which
consequently affects the optical transitions.
These transitions are captured through the
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complex dielectric function ¢&(w), which
characterizes the linear optical response of the
system. The dielectric function consists of a real
part, €(®) and an imaginary part, &(®), as
shown in the following equation:

£(w) = & (w) + ig(w) 3)

Once the e(w) is obtained, many other
interesting optical properties can be deduced.
The &;(w) and &(®) for various materials of the
pristine, Zr-doped, and Zr-N co-doped MoS,
monolayers were estimated using the RPA
method as implemented in the Wien2k package.
Calculations  were performed for two
polarization directions: parallel (xx) and
perpendicular (zz), denoted as € (w) and et (w),
respectively. Figs. 5 and 6 demonstrate that g(m)
exhibits anisotropic behavior for two distinct
polarizations of the light. The curves of & (w),
shown in Fig. 5, indicate that the threshold
energy (optical gap) occurs at 1.8, 0.8 eV, and
2.5, 0.5 eV for pure and Zr-doped MoS,
monolayer for both polarization xx and zz
directions, respectively, while the Zr-N co-doped
MoS, monolayer exhibits no optical gap. It can
be seen that the doped and co-doped MoS,
monolayer process decreases the optical gap by
generating permissible states in the MoS,
monolayer band gap. As a result, the MoS,
monolayer exhibits an adjustable band gap. The
absorption transitions from the valence bands to
the conduction bands are represented by the
peaks observed in the &(w). Additionally, the
MoS; monolayer &(w) shows one main peak at
2.86 eV (visible region) and 5.36 eV (UV
region), for the xx and zz polarization directions,
respectively. At the same time, the sg exhibits
four prominent peaks at 1.74, 3.65, 3.91, and
4.78 eV and 0.35, 1.22, 4.00, and 6.26 ¢V, for
the Zr-doped and Zr-N co-doped MoS,
monolayers, respectively. On the other hand, the
£5 shows four main peaks at 1.40, 5.65, 6.26, and
7.30 eV and 2.96, 4.00, 5.65, and 5.91 eV, for
the Zr-doped and Zr-N co-doped MoS2
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monolayers, respectively. All peaks are formed
by mto m *, 6 to 6 *, and o to 7 * transitions. Fig.
6 presents g;(w), showing several peaks across
the IR, VL, and UV regions. The &;(®) response
also varies with doping and co-doping and

exhibits  noticeable anisotropy in  both
polarization directions for all investigated
models.

3.3.2 Refraction Index

The complex refractive index, denoted as
N(m), characterizes how electromagnetic waves
propagate through a material relative to a
vacuum. It is calculable using the following
relationship [45]:

N(w) =n(w) + ik(w) @)

For optical devices, the extinction
coefficient is k(w) while the value of the
refractive index is represented by n(w). Fig. 7
displays the spectra of n(w) and k(w), both
calculated using the GGA-PBE approximation
for MoS,, Zr-doped MoS,, and Zr-N co-doped
MoS,. The n(w) plot indicates the anisotropic
behavior, as seen in Fig. 7. The static refractive
index, n(0), is one of several key elements in
€1(m), and it is given by [46]:

n(0) = /&1(0) )

The computed values of n(0) in both parallel
and perpendicular orientations are shown in the
Table. 2. In the case of the parallel mode, the
findings reveal that MoS,, Zr-doped MoS,, and
Zr-N co-doped MoS, exhibit semiconducting
and insulating behaviors. In contrast, in the
perpendicular direction, all studied structures
exhibit typical semiconducting behavior.

Additionally, the results show that after Zr
doping and Zr—N co-doping, n(0) increases in
the parallel direction but decreases in the
perpendicular direction. This is because the
refractive index is inversely related to the band
gap of the compound.

Energy (eV)

()

FIG. 5. #2(w) of (a) pristine, (b) Zr-doped, and (c) Zr-N co-doped MoS2 in perpendicular (zz) and parallel (xx)
directions.
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FIG. 6. #1(w) of (a) pristine, (b) Zr-doped, and (¢) Zr-N co-doped MoS, in perpendicular (zz) and parallel (xx)

directions.
TABLE 2. Static refractive index n(0).
Material n(0) n.(0)
MosS, 260 185
Zr doped MoS> 230 1.9
Zr — N codoped MoS, 410 2.00
All  highest peaks in parallel and band gap is cancelled, indicating a metallic

perpendicular polarizations are listed in Table 3,
corresponding to the pristine, Zr-doped, and Zr-
N co-doped MoS, monolayer materials. At
roughly 6.25 eV, the refractive indices fall below
unity in some ranges, which provides the
photoluminescence phenomenon, in which the
phase velocity of passing light exceeds the speed
of light in a vacuum.

4, Conclusion

The structural, electronic, and optical
properties of the pristine, Zr-doped, and Zr-N co-
doped MoS, monolayer were studied by the DFT
method with GGA-PBE calculations. The
analyses of the formation energy calculations
indicate that all doped structures are
energetically stable, with the Zr-N co-doped
structure being the most stable. More
importantly, the band structure results show that
the pristine MoS, monolayer has a direct band
gap of 1.66 eV, which agrees with the
experimental results. The band gap decreases
after doping with the Zr transition metal and
changes its type to an indirect band gap.
Howeyer, in the case of Zr-N co-d?ping, the

xx dierction
22 direction

character for the co-doped structure. The Mo - d,
Zr - d, N - p, and S - p orbitals are often
responsible for the observed DOS and PDOS
profiles. The results also show that the Zr-doping
and Zr-N co-doping are practical tools for tuning
the pristine MoS, monolayer’s optical properties.
The optical response is completely distinct in the
two polarization orientations, suggesting
anisotropic optical characteristics, making these
materials promising for applications such as
linear polarizers. The analyses of the dielectric
function show that the & (w) of all studied
structures possesses various peaks at different
energy regions (IR, VL, and UV regions),
indicating the possibility of light absorption in
these regions. All investigated structures have
refractive indices lower than a unit value in a
specified range. The phase velocity of travelling
light is greater than the speed of light in a
vacuum, resulting in photoluminescence. This
study provides valuable insights into the nature
of the pristine, Zr-doped, and Zr-N co-doped
MoS, monolayers and is a powerful tool for
experimental research in the future.

xx dierction -«
2z direction

xx dierction
2 direction

(a)“‘ (bi“‘ ‘ (© .
FIG. 7. n(w) of (a) pristine, (b) Zr-doped, and (¢) Zr-N co-doped MoS2 in perpendicular (zz) and parallel (xx)

directions.
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TABLE 3. Energies, polarization states, and spectral region of the refraction index peaks of pristine,
Zr-doped, and Zr-N co-doped MoS2 mono-layer materials.

Material Peaks || Peaks L Energy [eV] Spectrum region
MoS> monolayer 3.1 - 1.80 VISIBLE
3.5 - 2.80 VISIBLE
- 2.60 4.80 uv
- 270 5.00 uv
- 2.50 5.20 uv
Zr-doped MoS; 2.60 - 1.50 IR
2.62 - 3.40 uv
- 222 1.42 IR
- 2.05 425 uv
- 2.03 5.26 Uv
Zr-N codoped MoS, 4.30 - 0.17 IR
2.18 - 1.20 IR
- 2.18 1.20 IR
- 2.14 24 VISIBLE
- 2.13 29 VISIBLE
B 2.10 3.84 Uv
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Abstract: The NuShellX@MSU code, along with the USDEPN and WCPN interactions
within the sdpn-shell model space, has been employed to study the energy levels,
electromagnetic transition probabilities, and charge density distribution of the '*O nucleus
using the nuclear shell model. The model space for this under-researched nucleus contains
the configurations (0dsp, 1s1/2, and 0d3/2). In terms of energy levels, a generally
acceptable agreement was achieved for several states, while a comparable similarity is
anticipated for others. As for electromagnetic transfers, the default values of the effective
charge and the g-factors were changed to obtain an acceptable agreement with the
experimental magnetic transfer data for the ground state. However, no experimental data
for the charge density distribution are currently available for comparison..

Keywords: "°O nucleus, Electromagnetic transitions, Charge density, Sdpn-shell.
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1. Introduction

Several models have been devised to explain
the structure of atomic nuclei. One such model is
the nuclear shell model (SM), which has been
extensively studied. First proposed by Mayer,
Haxel, Jensen, and Suess almost half a century
ago, this model has been highly effective in
explaining the characteristics of different nuclei
that have only a small number of valence
nucleons. The features encompassed are energy
levels, magnetic and electrical moments,
electromagnetic transmission possibilities, and
the cross-section of different reactions [1]. The
shell model is one of the most well-known and
useful nuclear models, which can help us
understand nuclear structure, which contains the
fundamental physical properties of nuclei. The
electron shell model of atoms is comparable to
this idea. Nucleons, either protons or neutrons,
situated beyond closed shells (defined by magic
numbers 2, 8, 20, 28, 50, 82, and 126), exert

significant influence on shaping nuclear
properties, much like the way valence electrons
outside a closed shell define atomic traits and
behaviors. Nuclei marked by magic numbers are
exceptionally stable and display wholly
distinctive attributes when contrasted with other
nuclei [2].

All shell-model computations commence by
deriving an effective interaction, founded on a
microscopic theory originating from the free
nucleon-nucleon (N-N) interaction.
Consequently, these extensive shell-model
computations enable us to gauge the extent to
which a two-body effective interaction replicates
attributes such as excitation spectra and binding
energies in scenarios involving numerous
valence nucleons. Within a constrained domain
known as the model space, a subset of the
complete Hilbert space, the challenges of
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acquiring such effective operators and
interactions are resolved. Various avenues exist
to expand effective operators and interactions.
As an illustration, the Cohen-Kurath interaction
is applied within the p-shell for nuclei with 4 <
A < 16, while the USD interaction has its
suitability in the SD-shell for nuclei with 16 < A
<40 [3]. Nuclear shell model codes like Oxbash
[4], Antoine [5], NuShell [6], NuShellX [7], and
others have been widely employed for shell-
model calculations in the p-shell, sd-shell, and
fp-shell. These codes play a crucial role globally
in scrutinizing nuclear structure. Basic inputs for
most shell-model configuration mixing codes
(TBMEs) involve sets of single-particle matrix
elements (SPEs) and two-body matrix elements.
These sets are characterized as "model-space
Hamiltonians" or "effective interactions" [8].
The present study employed the
NuShellX@MSU code to compute energy levels,
electromagnetic transitions, and charge density
distribution for the 'O nucleus. This was
accomplished using the USDEPN and WCPN
interactions within the sdpn-shell. Previous
theoretical research has been conducted on the
studied isotope [9].

2. Theory

NuShellX@MSU encompasses a series of
wrapper scripts developed by Alex Brown [7],
designed to generate input for NuShellX using
model space and Hamiltonian data files. With
the aim of computing precise energies,
eigenvectors, and spectroscopic overlaps for
low-lying states within calculations that involve
the shell-model Hamiltonian matrix featuring
remarkably expansive basis dimensions, Bill Rae
[6] engineered a suite of computer programs
recognized as NuShellX.

In the context of the shell model framework,
the Hamiltonian of a system comprising A
nucleons is decomposed using an auxiliary one-
body potential U. This potential is composed of
two parts: Hy, representing the independent
motion of the nucleons, and H,;, the residual
interaction. Thus [10, 11]:

2
H=3Y4, 2 + 34, VAN = T+V = (T+U) +

i=1ym
(V-U) =H, + H, (D
where:
A Pf
Ho = 2i21(G,, +U)) 2)
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Hi =X, VN =2, U; 3)

Once Hj is introduced, a reduced model space
can be delineated by employing a finite subset of
HO's eigenvectors [10].

Numerous theories exist to determine the
permissible total angular momentum, such as
when nucleons (neutrons or protons) are present
in a single orbit with n > 2, where n represents
the count of particles beyond the closed shell. In
this case, the total angular momentum is given
by[12]:

po=nlj-222)

“4)

To calculate the physical factor for systems
that contain several particles, I followed the
method of expressing the total wave function of
the group of particles in terms of the wave
function of one or two particles, depending on
the nature of the physical quantity to be
calculated. Using certain mathematical methods,
there may be a need to separate the total wave
function into the wave function for more than
two particles and the wave function for the
remaining particles. This is done using specific
mathematical methods [13]. To illustrate the
computation of a nucleus's spectrum where
valence nucleons all occupy a single-particle
state, we need to introduce the notion of
parentage coefficients. In essence, we introduced
the fractional parentage method as a means to
calculate the matrix elements of the interaction.
Through this technique, we were able to express
the condition of having n particles in terms of
states involving (n - 1) or (n - 2) particles. In the
configuration j ™, the anti-symmetric state with
angular momentum (JM) is represented by )y
(1,..., n). The single-particle eigenfunction for
the state j is labeled as |jm) or @j,, and a
represents an additional quantum number
required for full specification of the state. In

instances where the configuration j®" 1 is
composed of entirely anti-symmetric wave
functions, they are denoted as ¢; m,p,,
... ,n—1), and we can accordingly
formulate these as [14]:
Yime (1,...,m) =
%a: LM B Y @1y, (Lo —
D x @iMm)]m &)

The real expansion coefficients, denoted as
[/ 1B 13" a]], are referred to as fractional
parentage coefficients (c.f.p.). These coefficients
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are determined in such a way that the n-particle
wave function becomes anti-symmetric when
any two particles are interchanged, including
both  and a [15, 16].

A second type of parentage coefficient is
called a double parentage coefficient, or d.p.c.,

and it is described as follows: If @y (n -1,1)
denotes all two-particle state (j2) km,> and
brm,p, (1o n — 2) is the entire set of anti-
symmetric states of j® 2, then the anti-
symmetric state of the configuration j" with
angular momentum JM can be written in the
following form [17]:

Yime (1,..,0) =

218K [/ 2B2J2)j 2 (K] 1}™ af] [®),5, (1, ...,

2) X px(n—1),n];y (6)

Thus, when there are more than two particles
outside the closed shell (n > 2) and these
particles occupy the same level, the energy
matrix element or the Hamiltonian matrix
element is given by [14, 17, 18]:
<H> =

ngbyq +

{n%z} 211313{ []'Tl—l (.BU):]jl}]naI]]

X [J" (B 1 ]
X iV, (7

In an alternative explanation, Eq. (7)
articulates how the matrix elements of two-
particle  operators within the n-particle
configuration can be understood as linear
constituents within the matrix configuration of
(n-1)-particle combinations. Given the time-
intensive nature of this procedure, introducing
the concept of d.p.c. offers a more streamlined
resolution. If these coefficients are available, the
subsequent formula is applicable for calculating
the energy of the state (j)} [14, 17, 18]

<H> =
ngSyq +
{n(n 1)}23212 "% (B2J2), 2 (K)J 1Y a']]

X [J"72(B2)2), j2(K)] 1} a']]
X UiV g (®)

When considering gamma-ray emission
involving multipolarity L and denoted by the
symbol o, the transition probability A(cL) is
expressed as follows [19]:

n -through  the

A(oL, ]l-—>]f)_
811:(L+1) ( )

AL[(2L+1)1]2 B(UL']i —Jr) 9)

where B(oL) is the reduced transition probability
and Ey is the y-ray energy.

The reduced matrix element (v f IM(cL)llyi)
can be used to express the reduced transition
probability [18]:

B(oL, ] — Jf) =

[ f Il M(aL) Il i)|?
(10)

2Ji+1

3. Results and Discussion

The "O nucleus calculations are executed
shell model within the
NuShellX@MSU code for Windows [7]. This
involves employing the sdpn model space
coupled with effective interactions, specifically
USDEPN and WCPN. Within the sdpn model
space, there are three orbitals (0ds,, 1s),, and
0ds)) situated above the closed core of '°0, with
three neutrons for the given nucleus.

The primary objective of the present study is
to carry out computations for energy levels,
decrease electromagnetic transition probabilities,
and the charge density distribution for the '"O
nucleus. These computations are conducted
using the harmonic oscillator potential (HO)
with parameter b > 0. The corresponding single-
particle energies are (0ds;,= 1.8896,1s), -

3.4150,0ds, - 4.1692) for the USDEPN
interaction, and (0d;, = 1.64658,1s;, =
-3.16354,0ds, - 3.9478) for the WCPN
interaction.

3.1 Energy Levels

Per the shell model's description, the
foundational configuration of the '"O nucleus
involves a 'O nucleus in a closed state,
encircled by three neutrons positioned outside
this closed shell. These neutrons are arranged
within the sdpn shell, and their arrangement
corresponds to quantum numbers J = 0" and T =
1.5. By employing the NuShellIX@MSU code
within the sdpn shell to implement the
interaction USDEPN onto the YO nucleus, and
after comparison with experimental data, we
drew the following conclusions:

Upon comparison with the available
empirical data, the total angular momentum and
parity of the ground state level 5/2 § were found
to be in agreement.
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A good agreement was obtained for the
values of the theoretically calculated MeV
energies (0.12,1.602, 2.347, 2.889, 3.209, 6.13)
MeV corresponding to the angular momentum
(3/2+], 1/2+], 9/2+], 7/2+], 5/2+2, 3/2+2), when
compared with available experimental data.
Additionally, through our calculations, we were
able to obtain an agreement that is appropriate
for the energy value (3.814, 10.697) MeV
calculated theoretically, which corresponds to
the angular momentum 3/2", 7/2°, but with a
different parity.

The parity of the energy levels at 5.384 and
5.007 MeV, corresponding to the angular
momenta 9/2", and 5/27;, was determined to be
positive.

Our computations indicate that the total
angular momentum and parity corresponding to
the experimental energy levels at 7.118, 7.242,
7.508, 8.048, 8.916, 9.430, 9.560, 9.930, 11.250,
and 11.580 MeV are projected as 7/2",, 5/2°4,

1/2%5, 11/2%, 3/2, 7/2"5. 5125, 9/2%5, 1/2%;, and
3/2%, respectively.

Our calculations revealed 16 levels
characterized by specific total angular
momentum and parity, yet these levels did not
align with any existing empirical data.
Additionally, it came to our attention that the
theoretically derived maximum energy value
stands at 21.805 MeV, while the highest
practical energy value observed is 11.580 MeV.

As for our comparison with the theoretical
results that we obtained from [9], we observed a
good agreement for the ground state angular
momentum 5/2 7. Also, the agreement was
good for all energy levels.

Figure 1 presents a comparison between the
experimental data from Ref. [20] and the
theoretical predictions for the '"O nucleus,
obtained using the USDEPN interaction,
alongside the theoretical results from Ref. [9],
which employed the USDBPN interaction.
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FIG. 1. Comparison of experimental excitation energies from Ref. [20] with our theoretical results using the
USDEPN interaction, alongside theoretical results from Ref. [9] employing the USDBPN interaction.

126



Study of the Nuclear Structure for the '°O Nucleus by Using USDEPN and WCPN Interactions

Upon applying the effective interaction
WCPN to the PO nucleus within the sdpn shell,
we reached the following conclusions after
comparison with experimental data:

Compared with the practical values available,
there was a correspondence observed between
the total angular momentum and ground state
parity of the 5/2 § level.

Upon comparison with the existing
experimental data, a notable concurrence was
evident between the theoretically computed
energy values (0.294, 1.469, 2.447, 2.96, 3.167,
5.527) MeV and the corresponding angular
momenta (3/2+]’ 1/2+], 9/2+], 7/2+]’ 5/2+2, 3/2+3)
Furthermore, our calculations  produced
acceptable agreement for the energy values
3.747 and 10.253 MeV, corresponding to angular
momenta 3/2", and 7/2"4, but with a different
parity.

The parity for the values of practical energies
(5.384, 5.007, 6.466 MeV) corresponding to the
angular momenta (9/2°; 5/2";, and 7/2%,) was
determined to be positive.

Our computations yielded projections
indicating that, owing to the convergence
between experimental and theoretical values, the
total angular momentum and  parity
corresponding to the experimental energies
7.118, 7.242, 7.508, 8.247, 8.916, 9.064, 9.324,
9.430, and 11.580 MeV are 1/2", 5/2,, 11/2°;,
3/2+4’ 5/2+5’ 7/2+3, 9/2+3’ 3/2+5, and 5/2+7.

From our calculations, we identified 16 levels

characterized by specific total angular
momentum and symmetry for which no
experimental counterparts can be found.

Furthermore, we observed a discrepancy in
energy values, with the highest practical energy
recorded at 11.580 MeV, whereas the theoretical
calculation indicated a peak energy of 20.913
MeV.

Our comparison with theoretical results
reported in Ref. [9] shows a match for the
ground state value of angular momentum 5/2 7.
On the other hand, all other energy levels show
good consistency.

As for the highest practical value for our
calculations, it was 20.913 MeV. As for the

highest practical value for the theoretical
calculations that were compared to it, it was
21.902 MeV.

Figure 2 presents a comparison between the
experimental findings sourced from Ref. [20]
and the theoretical outcomes concerning the '°O
nucleus, utilizing the WCPN interaction, along
with the theoretical data from Ref. [9] based on
the USDBPN interaction.

3.2 Electromagnetic Transition Probabilities

In this study, we undertook the computation
of electromagnetic transition probabilities B(E2)
and B(M1) using a harmonic oscillator potential
(HO, b) with b > 0 for each transition. This was
accomplished by applying the USDEPN and
WCPN interactions within the sdpn model space
for the '"O nucleus. Introducing the primary
polarization effect involved the selection of
effective charges for protons and neutrons: e, =
1.410, e, = 0.410 for the USDEPN interaction,
and e, = 1.400, e, = 0.400 for the WCPN
interaction. Moreover, we adjusted the g factor
to achieve conformity with practical values
pertaining to the ground state magnetic
transitions, to become ggp = 8.500 and g n =
8.500 and gp = 9.950 and gin = 9.950 for
USDEPN and WCPN interactions, respectively.

Regarding the interaction USDEPN, when we
compared our results with the experimental
results, we observed favorable agreement in
electric transitions B(E2) 1/2,— 5/2,, B(E2)
9/2,—5/2,. Similarly, magnetic transition
compatibility was notable for the transitions
BM1) 3/2y— 5/2;, B(MM1) 1/2,—3/2,, aligning
well with existing experimental data [20].
Additionally, our calculations unveiled new
transitions for which no experimental values
have been documented thus far. On the other
hand, when we compared our calculations with
the theoretical results we obtained from the Ref.
[9], we found acceptable agreement for the
transitions B(E2) 1/2,— 5/2,, B(E2) 9/2,—5/2,,
B(E2) 7/2,—5/2,, B(E2) 7/2,—9/2,, B(E2)
11/2,—9/2,, B(E2) 11/2,—7/2,. We also noticed
the presence of transfers that were not calculated
theoretically. As for magnetic transitions, no
comparative theoretical data were available.
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FIG. 2. Comparison of the experimental excitation energies taken from Ref. [20] with our theoretical results
using WCPN interaction and theoretical results from Ref. [9] using USDBPN interaction.

Simultaneously, upon applying the WCPN
interaction and comparing the results with
experimental data, we observed favorable
agreement for several transitions, including
B(E2) 1/2,— 5/2;, B(E2) 9/2,—5/2;,, B(M1)
3/2\—  5/2,, BMI1) 1/2,—3/2, [20].
Additionally, our theoretical calculations
predicted new transitions that have not yet been
experimentally confirmed. On the other hand,
when we compared our calculations with the
theoretical results we obtained from the
reference [9], we found acceptable agreement for
the transitions B(E2) 1/2,— 5/2;, B(E2)
9/2,—5/21, B(E2) 7/2,—5/21, B(E2) 7/2,—9/2,,
B(E2) 11/2,—9/2,, B(E2) 11/2,—7/2,. We also
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noticed the presence of transfers that were not
calculated theoretically. Regarding magnetic
transitions, no comparative theoretical data were
available in the referenced literature.

Table 1 presents a comparison between some
of our theoretical values calculated using
effective interaction USDEPN and both the
practical values [20] and the theoretical results
we obtained from Ref. [9] (using USDBPN
interaction) for electric transitions.

Table 2 shows a comparison between some of
our theoretical values using effective interaction
USDEPN and the practical values [20] for

magnetic transitions.
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Table 3 compares some of our theoretical  Finally, Table 4 shows a comparison between
values computed using effective interaction  some of our theoretical values using effective
WCPN with both the practical values [20] and  interaction WCPN and the practical values [20]
the theoretical results (USDBPN interaction) we  for magnetic transitions.
obtained from Ref. [9] for electric transitions.

TABLE 1. Comparison of the B(E2) outcomes (in units of ¢ fm*) for the '?O isotope, computed using
the USDEPN interaction, with the experimental data from Ref. [20] and theoretical results from
Ref. [9] based on the USDBPN interaction

B(E2), Our results (e*fim”) for B(E2) B(E2)
Ji—>Jf USDEPN Exp. results (¢Xfin’) Theor. results (e*fin*)
e, 1.410=e,=0.410 p- USDBPN

1/2,—5/2, 1.748 1.747 10.75
9/2,—5/2, 2.022 >3.012 12.49
3/2,—5/2, 76150 64.63
7/2,—5/2, 2829 16.579
7/2,—-9/2, 26630 e 16.23
5/2,—5/2, 0.6344 e
11/2,-9/2, 08306 e 5.095
11/2,—7/2, 12670 e 7.874
1/2,-3/2, 04816 e

TABLE 2. Comparison of the B(M1) outcomes (in units of p?) for the '°O nucleus, computed using the
USDEPN interaction, with experimental data from Ref. [20].
B(M1), Our results USDEPN B(M1)

JimJt gsp = 8.500, gsn = - 8.500  Exp. results p°
3/21— 5/24 0.1357 0.158
1/2,—-3/2, 0.1373 0.017
7/21—5/2, 0.1236 -
5/2,—5/2, 0.0099 -
5/2,—3/2, 06131 -
11/2,—9/2, 1.1400 -

TABLE 3. Comparison of the B(E2) outcomes (in units of e* fm®) for the '?O isotope, computed using
the WCPN interaction, with the experimental results from Ref. [20] and theoretical results from
Ref. [9] using the USDBPN interaction

B(E2) Our results(e*fm”) for B(E2) B(E2)
Ji—Jf WCPN Exp. results (¢2fm’?) Theory. results (e*fm"*)
e, 1.400, e,=0.400 P USDBPN

112,—5/2, 1.7300 1.747 10.75
9/2,—5/2, 1.910 >3.012 12.49
3/2,—5/2, 6.9560 64.63
7/2,—5/2, 26990 16.579
7/2,—9/2, 23740 e 16.23
5/2,—5/2, 0.6227 e
11/2,—9/2, 07803 e 5.095
11/2,—7/2, 15830 7.874
1/2,—3/2, 04823 e

TABLE 4. Comparison of the B(M1) outcomes (in units of p?) for the '?O nucleus, computed using
the WCPN interaction, with experimental data from Ref. [20]

TisIf B(M1), Ours. results WCPN B(M1) ,
2:p=9.950,g,n=- 9.950 Exp. results p
3/21— 5/24 0.1056 0.158
1/2,—-3/2, 0.3058 0.017
7/21—5/2, 0.2204
5/2,—5/2, 0.0025
5/2,—3/2, 0.8348
11/2,—-9/2, 1.4690
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3.3 Charge Density Distribution

Figure 3 illustrates the distribution of charge

density within the '"O nucleus. As shown, the
0.12
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o
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2 0.02
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0 1 2

value of the charge density at the center of the
nucleus is 0.08736 e.fm™. Then it decreases to r
= 4.5 fm, and then its value is fixed at zero.

3 4 5 6
r(fm)

FIG. 3. The charge density distribution of the '’O nucleus.

4. Conclusions:

Utilizing the NuShellX@MSU code within
the sdpn shell and employing the effective
interactions of USDEPN and WCPN, we
conducted calculations concerning energy levels,
electromagnetic transition probabilities, and
charge density distribution for the '"O nucleus.
The present study effectively demonstrates that
these interaction files align harmoniously with
the available experimental data. Our
computations confirmed a multitude of energy

levels for both interactions, unveiling novel
energy states. The congruence between the
B(E2) and B(M1) values and the experimental
results was also noteworthy. Furthermore, our
calculations led us to conclude that the value of
the charge density at the center of the nucleus is
0.08736 e.fm™, then it gradually diminishes, and
eventually stabilizes at zero. Overall, these
findings confirm that applying the shell model
configuration mixing within the sdpn shell
provides reliable and satisfactory results.
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Abstract: The nuclear shell model has been applied to calculate various nuclear properties
of the *"**Sr isotopes, including spins and parities, energy spectra, reduced electromagnetic
transition possibilities (electric quadrupole and magnetic dipole), magnetic dipole
moments, nuclear charge distributions, and mass density as functions of the radial distance
from the nucleus center (r). In this study, the NuShellX@MSU code was employed using
Gloeckner-Bare G-matrix interaction, within the Gloeckner model space of the orbits
(2p12,1g92) and (3s5,2ds,) for protons and neutrons, respectively. The results showed
good agreement with the available experimental data (spins and parities of energy spectra)
and a confirmation of most levels. Theoretically, new values have been expected for the
most nuclear properties, including spin, parities, energy spectra, transition strengths,
electric quadrupole, dipole magnetic moments, the nuclear charge, and mass density

distributions. Previously, these accounts had not been determined empirically.

Keywords: Energy spectra, Transition strengths, Density distributions.

1. Introduction

The nuclear shell model has been one of the
central theoretical keys for interpreting nuclear
structure experimental data. Due to the
significant growth in Hilbert space dimensions,
practical calculations must be carried out in a
reduced Hilbert space, known as the model
space. Accordingly, effective interactions, such
as Gloeckner (Gl) and Gloeckner Pulse bare G-
Matrix (Glb), have been designed to fit the space
of the chosen model. In these interactions, the
shell model has succeeded to describe many
properties of the nuclei, including the magic
number, spin, valence, binding energy of the
nucleus, the cross-section of the neutron
captured by the nuclei, and the transmission
probabilities of gamma-ray emission from the
nuclei, as well as electric quadrupole and dipole
magnetic moments [1, 2]. Isotopes around the

closed proton and neutron shells (*Sr isotope)
play a key role in nuclear physics [3]. Strontium
nucleus (**Sr) has four stable, naturally occurring
isotopes: **Sr (0.56%), **Sr(9.86%), *’Sr(7.0%),
and **Sr (82.58%). Thirty-two unstable isotopes
of strontium are known to exist, ranging from
PSr to '"Sr [4,5]. A large number of studies
presented that nuclei in 4 =90 for semi-magic
shell closure (Z = 38 and N = 50) mass region
provide suitable objects to investigate the
structure level. Many properties of these nuclei
have been interpreted in shell-model calculations
above the closed core nucleus **Sr.

Several researchers have contributed to this
field. Ahalpara and Bhatt explained the shell-
model spectra of **Tc and “Ru nuclei [3].
Gloeckner described the nuclear shell model
calculations for zirconium and niobium isotopes
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with proton filling (2p1, 1g92) and (3s1, 2dsp)
orbits [6]. Several of °*”***Zr isotopes’
properties, including energy spectra, have been
well described in shell-model calculations using
(2p12,1g02) and (3s12,2dsn) space by many
researchers, including Fotiades et al. [7]. Wei et
al. proposed a new high-spin level scheme
for the ¥Sr nucleus based on coupling a go»
neutron hole to the yrast states of the **Sr core,
which accounts for its observed energy states
[8]. Li et al. calculated high-spin states in the
semi-magic nucleus *Y and studied neutron-
core excitations in N = 50 isotones [9].
Furthermore, Wu et al. performed shell-model
calculations of core-excited level structures for
the ¥Sr nucleus using the NuShellX code [10].
Sihotra et al. studied the wave functions for the
excited higher-spin states of the *°Tc nucleus
utilizing the jj45pn model space of valence
protons distributed over the single-particle 2p,,
and 1gy, orbitals and neutrons occupying 1g7,,
2dsp, 2dspn, 381, and hyy, orbitals [11]. Obeed
studied the high-spin states for the ***'*%Y
isotopes by applying nuclear shell

calculations with the OXBASH code [12].

model

The aim of the present work is to describe
some of the nuclear structure properties by
increasing the number of valence nucleons
(neutrons) outside the closed **Sr nucleus of
1938y isotopes by using the NuShellX@MSU
code with Gloeckner interaction and Bare G-
matrix.

2. Theory

Understanding the properties of nuclei, such
as energy levels, wave functions, the description
of electromagnetic transition rates, electric
quadrupole and dipole magnetic moments, and
nucleon density distributions, is the key problem
in nuclear physics. Therefore, many models have
been developed to solve this problem and
establish the structure of the nucleus [13, 14]. A
successful description of these properties
depends critically on the choice of model space
and effective interactions. Through these inputs,
the reduced one-body matrix elements can
specify the shell-model wave functions of initial
spin J; and final spin J¢ for a given multipolarity
A. This can be extracted as a linear combination
of single-particle matrix elements [12, 15, 16]:

(NITT,[[O)(INITT,) =
pr’(plo()\: M)lpI>DNITTZ()\! P, pl) (1)
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where (p|O(A,M)|p’) are the single-particle
matrix elements.

When the operator mediates the observable
quadrupole electrical elements of a many-body
nuclear state [NITT,), it can be represented as a
sum of one-body operators. The one-body factor
O in the nuclear shell model can be represented
in the second quantitative formula as:

0= Zﬁ:l Ok = pr,mmr(pm|0|p’m’) agmap’m’
2

Here, the first summation acts on all
nucleons, while the second summation acts on
all energetic single-particle states |pm) =
[njlmtt,) in the fundamental space of the shell
model, and the a}y, and a,'m A spherical tensor
of order A. In the coordinate space, O = O(A.,M),

A
(NITTZM[agxap,] INITT,)
V2A+1

through the appropriate algebraic operations on
the model wave functions.

DNITTZ (A’ p’ pl) — (3)

Low-lying levels of even-odd nuclei typically
decay via electric quadrupole (E2) and magnetic
dipole (M1) transitions to lower yrast levels. The
reduced transition probability for a generic
multipolar electromagnetic transition is given by
[15, 16]:

B(ok; JiTiT, — JiTiT,) = ,
1
1 | TP |0 [T T,)| )
Specifically, the reduced electric and

magnetic transition probabilities are expressed
as:

B(E1; iTiT, — JiTiT,) =

o7 |0 0B )| 5)
and
B(ML; iTiT, — iTiT,) = ,

o7 |OFTeT 0™ 1T ) (©6)

Here, 0°* refers to a multipolar
electromagnetic operator of rank A, often

analogous in form to the matrix of the residual
interaction between nucleons.

Among nuclear moments, the quadrupole
moment has been particularly challenging to
measure accurately, although it provides vital
information about the deformation of the nucleus
[18]. The spectroscopic quadrupole moment
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Qs of a nuclear state, along with its total
angular momentum J, gives insight into the
deviation of the charge distribution from
spherical symmetry—particularly relevant in
nuclei with non-zero projection of angular
momentum (K = 0). For a given nucleus, the
effective charges of the proton and neutron can
be used in shell model calculations to find the
quadrupole moments [15, 18, 19]. The
spectroscopic electric quadrupole moment can be
directly connected to the intrinsic quadrupole
moment Q' by the expression [15, 20]:

Qs(K) = Q' (7

Qs> 0 indicates a prolate deformation for the
isotope. Qs < 0 indicates an oblate deformation
for the isotope. Qs = 0 corresponds to an isotope
with spherical shape [20]

3K2-J(J+1)
(2J+3).(J+1)

Q = |55 (BED)? @®)
Here, K is the estimation of the total angular
momentum of the nucleus along the deformation

axis.

The one-body density factor can be

transformed into two-body density as the
following change [15]:
P = XL, 8@~ 1) ©)

The equations of the nuclear charge and mass
density can be described as follows:

J.po(r) dr =47TJ.pO(I’) ridr=A (10)

where A denotes the nucleus mass number.

The distribution of the nuclear charge density
can be explained by the equation:

[pu@) dr=4z[p,() rPdr=z (1)

3. Results and Discussion:

The NuShellX@MSU code was implemented
by using Gloeckner interaction with Bare G-
matrix. The Gloeckner (gl) space model was
applied for the deformed orbitals (2pin, 1go»)
and (3s1/2, 2ds) of the proton and neutron of the
valence particles (three and five neutrons) for
ISr and *’Sr isotopes, respectively. Valence
particles that have determined several nuclear
properties are distributed outside 83 Sr closed
core nucleus. These properties include energy
spectra and nuclear states (i.e., total angular

momentum and parity). The transition
probabilities of the electric quadrupole B(E2)
and magnetic dipole B(M1), as well as the
nuclear charge distribution p.,(r) and mass
density pu(r), are functions of the radial distance
r from the center of the nucleus and are
influenced by the electric and magnetic
quadrupole and dipole moments.

The NuShellX@MSU code has been used to
compute exact energy levels, eigenvectors, and
spectral overlaps of the low-lying states in the
Hamiltonian matrix. These large-scale shell
model calculations utilize a proton—neutron
coupled basis in total angular momentum J, with

matrix dimensions reaching up to 100 million
[21].

The Skyrme SLy4 interaction was applied to
calculate radial wave functions for the single-
particle matrix elements. These calculations
were performed using the NuShellX@MSU
code, incorporating effective nucleon charges
and gyromagnetic factors g, where g represents
the values of orbital parameters and effective
spin factors (g) {gs(p), gs(M), g1(p), g:(n). The
single-particle energy levels for the valence
nucleons, as calculated by NuShellX@MSU, are
{€2p1/2(p) = -7.124 MeV, g149/2(p) = -6.248,
€3s1/2(n) = -5.506 MeV, and €,45,,(n) = -
6.338 MeV}. The following section presents and
discusses the results obtained for each isotope.

3.1 Energy Levels
1.%'Sr isotope:

This isotope consists of three valence
neutrons occupying the 3sy, and 2ds, orbitals
above the 8357 closed nucleus. The calculated
and experimental energy spectra for °'Sr are
compared in Fig. 1 [22]. The ground-state
energy, spin, and configuration from the present
calculations agree well with the available
experimental data [22].

In the present results, the experimental energy
level at 0.0936%7 MeV [22] is confirmed to
have total angular momentum (3/2), although no
spin assignment had been made experimentally.
Additionally, the calculated results confirm the
spin-parity assignments of two experimental
energy levels: {1.042%2% and 1.23*Z}. These
assignments were not previously determined in
experimental data [22].
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The experimental level at2.657%¢ [22],
previously known to have positive parity (but no
spin), is now confirmed as 9/2. Furthermore, it
has been affirmed experimentally [22] with the
value of 2.077*}2. The calculated states

2.5410

2.5 —
2.0370
2 —
1.8950
1.5970
E. (MeV) 15—
1.3750
91 .
Sr isotope N
1.1870
1 —
0.9140
0.5 —
. 0.2000
0o — 0.0000

Theo. results

{5/2%,3/2%and 7/2*} have been predicted
with  the values (1.36%7,1.482%10 and
1.917%12), but are experimentally unknown in
states [22].

2.657046 —— 1/2(-) to 5/2(-)
2.2360 %] 2 ————————
2159022~ -
2.0770£15~ ~(11/2-)
2.0640%6 ~1/2(+),3/2,5/2
1.9420£8 = ~(1/2+,3/2,5/2)
712+, 1.9170 12 TN\
1.7400+8
1.4820x10
1.3670+7
1.230028 —— ()
1
1.0420 £25~ - (+)
0.9930 10" (9/2+)
1
0.4390£19——— (4
1
0.0936 +4 —————————(3/2)+

0.0000 —_— 2

Exp. data

FIG. 1. Comparison of theoretical results with experimental data for the energy values for the *'Sr isotope using
glb interaction. The experimental data are adopted from Ref. [22].

2. PSr isotope:

This isotope contains five nucleons (neutrons)
occupying the (3s;p, 2dsp) orbitals above the
88Sr closed-core nucleus. The calculated and
experimental spectra values [23] for the *’Sr
isotope are displayed in Fig. 2 and can be
interpreted as follows:

134

The energy value for the ground state, along
with its spin and valence, is well reproduced
from the experimental values [23]. The predicted
theoretical ~ states {3/2%,5/2%, 7/2%,9/2%,5/
2* and 9/2*} have been confirmed for the
experimental energy values
{1.142%%,1.148%¢,1.562%3,1.808¢,2.141%11,
and 2.351%}] MeV.
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There is no available experimental energy
value to compare with the newly predicted
theoretical energy level of 0.739 for the state
1/2*. The expected theoretical state 3/2% has
been specified for the experimental energy
level 1.910%3 MeV, but not for the experimental
data. For the energy levels of °"*Sr isotopes, the

2.5 —
2.3890
2.1840
2
1.9220
1.8340
1 17200
1.5 —
E, (MeV)
1.2080
93 °
Sr isotope
1 —
0.8750
- 0.7390
0.5 —
0 — 0.0000

Theo. results

experimental value was higher than the
theoretical maximum value for our isotope
calculations: 2.541 MeV of the 5/2"; state and
2.380 MeV of the 9/2", state, respectively.
Therefore, there are several experimental values
that were not compared with our theoretical
values.

J
R R RRRRIRE
Wt

1.9100+9
1.8690 +7

2 1.808046 ~——(5/2+,7/2,9/2+)
1.7790+7 ————(11/2-)
1.5620+9 (5/2+,7/2,9/2+)
1.5290£10
1.3850 46

. 1.238047 ———— (7/2+)
1.1480£6 (5/2+,712,9/2+)
1142044 == (5/2+.712.9/2+)
0.9860 +5 (9/2+)

172
0.4320+24 (5/2,7/2,9/2)
0.2130 £11 e (9/2)+

s5/2+, 0.0000 —————— 52+

Exp. data

FIG. 2. Comparison of theoretical results with experimental data for the energy values for the **Sr isotope using
glb interaction. The experimental data are adopted from Ref. [23].
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3.2 Reduced Electric Quadrupole and Magnetic
Dipole Transition Probabilities

In our calculations, the NuShellX@MSU
code was also applied to generate the one-body
transition density matrix (OBDM) elements
using Gloeckner interaction with Bare G-matrix.
These interactions took place in the orbits of the
Glockner space model, namely, (2pi», 1g») and
(3s1p, 2dsp) for protons and neutrons,
respectively. The wave functions of the single-
particle matrix elements were estimated for the
two isotopes using the Skyrme29 potential, with
the following effective nucleon charges for
protons and neutrons: {(e, = 1.622¢,e,
1.244¢); (ep = 1.5¢,e5, = 1.720¢)}. The values of
the orbital parameters and effective spin factors
@1{9s:(), gs(M), gi(p), gi(n) were equal to
(5.027, -3.443, 1.418, 0.418); (5.027, -3.443,
1.474, 0.474) } and were used to conduct the
magnetic dipole B (M1) for the *"’Sr isotopes,
respectively.

The theoretical values for the transition
probabilities of the electric quadrupole and the
magnetic dipole in the Sky29 potential with
nucleons of effective charges (protons and
neutrons) for *”*Sr isotopes are shown in Tables

1 and 2, respectively. Table 1 explains E2 and
MI transition strengths for the *'Sr isotope. The
computed B(E2) transition probabilities show
good agreement with the experimental data [22],
particularly for the strong E2 decays from states
3/27 to 5/27, with a theoretical value of 362.3
(e?fm*) and 42.33x10° (u%) for the electric
quadrupole and magnetic dipole transitions,
respectively. These results were compared with
the experimental values, which were reported as
> 340.8 (e?fm*) and < 2.148x10° (u?).
However, the M1 transition strength remains
unconfirmed experimentally.

For the **Sr isotope, the theoretical E2 and
M1 transition strengths are listed in Table 2.
These values do not yet have corresponding
experimental data for comparison [23]. Several
new electromagnetic transitions for B(E2;|) and
B(M1;]) have been computed applying the
NuShellX@MSU code with GIb interaction for
1938y isotopes, illustrated in Tables 1 and 2.
These predicted transitions, currently unobserved
experimentally, contribute additional theoretical
insights into the energy levels and
electromagnetic properties of these isotopes.

TABLE 1. Comparison of experimental and theoretical values for electric quadrupole and magnetic
dipole transition probabilities for positive-parity spin states in the *'Sr isotope. The experimental

data are adopted from Ref. [22].

Theoretical Results

Experimental Results

Ji—Jy (BE2 L)(e?fm*) (BM1l)(42)) Multi-polarity (BE2 L)(e2fm*) (BM11)(u2))
3/2f - 5/2F 362.3 42.33x10” E2(+M1) > 340.8 <2.148x 107
1/2f - 5/2% 9647 0 e e emeee e
1/2F - 3/2% 2518 e e e
9/2+ - 5/2f 84.68 - e
7/2+ - 5/2F 2158 0 e e e e
7/2+ = 3/2F 7863 e e
7/2% - 9/2F 161.9 1.61x10° e e

TABLE 2. Comparison of experimental and theoretical values for electric quadrupole and magnetic
dipole transition probabilities for positive-parity spin states in the *Sr isotope. The experimental

data are adopted from Ref. [23].

Theoretical Results

Experimental Results

Ji= Iy (BE2 )(e?’fm*) (BM11)(uf)) multi-polarity (BE2 l)(e?*fm*) (BM11)(uf))
1/2F - 5/2% 2503 00 e e e e
3/2+ - 5/2f 571 e e e e
3/2F - 1/27F 15 e —
7/2f - 5/2F 5829 e e e e
7/2Ff - 3/2F 183.5 e e e e
7/2+ - 5/2% 0.8489x107 - e
9/2 —» 5/2} 8845 e e e
9/2 —» 5/2% 4052 0 e e e e
9/2 - 7/2% 2676 e e e e
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3.3 Electric Quadrupole and Magnetic Dipole
Moments

The electric quadruple moments (Qs) and
magnetic dipoles (ut) of the °"**Sr isotopes have
been calculated and are presented in Table 3,
which compares the theoretical values with the
experimental data [22, 23] for the two isotopes
used in this study. The calculations show that the
quadrupole moments of *'Sr isotope in the states
{5/2]+, 9/2]+, 3/221 7/2]+, 9/22+, and 5/23+} have
negative signs (oblate shape dominance), while
for the **Sr isotope, the states {5/2,", 7/2,", 9/2,,
3/2,", and 5/2;5" } of the quadrupole moments
have appeared with positive signs (prolate shape
dominance), whereas the states {3/2,", 5/2,", and

9/2,"} exhibit negative signs, representing the
oblate shape dominance.

The calculated magnetic dipole moments (i)
of the ground state 5/2," are -0.889 uy and -
0.792 py for °'**Sr isotopes. These values agree
with the corresponding experimental results

2
{0.8852 and —0.7926 .. }. Additionally, the
calculated quadrupole moment of 25.81(efm?)
for *’Sr matches well with the experimental
value of {+425.8 jﬁ} efm?. The remaining

quadrupole  (Qs) and magnetic dipole (W)
moments have been predicted theoretically but
have not yet been confirmed experimentally.

TABLE 3. Comparison of experimental [22, 23] and theoretical values for the quadrupole with
magnetic dipole moments in °"*’Sr isotopes using glb interaction.

Isotopes Theoretical Results Experimental Results

J (@) (efm?) 1(pn) (@) (efm?) 1(pn)
512" -1.62 -0.889 4.2 11 -0.885+ 2
3/2," 14.59 -0.397 - e
172, 0 -1.722 e e
9/2," -5.73 -1.614 e e

*ISr isotope 512, 2.35 2302 -
3/2," -6.69 0261 e e
7/2," -14.47 -0.039 - e
9/2," -10.06 3,119 e e
525" -9.19 -1.011 e
5/2," 25.81 -0.792 +25.8+11 -0.7926+12
172, 0 -1.722 e e
3/2," -32.17 0.167  e——— e
512, -20.18 2164 e e

%Sy isotope 7/2]1 20.06 0.136 - e
9/2, 32.92 2912 e e
3/2," 21.23 -0.155 e e
5/25" 6.09 -0.931 - e
9/2," -11.04 -1440 e e

3.4 Nuclear Charge and Mass Density = 0.08063Z¢/fm> for °'Sr and pg = 0.08346
Distributions Ze/fm™ for *3Sr. Beyond these points, the charge

The nuclear charge and mass density
distributions of the °"*’Sr isotopes have been
computed by implementing the NuShellX
@MSU code and sky29 potential as displayed in
Figs. 3 and 4 for the above isotopes,
respectively. For the °"**Sr isotopes, the nuclear
charge density at the center of the nucleus was
found to be peg = 0.08072 Ze/fm” and p, =
0.0828Ze/fm>, respectively. These values
remain stable at a distance of r = 0.1 fm, as
shown in Figs. 3 and 4. At r = 0.2 fm, the charge
density begins to decrease, reaching values of p,

density continues to decline gradually until it
reaches zero at r = 6.9 fm in both isotopes.
Similarly, the nuclear mass density at the center
of the nucleus is calculated as p, = 0.1628
nucleon/fm> for °'Sr and p, = 0.1656
nucleon/fm™ for °3Sr, with a slight increase at r =
0.1 fm. As r increases to 0.2 fm, the mass density
also increases slightly to pm = 0.1631
nucleon/fm> for °'Sr and pn 0.1659
nucleon/fm™ for °Sr. For the °'Sr isotope, the
mass density distribution gradually increases,
reaching a maximum value of p, = 0.1701
nuclei/fm™ at distances between r = 1.3 and 1.4
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fm. Beyond this point, it gradually decreases
until it reaches zero at r = 7.3 fm. The nuclear
mass density of the *’Sr isotope continues to
increase gradually at distances from 0.2 to 1.4
fm, and also at the distance r = 1.5 fm, after
which the mass density distribution of this

isotope begins to decrease until it stabilizes at
zero (r = 7.2 fm). As for the experimental values
of the nuclear charge and mass density
distributions for the °'**Sr isotopes, no ratios
have been determined.

=—DCC

p (Ze/fm3)
©
e

r (fm)

MCC

0.18
0.16 E
0.14
0.12
0.1
0.08
0.06
0.04
0.02

P (Nuclei/fm?3)

-2 3 8

FIG. 3. Nuclear charge and mass density distributions as functions of the radial distance from the center of the
nucleus (r) in *'Sr isotope.
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FIG. 4. Nuclear charge and mass density distributions as functions of the radial distance from the center of the
nucleus (r) in **Sr isotope.
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4. Conclusions

Through the calculated results of the nuclear

properties studied in this manuscript for the

9],93Sr

isotopes, and by comparing these

characteristics with the experimental data, the
following conclusions can be drawn:

The energy value of the ground state with
spin and parity has been well reproduced with
the experimental values for both isotopes
(’'Sr and *’Sr).

The total angular momentum with parity has
been confirmed and determined for some
experimental data values of °**Sr isotopes.

Several theoretical energy levels of the *'**Sr
isotopes do not have corresponding values in
the experimental data.

There are experimental energy levels whose
values exceed the theoretical maximums
calculated in this study: 2.541 MeV for the
5/25" state in °'Sr and 2.389 MeV for the 9/2.*
state in *3Sr.

For the °'Sr isotope, good agreement has been
achieved between the calculated magnetic
transition probabilities (quadrupole and
dipole) and the experimental values,
particularly for the strong transition (3/27 —
5/29).

Some multipolarity types previously listed in
experimental data as (E1), (E1 + M2), or (M1
+ E2) for transitions in °'Sr have not been
definitively confirmed. However, in this
study, these transitions are predicted to be of
the E2 and M1 types.

New electromagnetic transition values have
been predicted for both *'Sr and **Sr isotopes
using the NuShellX@MSU code with the
GLB interaction. These transitions have not
yet been observed experimentally.

The calculated electric quadrupole and
magnetic dipole moments of °'Sr and **Sr
indicate that some nuclear states exhibit
oblate shapes, while others show prolate
shapes. These shape variations reflect
structural sensitivities in the nuclear chart and
may vary from one nucleus to another.

Furthermore, it has been found that shape
changes with increasing neutron number may
also occur with changes in excitation energy
or angular momentum within the same
nucleus. These changes are attributed to the

rearrangement of orbital configurations or to
dynamic structural responses.

The magnetic dipole moments (u) for the
ground state 5/2:" in both *'Sr and *3Sr
isotopes are consistent with available
experimental values. For ®*Sr, the predicted
moment for the 5/2:* ground state also agrees
well with experimental measurements.

It has been observed that many new values of
the electric quadrupole moments (Q;) and
magnetic dipole moments (u) have been

theoretically  predicted, but  remain
experimentally unconfirmed or
underestimated.

The distribution of the nuclear charge density
of the °"*Sr isotopes is stable at the center of
the nucleus, at the value at r = 0.1. Beyond
this point, the values of the nuclear charge
density distribution gradually decrease until
they stabilize at zero. On the contrary, the
distribution of the nuclear mass density of the
L9381 isotopes also begins at a stable value at
r = 0.1, so this distance gradually becomes
the value of the nuclear mass density
distribution, then these wvalues gradually
decrease until they settle at zero over a
certain distance, and this behavior in the
distribution of nuclear charge and mass
density explains that the charge density
distributions of *"*Sr isotopes have behaved
well, while the charge density distributions of
L9331 isotopes have been in an opposite
manner due to the presence of a deviation in
the center of the nucleus. The nuclear charge
distribution and mass density of the *"*’Sr
isotopes have not been compared with
practical values because they are not
currently available.

The use of the NuShellX@MSU code with
glb interaction and gl model space has been
suitable for calculating the nuclear properties
of *"*Sr isotopes reported in this study. For
%ISr, the highest value in the experimental
energy spectrum is 2.657¢ MeV for the 1/2
(-) to 5/2 (-) transition, which can be
compared to the theoretical prediction of
2.541 MeV for the 5/2% state. For *’Sr, the
theoretical maximum energy value is 2.389
MeV at the 9/2, state, while the highest
observed experimental energy level is
2456113 MeV.
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Abstract: This study focuses on optimizing satellite transfers from a low Earth orbit (LEO)
to a geosynchronous transfer orbit (GTO) using Ariane 5 rockets. The primary objective is
to select the best parking orbit, enhancing the mission stability and cost-effectiveness. Two
key goals were identified: improving the initial conditions of parking orbits to reduce fuel
consumption and evaluating perturbations affecting satellite trajectories during transfers.
The methodology employs a dataset from Ariane 5-launched satellites utilizing MATLAB
simulations and the Runge-Kutta method for accurate satellite position and velocity
estimations under various perturbations. This research provides a detailed analysis of the
propulsion and trajectory dynamics of five satellites, offering insights into orbital
mechanics. The key findings include the significant impacts of atmospheric drag, solar
radiation pressure, and gravitational effects on satellite trajectories. An inverse relationship
was observed between the total velocity change and the fuel mass ratio, suggesting that
lower velocity changes result in reduced fuel requirements, thereby improving launch
vehicle efficiency and reducing costs. In conclusion, this study affirms the effectiveness of
the Hohmann transfer method and underscores the importance of optimal parking orbit
selection for successful GTO insertion. This lays the foundation for further research on
satellite dynamics and orbital transfers, highlighting the need to manage orbital
perturbations for reliable satellite missions.

Keywords: Satellite transfers, Geosynchronous transfer orbit, Hohmann transfer orbits,
Ariane 5 rockets, Orbital mechanics, Perturbation analysis, Satellite trajectory.

1. Introduction

The deployment of satellites into the
geosynchronous transfer orbit (GTO) is vital for
a variety of space missions, encompassing global
communications and Earth observation [1, 2].
This study focuses on optimizing satellite
transfers from a low Earth orbit (LEO) to a GTO
by employing widely used Hohmann transfer
orbits [3, 4]. Our aim is to unravel the intricacies
of these transfer processes, specifically utilizing
the Ariane 5 rockets, renowned for their payload
efficiency. This study focuses on the strategic
selection of the optimal parking orbit, which is a
crucial step that ensures mission stability and
extensive coverage. The efficiency of this

selection process not only streamlines satellite
alignment with target orbits but also enhances
the accuracy and cost-effectiveness of the
mission [5, 6].

The Ariane 5 launch vehicle, with over 117
successful launches and a remarkable 96 percent
success rate, serves as our primary focus [1, 5].
Its consistent performance in deploying satellites
to various orbits, including the coveted GTO, has
established it as a global benchmark, particularly
for communications satellites [7, 8]. This
research draws upon a range of studies
investigating satellite perturbations, orbital
elements, and transitions, thus providing a
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comprehensive backdrop for our study. Here is a
chronological overview of these studies:

In 1993, Mains, conducted research on
satellite trajectories, particularly concerning the
transfer of satellites from Earth parking orbits.
This study is detailed in the thesis titled
"Transfer Trajectories from Earth Parking
Orbits" [9]. In 2009, Al-Burmani and Aref
investigated the impact of atmospheric drag and
zonal harmonics on satellite orbits in low Earth
orbit (LEO). Their findings emphasized the
dominant role of atmospheric drag, resulting in a
gradual decrease in orbit altitude over time [52].

In 2011, Wesam calculated satellite orbits
while  considering  various  perturbations,
highlighting the significant influence of factors
such as atmospheric drag and Earth's oblateness
on LEO orbits [43]. In 2015, Almohammadi and
Mutlag, made substantial contributions by
modifying a model for calculating low Earth
orbit trajectories [8].

In 2018, Wang and Zhang conducted a study
investigating the impact of solar radiation
pressure on changes in satellite orbits, providing
valuable insights into this phenomenon [18].
Also in 2018, Yosif and Saleh carried out a
comprehensive analysis of orbital maneuvers
associated with the transition from low Earth
orbit to geostationary Earth orbit [21]. Also in
2018, Kim and Lee conducted a thorough
investigation into transfers between
geosynchronous orbits, with a particular
emphasis on the critical role played by
atmospheric drag in such maneuvers [10].

In 2019, Chen et al. conducted a significant
study on geosynchronous orbit transfers. Their
research explored various factors affecting
satellite paths during orbit transfers, with
specific attention to perturbations in the process
[16]. In the same year, Ibrahim and Saleh
revisited Kepler's equation for elliptical orbits,
presenting innovative solution methods and
contributing to the advancement of this field
[12].

In 2020, Farid, Abdul-Rahman, and Majeed
explored methods for orbital transitions between
two elliptical Earth orbits, emphasizing the
importance of initial conditions and accounting
for satellite mechanical anomalies [11]. Also in
2020, Rasha and Abdul-Rahman dedicated their
research efforts to improving the accuracy of
perturbed orbital elements for LEO satellites.
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Their work focused on enhancing the application
of the fourth-order Runge—Kutta method [13]

This study is focused on the optimization of
satellite transfers from low Earth orbit (LEO) to
geosynchronous transfer orbit (GTO) through the
utilization of Ariane 5 rockets. Particular
emphasis is placed on selecting the optimal
parking orbit and implementing MATLAB
simulations, combined with the Runge-Kutta
method, to estimate satellite positions and
velocities under various perturbations.

A notable finding is the identification of an
inverse relationship between total velocity
change and the fuel mass ratio. This relationship
suggests that minimizing velocity changes can
enhance launch vehicle efficiency and reduce
mission costs.

In comparison to prior research, this study
distinguishes itself by its concentrated approach
to parking orbit selection and its extensive
utilization of numerical simulations, shedding
light on a deeper understanding of satellite
transfer processes. This research serves as a
unique contribution to the field of satellite
dynamics and orbital transfers.

2. Objective of the Study

This research is structured around two
primary objectives. The first is to enhance the
initial conditions of parking orbits, thereby
reducing fuel consumption during transfer
missions by ascertaining the efficacy of
Hohmann transfer orbits from LEO to GTO. The
second objective involves a thorough evaluation
of the various perturbations affecting satellite
trajectories during these transfers. This includes
an examination of factors such as atmospheric
drag, solar radiation pressure, gravitational
effects, and magnetic field influences, all of
which play pivotal roles in the trajectory of a
satellite.

3. Data and Methodology

Our dataset comprises data archives from
satellites launched via Ariane 5 rockets to the
GTO [5]. These data, sourced from the official
Ariane 5 website, form the empirical basis of this
study. The methodology centers on the use of the
parking orbit, which has been extensively
documented in the context of the Hohmann
transfer method, particularly in relation to co-
axial elliptical orbits [14-16].
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FIG. 1. Trajectory from parking orbit to geosynchronous transfer orbit (GTO) [14, 17].

To illustrate the concept of trajectory transfer
from the parking orbit to the geosynchronous
transfer orbit (GTO), Fig. 1 presents a visual
representation. This figure depicts the path a
satellite follows when transitioning from its
initial parking orbit to its final GTO, showing the
complexity and precision required in such
maneuvers [18, 19].

Because celestial dynamics is a labyrinthine
field, we implemented a MATLAB algorithm for
an in-depth analysis of orbits from a heliocentric
inertial reference frame (Appendix A). This code
meticulously evaluates satellite movements,
simulating the trajectory from the parking orbit
to the GTO, as depicted in Fig. 1. Initial
calculations focused on orbital elements in the
absence of perturbation forces, followed by the
inclusion of perturbing factors, such as Earth's

oblateness, solar and lunar gravity, and solar
radiation pressure. Utilizing the Runge-Kutta
method allowed us to integrate motion equations,
yielding precise estimations of the satellite
positions and velocities at each step. This
method is pivotal in determining the perturbed
orbital elements, thereby delineating the
satellite's ultimate trajectory (Appendix A).

3.1. Hohmann Transfers the Method between
Coaxial Elliptical Orbits

The Hohmann transfer method is an efficient
technique for transitioning spacecraft between
two elliptical orbits, as shown in Fig. 2 [20].
This approach is instrumental in saving fuel and
energy, thereby enhancing the cost-effectiveness
and time-efficiency of space missions [21].

FIG. 2. Illustration of Hohmann Transfers between Coaxial Elliptical Orbits [20].

- Fundamental Equations:

The primary orbital parameter, represented by
a, is the semi-major axis of an ellipse or the
average satellite distance from the center of an
elliptical orbit, calculated as

a=(rp+ry)/2 €))
where 7, and 7, are the perigee and apogee

distances, respectively. This parameter is pivotal
in determining the trajectory of a satellite [22].

- Velocity Calculations for Orbital Transitions:

To facilitate successful orbital transitions to
GTO, we calculated the necessary velocity
changes at different orbit stages [23]:

For initial orbit:

Vpr = | W= 2)
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2 1 3.2. Satellite  Motion  Analysis  under

Var = H(ra_l—;) ) Perturbations:

For intermediate orbit Satellite motion in the presence of

Vor = (MG =) 4)
Var = UG- 5)

Vpz = u(; -2 (6)
Vas = UG =) (7)

Here, V,, and V, denote velocities at the perigee
and apogee, respectively, and p represents the
standard gravitational parameter (u: G Me =
398602.4415 at r in km) [23].

AV1=Vp2 - Vpl
AV2 =Va3 - Va2 (8)
AVtotal = AV1 + AV2

The total velocity change for orbital transfer
(AVtotal) is the sum of the changes at the perigee
(AV1) and apogee (AV2), as outlined in Egs. (8)-
(10). These calculations are critical for precise
maneuvering and fuel efficiency [23].

- Considerations for Launch Location:

Launching from Kourou in French Guyana
near the equator eliminates the need for
inclination changes during the transfer.
However, launches from other locations require
calculating the rotational velocity change (AV;t)
to account for orbital inclination adjustments
[24, 25]:

AVior = \/Vazz + Va32 - ZVaZZVaBZCOS(Ai) )

where Ai is the orbital inclination change.
So:
AvtotaleVl +AV2+AVr0t ( 1 0)

Equations (2)-(10) lay the groundwork for
determining the essential velocities and changes
required for effective orbital transfers,
highlighting the importance of launch location
and trajectory planning in space missions [26].
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perturbations can be studied using two primary
methods: special and general. This research
utilizes Cowell's method, a specific type of
special perturbation known for its simplicity and
effectiveness. Cowell's method employs two
first-order differential equations to analyze the
trajectory of a satellite [27-29]:

r=v
This equation represents the rate of change of

the satellite's position vector, r, where v is the
velocity vector [30].

v=—"Lr+ta, (11)

Here, p is Earth's gravitational constant, and
a, denotes the sum of perturbing accelerations
affecting the satellite's orbit [31].

The perturbing accelerations (a,) encompass
several components [30, 31]:

a, =ay + agrag + agpr + 1 (12)

where:

ap: geopotential acceleration due to Earth's
oblateness,

adrag: acceleration due to atmospheric drag,
agpr: solar radiation pressure acceleration, and

;. third-body gravity acceleration, representing
the gravitational influence of celestial bodies
other than Earth.

Equation (12) forms the core of our analysis,
allowing us to understand the complex dynamics
of the satellite motion under various perturbative
forces. Detailed discussions and transactions of
this method are thoroughly covered in the
literature [6, 31].

3.2.1. Atmospheric Drag

The acceleration due to atmospheric drag
(adrag) 1s expressed as [32]:
1 CpA_».
2 P TV Iy (13)
where p represents the atmospheric density, CD
is the drag coefficient, A is the satellite's cross-
sectional area perpendicular to the velocity
vector, m is the mass of the satellite, v is the
velocity of the satellite relative to the
atmosphere, and iv is a unit vector in the
direction of the satellite velocity. A negative sign

adrag ="
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indicates that the acceleration direction is
opposite to the velocity [33].

3.2.2. Non-spherical Gravitational Field of the
Earth

The perturbative acceleration due to the

Earth's non-spherical gravitational field is
determined by factors including the Earth's
radius (R.) and the satellite's position
components (X, y, z) [34-37]:
3uR T x(x2 +y? —412)
I, =——=1 )’(xz +y° —422)
2 z(3x2 +3y* - 222)
g (14)

3.2.3. Third-Body Attractions

Third-body  attractions refer to the
gravitational impact of celestial bodies other
than the Earth, such as the Moon. These forces
lead to periodic and long-term fluctuations in
various orbital elements. For instance, the
gravitational influence of the Moon results in
additional perturbations to the motion of the
satellite [34, 38, 39].
7?satfil _ i
3 T-l3

3 M oM (
Yy =——57T 1
rg Tsatl

(15)

The first term is due to the acceleration
caused by Earth (central term). The additional
perturbation acceleration caused by the
gravitational attraction of the Moon acting on the
satellite is then [40-43]:
Fl - F Fl )

I —rl® n? (16)
3.2.4. Solar Radiation Pressure Perturbation
(SRP)

7.':1 = GM[(

The acceleration from solar radiation pressure
occurs when the Moon passes through a
constellation; due to gravitational lensing and
radiation from the constellation, more cosmic
radiation is bent. This bent radiation impinges
deep inside the atmosphere of the Earth, which
produces more secondary gamma-radiation
particles. For the Earth-to—GTO transfer, aspg is
given by [44-47]:

A
Aspr= HPsCR; (17)

where Cp is the reflectivity coefficient, A is the
satellite’s cross-sectional area, m is the mass of
the satellite, ¢ is a function of shadow (1 in full
sunlight, 0 in umbra, and between 0-1 in
penumbra), and P; is the solar radiation pressure.

The equation (?) accounts for the solar radiation

constant E (1358 w/m?) and the speed of light in
vacuum c [48-52].

4. Results and Discussion

In a comprehensive evaluation of the
propulsion and trajectory parameters for five
satellites launched by Ariane 5: NILESAT 201,
JCSAT-12, ARABSAT 5A, WILDBLUE-1, and
W3B (detailed in Tables 1 and 2), we discern the
nuances of their journey from low Earth orbit
(LEO) to geosynchronous transfer orbit (GTO).
This transition, executed via the Hohmann
transfer method, is a two-stage propulsion
process that entails an initial velocity increase at
the perigee (AV1) to extend the orbit and a
subsequent burn at the apogee (AV2) to
circularize at the GTO.

Table 1 shows the initial and final orbital
elements for each satellite, such as the perigee
and apogee altitudes, semi-major axis,
eccentricity, and time for half an orbit (t = T/2).
These figures indicate the energy requirements
for transfer, with the semi-major axis and
eccentricity dictating the orbit's size and shape,
respectively, and consequently, the satellite's
total orbital energy.

Table 2 sheds light on critical velocity
parameters, such as perigee and apogee
velocities pre- and post-burn, and the total
required velocity change (AVtot). The AVro is
a direct indicator of the mission's propellant
budget, with lower values signifying more fuel-
efficient transfers, thereby impacting the
economic and operational aspects of the mission.

The data suggest that the transfer efficiency
of each satellite varies and is influenced by its
mass, initial orbit, and specific perturbations
encountered, such as gravitational variations,
atmospheric drag, and solar radiation pressure.
These perturbations require precise velocity
adjustments to maintain the desired trajectory.

A key finding is the inverse relationship
between the total velocity change (AVrea) and
fuel mass ratio (Am/ml). A lower AVt
corresponds to a reduced need for fuel, improved
launch vehicle performance, and decreased
launch costs. Such optimization is essential for
mission success and hinges on the strategic
planning of orbital transfer, considering the
unique characteristics of each satellite and the
trade-offs between velocity changes, fuel
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consumption, and operational requirements in
GTO.

Collectively, the insights from Tables 1 and 2
provide a scientific foundation for determining
the preliminary conditions for future satellite
launches. This integrated analysis enables the

design and execution of fuel-efficient and cost-
effective orbital maneuvers, ensuring that
satellites are inserted into their intended orbits
with adequate fuel reserves for their operational
lifespans. Moreover, it sets a precedent for future
mission planning and launch strategy refinement.

TABLE 1. The five most efficiently transferred satellites launched by Ariane 5 using the Hohmann
transfer method between coaxial elliptical orbits.

Perigee . apogee Semi- . . _
Flights Altitude rlzil;;fg)ee Altitude r?ﬁ?f)ee major axis Ecce&t;rlclty ;FSIZ:; ¢ (S;/)z
(km) (km) (km)
The
1 NILESAT 259.2 6637.337 500 6878.1370 6757.7369 0.0178166 5528.5507112 2764.2753556
201
2 TheJ1C28AT- 219.7 6597.8369 500 6878.1370 6737.987 0.0207999 5504.3320136 2752.1660068
The
3 ARABSAT 210.7 6588.837 500 6878.13706733.4869 0.0214821 5498.8187888 2749.4093944
S5A
The
4 WILDBLUE- 231.8 6609.937 500 6878.1370 6744.037 0.0198842 5511.7471398 2755.8735699
1
5 The W3B 213.2 6591.3369 500 6878.1370 6734.7369 0.0212925 5500.3500554 2750.1750277

TABLE 2. Delta-V and change of fuel mass for the five best-transferred satellites.

Vp1 Vp2 AV]

Flights (km/sec)  (km/sec) (km/sec)

(km/sec) (km/sec)

Vaz sz sz
(km/sec)

A\]Tota]

(km/sec) Am/m,

The NILESAT

1 7.81822802 10.1891178 2.3708898475 1.59889330 1.597935 -0.0009582775 2.369931569 0.4290

201

The JCSAT-

2 7.85308024 10.2215245 2.3684442800 1.59946242 1.602633 0.00317064053 2.371614920 0.4293

12

The

3 ARABSAT 7.86106732 10.2294472 2.3683799147 1.59851867 1.602633 0.00411438673 2.372494301 0.4294

5A

The

4 WILDBLUE- 7.84236909 10.2135307 2.3711616074 1.59505200 1.596949 0.00189748043 2.373059087 0.4295

1

5 The W3B

7.85884696 10.2293215 2.3704745898 1.59430345 1.598146 0.00384292184 2.374317511 0.4296

Our assessment of the orbit of the NILESAT
201 satellite revealed distinct variations between
the theoretical model and the actual path with
perturbations.  The  idealized trajectory,
illustrated in Fig. 3(a), was established with the
initial parameters: a semi-major axis of 6757.74
km, an inclination of 2°, an eccentricity of
0.0178166, a longitude of the ascending node at
0°, and an argument of perigee at 178°. This
scenario assumes an undisturbed orbit, providing
a controlled baseline for our analysis.

Upon introducing perturbative forces, as
shown in Fig. 3(b), the satellite trajectory
demonstrated notable deviations. We attribute
these variations to several predominant forces:
atmospheric drag, solar radiation pressure,
gravitational influences from celestial bodies,
and geomagnetic field interactions.
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Specifically, the atmospheric drag exerted a
substantial impact, inducing a quasi-linear
decrease in the semi-major axis. This decay
reflects progressive orbital degradation due to
atmospheric resistance, which is particularly
significant at the perigee where the atmospheric
density is higher. Concurrently, there was a
linear increment in the perigee’s argument,
suggesting a gradual shift in the orientation of
the orbit.

In addition to drag, the orbit inclination
underwent alterations that manifested as a
combination of linear and secular trends. This
pattern suggests an interplay between the direct
atmospheric drag effects at lower altitudes and
the more gradual, long-term influences of third-
body gravitational interactions. The lunar
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gravitational pull was evidenced by secular
changes in both the longitude of the ascending
underscoring the

node and the true anomaly,

8

1

Moon's proximity and its significant perturbative
effect compared to the more distant Sun.

2
in

0.5

<

179

178.5

Inclination inlf(deg)

E
in

-0.5

longitude of the ascending node inlf(deg)

178

eccentricity

177.5

argument of perigee inlf(deg)

20 40 60

period

80 100 20 40 60

period

80

6749.5 x108

1.47106

100 20 40 60

period

80 100 20 40 60

period

80 100

x10°

w
%
b

6749 1.47104

6748.5 1.47102

6748 1.471

sami major axis inlf(km)
rsun in km

6747.5 1.47098

rsatellite in km
w
@» 9 o
L

w
EY
B

g
S

3.55

6747 1.47096
0 0

) 20 40 60 20

period

80 100

40

0 20 40 60

period

60 80 100

period

80 100

FIG. 3(a). Changes in orbital elements before the perturbation effects for the parking orbit of satellite NILESAT

2 5 x10
6758 0.0178166
25 1.99995 ¥ z 0.0178166
Gt als £ 6756
= 3 <
g Py & T
E ] E: 2
IC| 2 B £ 0.0178166 [~ e
5 1.9999 g 1 5 6754 £
£ « s § 00178166
o o0 E <
= 1.99985 205 3 6752 B
= @ 0.0178166
1.9998 0 6750 0.0178166
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
period period period period
4
400 6638 5.1805 X1¢ 180.5
6637 5.189 -
2300 ] i
5.1885
J 6636 Z 188 g
Z E 2 5188 Z 1795
24200 % 6635 H ]
] £
g 5 5 51875 2 179
2 6634 e 2
£ 2 5187 s
£ 100 8 I
6633 1785
s 5.1865
0 6632 5.186 178
0 20 40 60 80 100 0 20 40 60 80 100 0 20 10 60 80 100 0 20 40 60 80 100
period period period period

FIG. 3(b). Changes in orbital elements after perturbation effects for the parking orbit of satellite NILESAT 201.

Eccentricity remains largely consistent over
time, which points to a minimal impact from
orbital perturbations. This stability could be
attributed to the satellite being located in a
“sweet spot”, where the gravitational influences
of the Earth, Moon, and Sun largely cancel out,
leading to a naturally stable orbit.

In summary, the perturbed orbit of NILESAT
201 presents a complex dynamical system that is
influenced by a combination of deterministic and
stochastic forces. Understanding these effects is
paramount for  effective  station-keeping
strategies, ensuring the longevity and reliability
of the satellite’s communication services. Future

work will focus on quantifying the fuel budget
for corrective maneuvers and optimizing the
satellite’s response to these perturbative forces.
The graphical representation of JCSAT-12's
orbital parameters in Figs. 4(a) and 4(b)
illustrates the stark contrast between an
unperturbed orbit and on affected by various
perturbative forces. In the ideal state shown in
Fig. 4(a), the semi-major axis, inclination,
eccentricity, longitude of the ascending node,
and argument of perigee are presented with
values of 6737.99 km, 2, 0.0207999, 0°, and
178°, respectively. These figures indicate a
geostationary transfer orbit and are expected to
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remain constant over time in the absence of
external influences.

Under the perturbed conditions shown in Fig.
4(b), the trajectory of JCSAT-12 deviates from
the ideal trajectory. The semi-major axis shows a
decreasing trend, commonly associated with the
atmospheric drag encountered by satellites at
lower altitudes. The inclination exhibits both
linear and secular behavior, suggesting the

3

combined effects of atmospheric drag, which
impacts the orbit immediately, and the more
gradual influence of third-body attractions such
as the gravitational pull of the Moon or Sun. The
argument of the perigee's steady increase is
typically linked to atmospheric drag effects,
which are most pronounced at the orbit's closest
approach to the Earth.
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Additionally, the longitude of the ascending
node displays a mixture of secular drift and
periodic variations. The secular drift can be
attributed to Earth's oblateness, while the
periodic component is likely due to the
gravitational effects of the Moon and Sun, which
are known to cause regression or progression of
the node. Eccentricity exhibits remarkable
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consistency throughout the observed period,
suggesting that the orbital perturbations have a
negligible effect. The maintained stability
implies a geostationary trajectory where
disruptive forces may not significantly alter the
orbit.

These variations in orbital parameters are
critical for satellite operation because they
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require precise station-keeping maneuvers to
counteract these natural forces and maintain the
satellite's desired geostationary orbit for reliable
communication.

When examining the trajectory of the
ARABSAT 5A satellite, we observed distinct
behaviors under ideal and perturbed conditions.
Fig. 5(a) outlines the initial, unperturbed orbit
with the semi-major axis at 6733.49 km,
inclination at 2 degrees, eccentricity at
0.0214821, right ascension of the ascending
node at 0 degrees, and argument of perigee at
178 degrees. These values represent a controlled
scenario without external perturbing influences,
providing a reference for the designed path of
the satellite.

According to Fig. 5(b), the introduction of
perturbations significantly alters the trajectory of
the satellite. The semi-major axis and inclination
demonstrate not only a direct, linear response to
atmospheric drag but also a secular trend over
time, indicative of the sustained influence of
third-body gravitational forces, such as those
from the Moon and possibly the Sun. The
argument of the perigee’s linear increase further
corroborates the impact of atmospheric drag,
particularly at the point of the satellite's orbit
closest to the Earth. The secular change in the
true anomaly points to a steady alteration in the
satellite's position within its orbit over time,
primarily influenced by the gravitational pull of
celestial bodies.
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Moreover, the right ascension of the
ascending node’s behavior reveals both secular
drift and minor periodic fluctuations, a signature
of the Earth’s oblate shape affecting the
orientation of the orbital plane. Finally,
eccentricity demonstrates significant stability
over time, indicating that the satellite's orbit is
minimally affected by external perturbations.
This consistent pattern suggests an equilibrium
in the orbital path, where perturbative forces,
such as atmospheric drag, Earth's non-uniform
gravitational field, and third-body effects, do not
substantially disrupt the satellite's trajectory.

These findings underscore the complex
dynamical environment of orbital mechanics,
necessitating  continuous  monitoring  and
adjustment to maintain ARABSAT 5A’s
intended orbit, ensuring its operational longevity
and consistent delivery of satellite services.

The trajectory of the WILDBLUE-1 satellite,
represented in Fig. 6(a), establishes a baseline
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for its orbital elements in an unperturbed state
with a semi-major axis at 6744.04 km,
inclination at 2°, eccentricity at 0.0198842, right
ascension of the ascending node at 0°, and the
argument of perigee at 178°. These values depict
the expected path of the satellite in an idealized
scenario, without the influence of external
forces.

When we incorporate the dynamics of
perturbations, the trajectory is significantly
altered, as shown in Fig. 6(b). The forces at play
include atmospheric drag, gravitational pull from
third bodies such as the Moon and the Sun, and
geopotential variations due to the Earth’s non-
spherical shape. Atmospheric drag is particularly
impactful, reducing the velocity of the satellite
and causing a decrease in the semi-major axis,
which manifests as a secular decrease over time.
This drag also influences the inclination, leading
to a slow regression over time.
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The argument of perigee rises owing to
atmospheric drag, indicating a gradual shift in
the orientation of the orbit within its plane. This
is a consequence of the differential drag
experienced at various points in the orbit,
especially at the perigee, where the atmosphere
is denser. The periodic variation of the true
anomaly, influenced by third-body attractions,
shows that the Moon’s gravitational pull alters
the satellite's position within its orbit.

The longitude of the ascending node's
behavior, with its mix of secular and periodic
changes, signifies Earth's oblateness effect. This
oblateness causes the precession of the orbital
plane, which can be observed over an extended
period. Eccentricity displays a persistent
uniformity over the observed timeframe,
implying that the influence of common orbital
disturbances is limited. The steadiness of this
orbital element suggests a resilient trajectory
against perturbative forces.

In operational terms, these perturbations
require regular orbital adjustments to maintain
WILDBLUE-1's intended path for optimal
service provision. The satellite controllers must
constantly monitor these parameters and execute
station-keeping maneuvers to counteract the
perturbative effects, ensuring the longevity of the
satellite and the continuity of its communication
capabilities.

The figures for the W3B satellite present two
distinct scenarios: an ideal trajectory without
perturbations and one that includes the complex
effects of various perturbative forces.

Figure 7(a) illustrates the initial, ideal state of
W3B's orbit with parameters set at a semi-major
axis of 6734.74 km, an inclination of 2°, an
eccentricity of 0.0212925, a longitude of the
ascending node at 0°, and an argument of perigee
at 178°. These parameters define the expected
orbit in a controlled environment without
external influence.

Figure 7(b) depicts how this trajectory
evolves under the influence of perturbations.
Atmospheric drag, a result of the satellite's
interaction with the Earth's atmosphere, impacts
the satellite’s motion, causing a decrease in both
the altitude and semi-major axis over time. This
effect is evidenced by the decreasing trend in the
semi-major axis and is indicative of orbital decay
common to satellites, particularly at lower
altitudes where the atmosphere is denser.

The gravitational pull from other celestial
bodies, specifically the Moon and Sun,
introduces additional forces that alter the
satellite's inclination and true anomaly. These
changes manifest as secular variations in the
orbit tilt and position, demonstrating the far-
reaching influence of these third-body
attractions.

Owing to its equatorial bulge and mass
distribution, the non-spherical nature of the
Earth's gravitational field exerts additional
complexity on the motion of satellites. This
uneven gravitational field leads to the precession
of the orbit, as seen in the periodic and secular
changes in the longitude of the ascending node
and the argument of the perigee.
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The perturbations did not influence
eccentricity; the satellite maintained remarkable
stability in this parameter, suggesting an orbit

relatively  unaffected by typical orbital
disturbances.
This analysis underscores the need for

continuous adjustment and control of the
satellite's orbit. To counteract these perturbations
and maintain the intended path of the satellite,
regular station-keeping maneuvers are essential.
These adjustments are crucial for the operational
efficiency and reliability of satellite services.

Our study meticulously analyzed the
propulsion and trajectory dynamics of five
satellites: NILESAT 201, JCSAT-12,
ARABSAT 5A, WILDBLUE-1, and W3B, as
they transitioned from a low Earth orbit (LEO)
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to a geosynchronous transfer orbit (GTO) using
the Hohmann transfer method. The efficacy of
this technique was exemplified by the satellites'
perigee and apogee heights, which were aligned
with the desired calculated values, confirming
their ability to maintain a stable position in the
geosynchronous orbit. The high degree of
agreement between our projections and actual
outcomes emphasizes the pivotal role of precise
transfer methods in conducting cost-effective
satellite transport operations.

Perturbations, particularly atmospheric drag,
have a significant influence on the trajectories of
satellites, leading to a reduction in the semi-
major axis and inclination, and signifying the
impact on orbital decay. The gravitational pull
from the Moon introduces additional complexity,
causing periodic and secular changes in the
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inclination and true anomalies of the satellites.
Moreover, Earth's non-spherical gravitational
field contributes to orbital precession,
highlighting the intricacies of managing satellite
trajectories.

The post-perturbation trajectory of each
satellite, while commencing from comparable
initial conditions, diverged owing to slight yet
impactful differences in mass distribution,
structural design, and size. This divergence
necessitated a closer look at individual satellite
responses, revealing nuanced reactions to varied
perturbative forces.

In summary, the consolidated findings from
our research deepen the understanding of
satellite orbital mechanics, proving invaluable
for precise crafting of satellite trajectories. This
enhanced understanding is essential for mission
planners to accurately steer satellites to their
designated orbits, optimize their operational
efficacy, and ensure the longevity of the service.
Our study's insights equip mission designers
with the foresight to anticipate and counteract
perturbations, culminating in more dependable
and successful satellite missions.

5. Conclusions

1. Efficiency of the Hohmann Transfer method:
Our research confirms the Hohmann transfer
method, which utilizes coaxial elliptical
orbits, as a highly effective technique
employed by Ariane 5 for satellite transfers.
This method has demonstrated reliability in
multiple satellite launches, reinforcing its
value in space mission planning.

2. Optimization of parking orbit parameters:
Through detailed analysis, we identified the
optimal parameters for the parking orbit,
which is a critical aspect of transitioning to
the geosynchronous transfer orbit (GTO). Our
findings suggest that initiating the transfer
from an orbit altitude of 259.2 kilometers

with a velocity of  7.81822802
kilometers/second, coupled with precise
semi-major axis, eccentricity, inclination,

argument of perigee, and longitude of
ascending node values, is essential for
efficient and accurate impulsive maneuvers
into GTO.

3. Importance of revolutions in low orbit:

For a successful impulsive maneuver into the
GTO, it is essential that satellites complete a

minimum of 50 revolutions in their parking
orbit. This precondition is vital for achieving
the desired orbital alignment and energy
requirement for GTO insertion.

4. Perturbation analysis and management:

Our comprehensive examination of various
perturbations, including atmospheric drag,
solar radiation pressure, gravitational effects,
and magnetic field influences, sheds light on
their impact on satellite trajectories. For
satellites such as NILESAT 201, JCSAT-12,
ARABSAT 5A, WILDBLUE-1, and W3B,
these perturbations were significant but could
be quantified and managed effectively. This
management ensures the preservation of the
trajectory integrity of these satellites.

5. Foundational research for future exploration:
This study not only provides immediate
insights into satellite dynamics and orbital
transfers but also establishes a foundation for
future research in this field. Understanding
and managing the complex interplay between
orbital perturbations is crucial for the
advancement of satellite technology and
strategic mission planning, particularly in the
evolving landscape of space exploration.
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Note: The flowchart presented in Appendix A
provides a high-level overview of the
computational model used in the code. Due to
the complexity and detail of the calculations
involved, detailed mathematical expressions and
algorithmic steps are encapsulated within each
block of the diagram. This approach is adopted
to depict the overall structure and sequence of
operations in the program while avoiding the
intricacies of every mathematical expression or
algorithmic step, which could be extensive and
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complex. It's worth noting that these complex
operations may require more than one sheet to
explain in detail.

Appendix A. Flowchart of the Program for
Orbital ~ Parameter  Calculations  and
Perturbation Analysis

The following flowchart illustrates the
computational process used to calculate orbital
parameters and analyze perturbations for
satellites. The program begins with the
initialization of the essential variables and the
iterative calculations that account for various
forces acting on the object. The process uses the
Runge-Kutta integration method to solve the
differential equations arising from these
calculations. The flowchart delineates the
sequence of operations from input parameters to
the final output, ensuring a systematic approach
to achieving accurate simulation results.
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Abstract: The Miedema semi-empirical model represents a promising technique for
estimating the Gibbs free energy (4G) in Fe-Al-Cr and Fe-Al-Cu alloys. In this study, the
software Materials Analysis Applying Thermodynamics (MAAT) was utilized to calculate
AG. The results indicated that the AG values for the binary alloys (Fe-Al, Fe-Cr, Al-Cr, and
Al-Cu) were negative and lower than the ideal Gibbs free energy (4G™““), except for Fe-
Cu, which exhibited a positive AG. For the ternary alloys (Fe-Al-Cr and Fe-Al-Cu), the AG
values were predominantly negative across a wide range of compositions. This suggests the
presence of driving forces promoting the formation of solid solutions from Fe, Al, Cr, and

Cu throughout the entire composition range.

Keywords: Miedema’s model, Gibbs free energy, FeAlCr, FeAlCu alloys.

1. Introduction

The thermodynamic properties of ternary
alloys are crucial for understanding their phase
behavior and relative stability. However,
conducting experiments to determine these
properties is challenging and time-consuming.
Theoretical findings obtained through the
application of Miedema’s model can offer
valuable information about the thermodynamic
behavior of alloys [1]. Miedema's model is
widely used to calculate the thermodynamic
properties of binary and ternary alloys [2, 3]. It
utilizes parameters such as electronegativity,
electron density, and molar volume to calculate
(4G).

Iron-aluminum (Fe-Al) alloys hold significant
technological importance with promising
properties. However, their limited ductility at
ambient temperatures and reduced strength at
high  temperatures have hindered their

widespread use in structural applications. Recent
studies have focused on improving their
mechanical properties through composition
control, microstructure manipulation, and the
addition of suitable alloying elements [4].

Fe-Al-Cr alloys are renowned for their
exceptional resistance to oxidation at elevated
temperatures, attributed to the formation of a
protective alumina scale. These alloys are
commonly used in heating foils, wires, and
automotive catalyst supports [4]. Strengthening
the dispersion and controlling grain size are
effective approaches for enhancing their
mechanical properties at high temperatures, and
these methods are commonly applied in
commercial production via powder metallurgy
techniques [5]. Extensive research has been
conducted on the structural and microstructural
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changes in mechanically alloyed Fe-Al-Cr
powder mixtures.

Aghili et al. investigated the formation and
structural changes in FesoCrysAlys powder
particles and observed the generation of a
composite lamellar structure of Fe, Cr, and Al
with the dissolution of Al and Cr atoms in the Fe
lattice [6]. In another study, Liu et al. reported
the formation of a solid solution of Fe-Cr(Al)
through Al diffusion into Fe-20Cr in
nanocrystalline powders of Fe-40AI-5Cr [7].

Al-Cu-Fe alloys are notable for their low
toxicity, availability, and cost-effectiveness [8].
The Al-Cu-Fe quasicrystalline phase has been
widely used as a reinforcement to create
composites with excellent mechanical and
tribological ~ properties [9-12]. Several
publications have focused on the fabrication of
Al-Cu-Fe quasicrystalline phases through
mechanical alloying (MA) with or without
subsequent annealing treatments. For example,
direct formation of the quasicrystalline phase
was achieved in AlgsCuyFe s alloy after 15
hours of milling [12,13]. Mitka et al. studied the
impact of mechanical alloying variables on
phase formation in the AlgCusyssFeys alloy and
observed a mixture of icosahedral quasicrystal
and B-Al(Cu, Fe) phases after 20 hours of
milling at 300 rpm [13].

Travessa et al. found that the quasicrystalline
phase could not be directly obtained in the
AlgsCuyoFers alloy [14]. Other studies have
investigated the phase reactions during ball
milling of AlgCuysFep,, noting complex solid-
state transformations upon annealing of the as-
milled sample. These phase transformation
results were linked to variations in the
thermodynamic driving forces, including the
positive heat of mixing for the Cu-Fe system and
negative heats of mixing for the Al-Fe and Al-
Cu systems [15]. This work aims to calculate the
thermodynamic properties of Fe-Al-Cr and Fe-
Al-Cu alloys employing the semi-empirical
Miedema's model.

Gibbs Free Energy (4G)

Elucidating the practical implications of the
highest and lowest Gibbs free energy (4G)
values recorded in binary systems is essential for
understanding how these values can impact alloy
properties and applications. Also, the 4G values
can be used to construct phase diagrams, which
are essential for predicting the phases present in

158

an alloy at different temperatures and
compositions. This is valuable for alloy design
and understanding how an alloy's composition
affects its properties [16, 17].

The Gibbs free energy can be calculated
using the equation:

AG =AH + TAS (1)

where AH is the mixing enthalpy change, 4s is
the mixing entropy change, and T is the absolute
temperature of the solid solution.

If we consider only entropy, the change in
mixing entropy for the solid solution can be
calculated using the following formula:

XA +XB = 1

where R is the universal gas constant and X, and
Xp are atomic concentrations in the solid
solution.

2. Miedema’s Model

The estimation of formation enthalpy (4H) is
a valuable tool provided by the Miedema model.
Initially developed for binary alloys, efforts have
been made to extend it to ternary systems [18-
20]. In this model, Wigner-Seitz cells form the
basis of the binary alloy hypothesis. As pure
metal atoms combine to form alloys, the
boundaries of the Wigner-Seitz cells change.
Miedema's model proposes two mechanisms
contributing to the formation enthalpy of binary
alloy systems. The first mechanism is directly
proportional to (A@*)?, which represents the
charge transfer between neighboring cells
resulting from attractive forces. The second

mechanism is proportional to (Anﬁ,/f), which
takes into account the repulsive forces arising
from surface tension. The negative impact of
(p*) and the positive effect of (Anvlv/f) determine

their contributions to the mixing enthalpy [21,
22].
The equation representing 4H of a binary

system can be formulated using the Miedema
model [21-23]:

AHﬂgal — AHfllbemical + AHilélstic +
AHfltguctural (3)

where  AH"™! refers to the chemical
contribution, AH"" represents the elastic
enthalpy, and AH*"“"“* refers to the structural
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enthalpy resulting from the crystal structure
difference of the binary system. In this regard,
structural enthalpy is negligible due to its
minimal effect on the total enthalpy [24].

The chemical enthalpy results from a
difference in the binding energy of atoms in their
initial elemental states compared to their mixed
alloy states.

The following equation can determine the
chemical enthalpy term for each binary system
[23]:

Chemical __
AHA inB -

2k X3 X5 C(x)

(Xa Vj/3+XB V§/3)
(nfys) ™3 +(nfs)~1/3

00 + ©p (an2) =R /pl @)

where

2
X4V3
X5 = z[‘l A (5)

XaV3+XpV3

2

xgV3
S _ BB
Xp =——= p (6)
XaV3+XpV3

To overcome the differences between the
enthalpy of mixing obtained from Miedema's
model and experimental data, Wang et al. [25]
proposed a correction factor, C(x), which takes
into account the atomic size of solvent and solute
atoms.

XaXalVa-Vpl

== v, ™
where S represents a semi-quantitative empirical
variable that explains the influence of atomic
size disparities. S equals 1 for a disordered solid
solution. The liquid alloy and ordered compound
S are considered equivalent to 0.5 and 2.0,
respectively [26]. V4 and Vjp are the molar
volumes of 4 and B, respectively, X4 and Xp are

the molar fractions of 4 and B, respectively, &@*
is the constituent element work function, and n,,
is the density of electrons. P, @, and R* are
known to be constants. P can be equal to 14.2 or
10.7, depending on whether the metals are
transition or non-transition. Additionally, the
value of P/Q was obtained to be 9.4. The R* is
an additional parameter for the enthalpy for both
transition and non-transition metals.

The AH"“" represents the elastic enthalpy
caused by the atom-sized mismatch. It can be
written as [27]:

AHGSY = KpG (X gAHp in g + XgAH 4 in B)
8

where K and G refer to the bulk and shear
modulus, respectively.

The structural enthalpy results from the
crystal structure difference of the binary system.
The AH"™" refers to the transition metals,
which tend to crystallize preferentially in one out
of three crystallographic phases, namely, bcc,
fce, and hep, based principally on the number of
valence electrons (Z). For binary solutions of
transition—transition elements with shared bonds,
this approach can be applied. Bakker et al.
proposed the following expression for structural
enthalpy [28]:

AHfltglt%t — (E%tru“ _ Eitruct) + (ZA _
aEStTuCt(B)

z;) 28 ©)
where both Z4 and Zjp represent the valence
electrons of A and B atoms, respectively, while
E3f™ct and ES™¢t refer to the lattice stability of
each crystal structure (bec, fec, and hep).

The thermodynamic parameters needed to
compute the formation enthalpies are provided in
Table 1.

TABLE 1. The required parameters to compute the Gibbs free energy change.

Metal o [V] n;/f [d.u]'/3 VTrzl/ 3 [em]? Atomic radius [pm]
Fe 4.93 1.77 3.7 126
Al 4.20 1.39 4.6 143
Cr 4.65 1.73 3.7 125
Cu 4.45 1.47 3.7 128

3. Results and Discussion
3.1 Fe-Al-Cr Alloy

The highest AG value typically corresponds
to the most thermodynamically stable phase

under specific conditions, whereas the lowest AG
value indicates the least stable phase. This
information is critical for phase selection in alloy
design. Phases with lower AG values are
generally less stable and may undergo phase
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transformations at relatively lower temperatures.
Such transformations can significantly influence
the alloy’s mechanical and thermal properties..

The outcomes of the thermodynamic
computations for the binary alloys at 298K are
shown in Fig.1. The graph illustrates the values
of the Gibbs free energy change (4G) and the
ideal Gibbs free energy change (4G™“) for
different compositions. It is observed that for all
concentrations, the (4G) values of Fe-Al, Fe-Cr,
and Al-Cr alloys are negative and lower than the

Specifically, looking at Table 2, it can be
noted that the 4G of Fe-Cr is -3.13 klJ/mol,
indicating a negative Gibbs free energy change
for the formation of Fe-Cr alloy. This, combined
with the small mismatch between the atomic
radii and electronegativity of Fe and Cr, suggests
that the formation of Fe-Cr alloy is relatively
easy and feasible in the context of mechanical
alloying (MA). These findings emphasize the
favorable thermodynamic conditions for the
formation of Fe-Cr alloy and provide insights

AG™ values. This indicates a strong interaction into' th.e potential' for their' synthesis and
between the Fe, Al, and Cr atoms in these alloys. application in materials processing.
TABLE 2. Gibbs free energy in kJ/mol and atomic size mismatch for Fe-Al, Fe-Cr, and Al-Cr.
Binary alloy AG [kJ/mol] Atomic size mismatch %
FeAl -15.48 13.4
FeCr -3.13 0.8
AlCr -14.8 12.5
a b
0
0 T
2F
-0.5
4}
-1k
-6F
3 .15t
2 g 5}
-10F
sk 25
14 F -3F
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FIG. 1. Gibbs free energy of (a) Fe-Al, (b) Fe-Cr, and (¢) Al-Cr alloys and (d) ideal Gibbs free energy.

The data presented in Fig. 2 provides
valuable insights into the thermodynamic
behavior of the Fe-Al-Cr alloy, specifically in
terms of 4G and AG™" values. The negative
values of AG across the entire composition range
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indicate that there are driving forces promoting
the formation of a solid solution from Fe, Al, and
Cr. This implies that the thermodynamic
conditions favor the mixing of these elements
and the formation of a stable ternary alloy. The
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negative AG values signify that the energy
released during the formation of the solid
solution exceeds the ideal energy required for a
random mixture of the elements (4G™*). This
suggests a favorable interaction between the Fe,
Al, and Cr atoms within the ternary system.

It is worth noting that the largest 4G values
are observed in the vicinity of the Fe-Cr alloy.
This indicates a relatively high energy release
during the formation of Fe-Cr alloys, suggesting
a stronger interaction between Fe and Cr atoms.
Conversely, The Al-Cr alloy exhibits the lowest
values of 4G, indicating a lower energy release
during the formation of Al-Cr alloy, suggesting a
weaker interaction between Al and Cr atoms.
These findings contribute to our understanding

kJ/mol

2

(a)

3.2 Fe-Al-Cu Alloy

The information presented in Fig. 3 and Table
3 provides insights into the 4G for the Fe-Cu
and Al-Cu alloys. In the Fe-Cu system, the
Gibbs free energy changes with mole fraction,
with the highest values occurring near a mole
fraction of 50%. This indicates limited solubility
of Cu in a-iron under equilibrium conditions, as
evidenced by the high positive values of Gibbs
free energy. Such high positive values suggest
that the formation of Fe-Cu alloys is
thermodynamically unfavorable.

Conversely, in the AI-Cu alloy, the most
negative value of the AG is observed. This
indicates a thermodynamic driving force for the
formation of the Al-Cu phase, with the system
tending to release stored energy to achieve this
phase. The negative Gibbs free energy implies
that the formation of Al-Cu alloys is
thermodynamically favorable.

of the thermodynamics of the Fe-Al-Cr alloy and
highlight the favorable conditions for the
formation of solid solutions within this alloy
system.

The addition of Cr to the Fe-Al composition
leads to the most negative value of the formation
enthalpy. This implies that converting the Fe-Al
alloy to the Fe-Al-Cr alloy requires additional
energy and heat, resulting in an increase in the
process temperature. The more negative the
value of 4H, the stronger the bond and stability
between Fe and Al atoms in the presence of Cr.
This indicates that the connection between Fe,
Al, and Cr atoms becomes more difficult to
break, making the formation of the ternary Fe-
Al-Cr alloy more challenging.

kJ/mol

(b)
FIG. 2. (a) Gibbs free energy of Fe-Al-Cr alloys. (b) Ideal Gibbs free energy.

However, it is worth noting that despite the
small atomic radii mismatch between Cu and Fe,
the positive 4G value of Cu with Fe (11.23
kJ/mol) makes the formation of Fe-Cu alloy
challenging and impractical within the context of
Miedema's model used in the MAAT program.
This suggests that there are additional factors
beyond atomic radii considerations that impede
the formation of Fe-Cu alloy according to this
specific model.

It is important to emphasize that these

conclusions are drawn from theoretical
predictions based on thermodynamic
calculations using Miedema's model.

Experimental validation is necessary to confirm
these findings and to assess the real-world
feasibility of forming Fe-Cu alloys. Furthermore,
factors such as kinetic barriers, processing
parameters, and alloying effects must also be
considered when evaluating the practical
viability of alloy formation.
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TABLE 3. Gibbs free energy in kJ/mol and atomic size mismatch for Fe-Cu and Al-Cu.

Binary alloy (4G) [kJ/mol] Atomic size mismatch %
Fe-Cu 11.23 1.5
Al-Cu -6.92 10.4
12 0
10F -1F
2F
8 3
z o
£ £
2 =
4}t
SE
2} zl
b . i ; : & i :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4
Fe Cu Al

FIG. 3. Gibbs free energy of Fe-Cu and Al-Cu alloys.

The results presented in Fig. 4 indicate that
the Fe-Al-Cu alloy exhibits the most negative
Gibbs free energy at around a 50% mole fraction
of Fe. This suggests that there is a
thermodynamic driving force for the formation
of the Fe-Al-Cu solid solution from elemental
Fe, Al, and Cu. The fact that AG is smaller than
AG™ further supports the feasibility of forming
the ternary alloy through solid solution.

It is worth noting that the largest values of
AG are observed near the Fe-Al system,
indicating that the addition of Cu has a minimal
effect on the thermodynamic stability of the Fe-
Al-Cu alloy compared to the Fe-Al alloy.
However, it is interesting to observe that the
incorporation of Cu leads to a less negative value
of AH for the Fe-Al-Cu alloy compared to the
Fe-Al alloy. This suggests that the addition of Cu
may influence other factors, such as improving

1
Fe Al
(a)

the morphology of the phase boundary and
slowing down grain growth, thereby enhancing
the thermal stability of the Fe-Al alloy.

These findings have significant implications
for the targeted application and desired
performance properties of Fe-Al-Cu alloys.
Understanding the role of Cu in modifying
mechanical, thermal, and corrosion resistance
properties is crucial for the alloy’s effective use
in engineering applications.  Additionally,
exploring the effects of microstructural features
and phase distribution will further clarify the
alloy's performance characteristics. It would also
be beneficial to compare the thermodynamic
results with experimental data, if available, to
validate the accuracy and reliability of the
theoretical predictions based on Miedema's
model and the MAAT software.

kJ/mol

0.6

(b)

FIG. 4. (a) Gibbs free energy of Fe-Al-Cu. (b) Ideal Gibbs free energy.
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4. Conclusions

The calculations performed using Miedema's
model and the MAAT program for the Fe-Al-Cr
and Fe-Al-Cu alloys yield interesting results.
The inclusion of Cr in the Fe-Al alloy leads to an
improvement in the formation enthalpy,
indicating a driving force for the formation of
the Fe-Al-Cr solid solution. This suggests that
the addition of Cr enhances the stability and
thermodynamic favorability of the ternary alloy.
Similarly, the addition of Cu in the Fe-Al alloy
enhances the thermal stability of the alloy. This
improvement in thermal stability can be
attributed to the influence of Cu on the
microstructure and phase distribution of the
alloy. The presence of Cu may result in
improved phase boundary morphology and
hindered grain growth, contributing to increased
thermal stability.

It is important to recognize that while these
findings from theoretical models like Miedema's
model provide valuable insights into the
thermodynamic behavior of ternary alloys,
experimental validation is necessary to confirm
their accuracy and reliability.  Further
experimental studies could be undertaken to
characterize the mechanical, thermal, and other
relevant properties of the Fe-Al-Cr and Fe-Al-Cu
alloys, thereby supporting and validating the
findings obtained from theoretical calculations.
Overall, the results suggest that the addition of
specific alloying elements such as Cr and Cu can
significantly influence the thermodynamic
properties and thermal stability of Fe-Al-based
ternary alloys. This knowledge can be applied in
the design and optimization of these alloys for
various engineering applications where stability,
strength, and high-temperature performance are
crucial factors to consider.
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Abstract: The surface structure of single-crystal silicon is known to be one of the best
ways to reduce reflection, increase light trapping ability, and increase light absorption. The
hierarchical surface structure plays an important role in reducing the reflectivity of single-
crystalline silicon surfaces. Through this research, the size and density of the pyramids
formed on the silicone surface, as well as their dependence on the concentration of the
etching solution during silicone processing, were studied and evaluated. The pyramids
etched on the silicon surface formed photo-traps that increased the efficiency of light
absorption. The effects of hydroxylamine (NH,OH) on a 20 wt.% KOH and 20 wt.%
NaOH solutions were investigated. The concentration of NH,OH varied from 6 to 18 wt.%
while the etching temperature was kept at 70 °C and the etching time was 40 minutes.
Optimal etching conditions were identified, with the 20 wt.% KOH + 18 wt.% NH,OH
solution yielding better results than the 20 wt.% KOH solution. The normal incidence
percent reflectivity was 6.5%, at 640 nm wavelength for Si {100} surfaces etched in a 20
wt.% NaOH + 18 wt.% NH,OH solution. This normal incidence percent reflectivity value
was slightly higher than that achieved by the 20 wt.% pure NaOH solution, where a percent
reflectivity of 6.0% was measured at the same wavelength. Moreover, the addition of
NH,OH significantly increased the size of the etched pyramid structures.

Keywords: Micro-Pyramid, Surface morphology, Percent reflectivity, Solar cell, NH,OH.

1. Introduction

Silicone substrates with different surface
structures of different sizes and shapes are very
popular in industrial and research applications,
since silicon is one of the most abundant
elements in nature, and it is a relatively safe
element for the environment. Silicon is also one
of the leading materials in solar cell
technologies, thanks to its relatively high
efficiency and the well-established processing
techniques. Surface texture plays a major role in
improving solar cell efficiency, and it is
beneficial for cost-effective crystalline silicon
solar cells [1-3]. A textured surface can
effectively reduce the light reflection of the
surface of cells by enhancing appropriate light
absorption via multiple intra-shape reflections

when compared to a flat surface, thus increasing
cells’ efficiency [4—6]. Large-scale photovoltaic
production uses potassium hydroxide (KOH) or
sodium hydroxide (NaOH) as aqueous etching
solutions. These alkaline solutions are
anisotropic etchants for Si and produce randomly
distributed pyramid structures on the Si surface
[5-10].

In this study, the surface structure of silicon
was studied based on free alkali profiling by
mixing potassium hydroxide (KOH) with
different concentrations of NH,OH, and by
mixing sodium hydroxide (NaOH) with different
concentrations of NH,OH. The resulting pyramid
structures exhibited different sizes and shapes,
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depending on the composition and concentration
of the etching solutions. These variations in
surface morphology have significant
implications for reflectivity and are of great
interest to the solar cell industry [11-17].
Therefore, to reduce the cost of solar cells,
improve cell performance, and distribute the size
of the pyramids more uniformly, the etching
process must be carefully optimized and
evaluated [18]. The goal of this study was to
improve the surface structure of silicon to
achieve lower reflectivity by controlling the
properties of the pyramids pattern on the etched
silicon surface. The shape, structure, and size of
the pyramid are important factors that determine
the interactions of the surface with incident light

[7].

2. Experimental Procedure

In this work, 8 small pieces (1.5 cm” each) of
p-type {100} single-crystalline silicon with a
resistivity of 3-30 Q.m and a thickness of 675
pum were used. Prior to mounting the samples on
the etching stage, all samples were cleaned in an
ethanol bath, and after that, they were rinsed in
deionized water several times. The silicon wafers
were then immersed in a 25 wt.% NaOH solution
for 2 minutes to remove the oxide, and then
rinsed in deionized water several times. After
completing the cleaning process, the samples
were placed in a drying oven (hot air) for 20
seconds at a temperature of 60°C to remove
moisture, then these samples were etched with
different concentrations of solutions of KOH,
NaOH, and NH,OH. In the first stage, 20 wt.%
KOH was mixed with varying concentrations of
NH,OH (6, 12, and 18 wt.%). In the second
stage, 20 wt.% NaOH was mixed with different
concentrations of NH,OH (6, 12, and 18 wt.%).
During the experiment, the reaction temperature
and the reaction time were kept constant at 70.0
+ 0.1°C and 40 minutes, respectively. At the end
of the reaction, all treated wafers were washed
again in ethanol and deionized water baths for 5
minutes, and then they were dried in a drying
oven (hot air) for 20 seconds at a temperature of
60°C and prepared for testing. The morphology
of all textured samples was studied using an FEI
Inspect F50 scanning electron microscope
(SEM). The reflectance ratio spectra of the
etched surfaces were measured using a FilmTek
3000 spectrophotometer (SCI, USA) within the
wavelength range of 240-840 nm. All percent
reflectivity measurements were performed at
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normal incidence. Through the SEM images, the
pyramidal number density and average
pyramidal volume were evaluated. SEM images
were analyzed using ImagelJ software [7].

3. Results and Discussion

In anisotropic wet etching, the microscopic
surface roughness is controlled by many factors.
Among these factors are: 1) The formation of
hydrogen bubbles, which hinder surface
interactions and act as a mask on the surface. 2)
The redeposition of etching byproducts, such as
SiO, deposits resulting from etching the Si
crystal and other contaminants above the surface,
on the surface during the etching process.
Microscopic roughness appears during the
etching process in the form of micro pyramids.
The size and density of these pyramids depend
on various parameters, including etching time,
solution concentration, temperature, and the
crystalline orientation of the Si wafers.

In this study, the etching characteristics of
Si{100} surfaces were investigated using
different concentrations of KOH, NaOH, and
NH,OH mixtures. These solutions were used to
pattern the silicon substrates at a temperature of
70 °C for 40 minutes. The surface morphology,
pyramid size, pyramid density, and optical
reflectivity of all samples were examined.
Optical measurements confirmed that the applied
etching treatments led to a significant reduction
in surface reflectivity.

Figure 1 presents SEM images illustrating the
surface morphology of four samples etched with
varying NH,OH concentrations (6 to 18 wt.%),
while maintaining a constant KOH concentration
of 20 wt.%. As shown in Fig. 1(a), samples
etched with KOH alone exhibit small pyramids.
In contrast, Fig. 1(b) shows that the addition of 6
wt.% NH,OH to the KOH solution results in
noticeably larger pyramids. Figs. 1(c) and 1(d)
reveal that further increasing the NH,OH
concentration to 16 wt% and 18 wt.%,
respectively, leads to the formation of even
larger pyramids. However, these higher
concentrations also cause a nonuniform pyramid
size distribution and the emergence of irregularly
shaped pyramids.

This irregularity is likely due to enhanced
anisotropic etching effects, which may result
from increased hydrogen bubble formation and
the inherent crystalline orientation of the silicon
surface, as discussed earlier.
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A closer look at Fig. 1(d) shows that the
higher NH,OH concentration enhances the
formation of larger distorted pyramids with
truncated apexes and with smaller pyramid
formations on these apexes. This can be useful
for suppressing reflection and can increase the
light-trapping efficiency of the textured surface

-\ N N -
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(c)

The effect of NaOH mixed with different
concentrations of NH,OH on the etching process
was also studied. NH,OH at concentrations of 6,
12, and 18 wt.% was mixed with 20 wt.% NaOH
at 70 °C for 40 minutes, and the solutions were
used to etch the previously cleaned Si surfaces.

Figure 2 shows SEM images of the studied
patterned substrates. The shape and density of
the pyramids are directly related to the
concentration of NH,OH solution. At the
NH,0OH solution concentration of 18 wt.%, the
surface coverage of these pyramids covers the
entire surface, and the size of the pyramids is
large. As the concentration of NH,OH increases
and as it is added to the 20 wt.% NaOH solution,
the dissolution kinetics is changed so that the
removal of silicon atoms from the surface of the
silicon crystal is very large. This change hinders
the formation of orthosilicic acid, Si (OH),,

[19-22]. It is also worth mentioning that a native
silicon oxide thin film forms on the surface
immediately after taking the samples out of the
etching solution. However, this rather thin layer
is not visible in the SEM images, as it is
transparent to the SEM technique.

(a)
FIG. 1. SEM images of silicon surfaces etched using 20 wt.% KOH mixed with different NH,OH concentrations
at 70 °C for 40 minutes: (a) 0 wt.%, (b) 6 wt.%, (c) 12 wt.%, and (d) 18 wt.% NH,OH.

which cannot keep up with the large Si
dissolution rate. As the concentrations of these
complexes also increase, a protective layer forms
on the silicon surface, preventing etchants from
reaching the surface of the silicon substrate [23].

Based on the results shown in Figs. 1 and 2, it
can be said that modified etching is the best
option for creating microstructures that require
relatively low surface roughness. Surface
roughness at the microscopic level is a direct
result of irregular removal of atoms from the
surface and their extension into the crystalline
mass, and is the property of the formation of
pyramids on the surface. In the case of wet
etching, the surface roughness is strongly
influenced by hydrogen bubble formation, which
interferes with surface interactions and acts as a
micro-mask, as well as by the redeposition of
etching byproducts [24].
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(¢)

Figure 3 shows the number density
distributions and sizes of the pyramids as a
function of the concentration of KOH mixed
with different NH,OH concentrations. This
figure clearly shows that increasing NH,OH
concentration leads to larger pyramid sizes and a
lower average number density of pyramids
compared to etching without NH,OH. The
average size of the pyramids increases with
increasing concentration of NH,OH. The average
size of the pyramids is 0.940 £ 0.160 um at 20
wt.% KOH mixed with 18 wt.% NH,OH
concentration, and it decreases to 0.530 + 0.078
when no NH,OH is added to the solution. The
pyramids’ number density decreases from 1.13
to 0.610 pm? with increasing NH,OH
concentration from 0 to 18 wt.%.
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(d)
FIG. 2. SEM images of silicon surfaces etched using 20 wt.% NaOH mixed with different NH,OH
concentrations at 70 °C for 40 minutes: (a) 0 wt.%, (b) 6 wt.%, (c) 12 wt.%, and (d) 18 wt.% NH,OH.

Figure 4 presents the size distribution of
pyramids as a function of NaOH mixed with
different NH,OH concentrations. The largest
pyramids were obtained using 20 wt.% NaOH
mixed with 18 wt.% NH,OH. Pyramid sizes
increased from 0.280 + 0.040 to 0.970 = 0.110
um (mean * s.d.), and pyramid number density
decreased from 2.60 to 0.600 pm™ with the
increase in NH,OH concentration from 0 to 18
wt.%. The concentration of NH,OH added to
KOH or NaOH has an obvious effect on both the
pyramid sizes and the average number density of
pyramids. This is especially important for their
application in solar cells.
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FIG. 3. Pyramid size distribution obtained using ImageJ software for 20 wt.% KOH mixed with different
NH,OH concentrations. (a) 0 wt.%, (b) 6 wt.%, (c) 12 wt.%, and (d) 18 wt.% NH,OH.
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FIG. 4. Pyramid size distribution obtained using ImageJ software for 20 wt.% NaOH mixed with different

NH,OH concentrations. (a) 0 wt.%, (b) 6 wt.%, (c) 12 wt.%, and (d) 18 wt.% NH,OH.
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Figure 5(a) shows the optical reflectivity
spectra of etched silicon wafers for different
concentrations of NH,OH mixed with 20 wt.%
KOH. These spectra, as recorded in the
wavelength range of 240-840 nm, show lower
percent reflectivity values in the visible spectrum
as well as in the near infrared region [21]. A
lower reflectivity in the near infrared region
ensures photon absorption, resulting in improved
performance of solar cell devices. The percent
reflectivity values of all samples remain almost
constant in the visible wavelength range (440-
600 nm) and begin to decrease with an
increasing NH,OH ratio until a minimum value
of 6.5%, at 650 nm wavelength is reached at a
concentration of 18 wt.% NH,OH mixed with 20
wt.% KOH. A similar trend is observed for
mixing different concentrations of NH,OH with

20 wt.% NaOH, as can be seen in Fig. 6(a),
where the percent reflectivity value reached
6.0% at a concentration of 18 wt.% NH,OH
mixed with 20 wt.% NaOH. Fig. 5(b) zooms in
on the two peaks observed in the percent
reflectivity spectra of the samples studied. These
peaks are attributed to the crystalline silicon
direct band gap [25]. The peak at around 272 nm
does not show any appreciable shift, while the
peak at around 364 nm for the polished silicon
shifts toward 370 nm for the etched samples.
This small shift may be related to changes in the
stress in the etched samples. In Fig. 6(b), a
similar behavior is observed but with the 364 nm
peak shifting to a lower wavelength of 361 nm.
This shift can also be associated with the
changes in stress.
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60 20% KOH +6% NH,OH
z 20% KOH +12% NH,OH
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FIG. 5(a). Percent reflectivity of patterned silicon as a function of the wavelength for samples etched in 20 wt.%
KOH mixed with different NH,OH concentrations.
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FIG. 5(b). A zoom in on the observed peaks in the percent reflectivity as a function of wavelength for samples
etched in 20 wt.% KOH mixed with different NH,OH concentrations.
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FIG. 6(b). A zoom in on the peaks observed in the percent reflectivity of silicon as a function of wavelength for
samples etched in 20 wt.% NaOH mixed with different NH,OH concentrations.

The percent reflectivity decreases from
13.8% to about 6.5% as the concentration of
NH,OH changes from 0 to 18 wt.% mixed with
20 wt.% KOH for samples measured at a
wavelength of 640 nm, as shown in Fig. 7. A
decrease in reflectivity from 12.4% to 6.0% is
also observed as the concentration of NH,OH
increases from 0 to 18 wt.% mixed with 20 wt.%
NaOH for the samples measured at a wavelength
of 640 nm, as shown in Fig. 8. These differences
in percentage reflectivity are due to changes in
surface roughness resulting from the changes in
the size and number density of the pyramids
formed on the surface of the patterned silicon
sample. The drop in the percent reflectivity
indicates better light trapping properties, and it

can lead to improvements in light harvesting
properties of the modified surfaces and solar
cells.

Table 1 summarizes the results for all the
samples studied. This table shows the extent to
which the percent reflectivity of light depends on
the number density and the size of the pyramids
resulting from changing the concentration of the
NH,OH solution mixed with 20 wt.% KOH or
20 wt.% NaOH solutions. Increasing the NH,OH
concentration leads to larger pyramid structures
and a corresponding decrease in their number
density [26].
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FIG. 8. Percent reflectivity of silicon surfaces etched with 20 wt.% NaOH mixed with different NH,OH
concentrations at a wavelength of 640 nm.

TABLE 1. Number of pyramids per mm®, pyramids density, pyramid size (average = s.d.), and average
reflectivity (at A = 640 nm) for eight samples prepared at 70 °C with an etching time of 40 minutes

under different concentration texturing conditions.

Number of

. .. . Density Average Average reflectivity
Texturing conditions pe};f;lrnll(ii Iiozr (Mm-z) pyramid size (um) (A = 640 nm) (%)
20 wt.% KOH 1020 1.130 0.530+0.078 13.8
20 wt.% KOH + 6 wt.% NH,OH 760 0.840 0.800 £0.111 11.7
20 wt.% KOH + 12 wt. % NH,OH 640 0.650 0.930+0.172 8.5
20 wt.% KOH + 18 wt.% NH,OH 545 0.610 0.940 £ 0.160 6.5
20 wt.% NaOH 2100 2.600 0.280 = 0.040 12.4
20 wt.% NaOH+ 6 wt.% NH,OH 1725 2.010 0.570 £0.044 10.6
20 wt.% NaOH+ 12 wt.% NH,OH 820 0.920 0.680+0.108 7.5
20 wt.% NaOH+ 18 wt.% NH,OH 540 0.600 0.970+£0.110 6.0

4. Conclusions

The effect of changing the concentration of
hydroxylamine (NH,OH) in solutions of 20 wt.%
KOH and 20 wt.% NaOH on producing a
homogeneous pyramidal pattern on the surface
of single-crystal silicon was studied to obtain
lower percent reflectivity values that enable the
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production of solar cells with higher efficiency.
A percent reflectivity of 6.5% was obtained
when mixing 20 wt.% KOH with 18 wt.%
NH,OH, while a percent reflectivity of 6.0% was
obtained when mixing 20 wt.% NaOH with 18
wt.% NH,OH. These low reflectivity values can
be very useful for solar cells and photovoltaic
applications.
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Abstract: The bandhead spin I, was determined by solving a quadratic equation based on
the Harris parameters, a,(,y, and &, which were obtained by fitting the experimental
dynamical moment of inertia 9, to the experimental rotational frequency w. Due to its high
compatibility with the gamma transition energies, the four-parameter collective rotational
model of Bohr-Mottelson was employed to predict the transition energies and spins of the
levels in the superdeformed (SD) bands of "**Hg (b, b, bs). The results show that the
energy spectra obtained from the four-parameter collective rotational model are more
accurate than those obtained previously. For the A ~ 190 mass region, ¥, increases with
increasing w. It is suggested that a discrete approximation of the fourth derivative of the
energy difference as a function of angular momentum can appropriately define the
staggering in the bands for '**Hg (by, b,, bs) superdeformed (SD) nuclei. In **Hg (b, b,,
b;) with long bands (I = 9), this quantity displays a well-developed staggering pattern
(zigzagging behaviour with alternating signs). The interaction between two sequences is
shown to account for the staggering in a reasonable way. The model energy expression
reproduces successfully the staggering pattern in all considered SD bands for '**Hg (by, b,,

bs) up to I~50.

Keywords: Superdeformed band, Spin assignment, Bohr-Mottelson model.

Introduction

In the mass ranges A ~ 190,150,130, 80,
and 60, many SD bands have been found since
the discovery of an SD rotational band in the
rapidly spinning nucleus "“’Dy [1]. Sadly,
gamma energies are the sole publicly available
spectroscopic data for the SD bands, as discrete
linking transitions between the low-lying normal
deformation (ND) states and the SD states have
not been observed [2]. The sole method to
determine the spin value is theoretical, as there is
little experimental data available for the spin of
the rotational bands. There are several methods
that have been suggested for giving spins to SD
states [3]. These methods include both direct and
indirect ways to give the states in the SD bands a
spin. The direct method expresses the energy of

the states of a rotating band as a function of spin,
as demonstrated in our earlier studies [4, 5].
Conversely, the indirect methods primarily
depend on the use of the Harris formula to match
the experimental dynamical moment of inertia
data [6]. The spin is then computed using the
parameters derived from the fit. The spin can be
described as an expansion in the rotational
frequency in such a parameterization. Since SD
states were seen down to relatively low spin and
most bands have very similar, gradually rising
dynamical moment of inertia values as
increasing rotational frequency, the SD bands in
the A~ 190 region are of great interest. The
gradual alignment of high-j intruder protons and
neutrons in pairs, together with pair correlations,
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is the common source of this smooth rise in the
dynamical moment of inertia. The i1z protons
2

and jis neutrons are the intruder orbitals that
2

cause band crossing. Throughout the A~ 190
region, there is virtually no variation in the high-
N intruder orbital structure [7]. As a function of
spin or rotational frequency, some SD nuclear
bands exhibit a zigzag behavior in gamma
transition energies. This is referred to as
bifurcation or Al = 2 staggering. Two Al =4
sequences with spin values I + 4n and [ + 4n +
2 (n=0,1,23,..) are formed when the bands
were perturbed. There are several interpretations
for the Al = 2 energy staggering. In contrast to a
180° rotation, which yields a typical Al = 2
sequence, Hamamoto and Mottelson [8]
proposed that there may be evidence for a novel
symmetry in the nuclear Hamiltonian,
specifically, invariance under a 90° rotation
about a rotational axis. According to
Pavlichenkov and Flibotte [9], the alignment of
total nuclear angular momentum along the axis
perpendicular to the long deformation axis of a
prolate nucleus is thought to be connected to the
staggering. According to Macchiavelli et al.
[10], the Al = 2 staggering results from the
mixing of many rotating bands with Al = 4
differences. The purpose of this study is to
discuss the genesis of Al = 2 staggering in the
A ~ 190 mass region and to highlight several
theoretical characteristics that are utilized to
characterize the properties of SD nuclei
Specifically, we provide a way to assign
bandhead spin. More than 85 SD bands have
been detected in the A = 190 mass range alone
in Au, Hg, T1, Pb, Bi, and Po nuclei, making it a
region of particular interest.

2. Bohr-Mottelson
Mathematical Review

Model:

In Ref. [11], the rotational energy is described
as a function of I(I + 1). An extension in
powers of I(I4+ 1) can be used for small
enough values of I.

EotlIU+ D] =AIU+ 1)+ B[IU + D]* +
ClIU+ DI +D[IUI+ D]*+ - (D)

Here, B,C,D,... are corresponding higher-
order inertial parameters, and A is the intrinsic
matrix element. The ratio of angular momentum,

[=/II+1), to angular frequency, w, is
known as the kinematic moment of inertia, ;.
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9, = - )
But
_1dE
0=} ®
Substituting Eq. (3) into Eq. (2), we get:
h2 [dE]™1
o= [ @

One can easily demonstrate from the set of
Egs. (2)-(4):

dE__ dE dI* _ h? d(«®9f) _

R )
T 209, []91 +

dw?  di2dw? 209, h2dw?
2d9:] _1 2 491
20,07 24| =29, + 0?20 (5)

Differentiating Eq. (1) with respect to [? and
using the expansion (1 + x)~1 with x = 2 %fz +
3%f 4, and neglecting higher-order terms due to
their negligible influence at high spins, we find:

_M1_ 2B qp R (4B 3C) 5y
ﬁl_z;c h AZI +2(A3 AZ)I +
6f12A—3I6 (6)

An alternative approach substitutes the square
of the angular velocity w? as the expansion
parameter in lieu of the variable I2.

_h%1 2B 5 h2(432 3C) 4
191—2A hAzw to\lm et
2BC 6
6h A—3w (7)

Introducing Harris parameters, «, §8,y, and 3§,
the above equation reads [12]:

9 =a—Pw? +yw* + s 8)
Substitute the following for Eq. (5):
E(w) =%aw2 +%ﬁw4+gyw6+56w8. )
From Eq. (3), one may find the dynamical
moment of inertia by:
whdl = dE
dl _ dE
wfla = E
1dE

9, = (10)

wdw'

Substitute the following for Eq. (9). After
some simplification, we get:

95(w) = a + 3w? + 5yw* + 75 w°®. (11)

By fitting the experimental dynamical
2

moment of inertia, defined as: ¥, =2
AE, (1)
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where AE,(I) = E, (I +2) — E,(I), and the
experimental rotational frequency hAw(l) =
Ey(1+2)+Ey(I)
———— one can extract the parameters
a, B,y and §. As mentioned in the introduction,
the relationship 9, = h:—; may be used to

indirectly determine the band head spin by
integrating Eq. (11) with respect to w, leading to
an expression for intermediate spin:

Al = aw + pw® +yw® + 8w’ +c, (12)

where c is the constant of integration. Leave this
to C. L. Wu [13]. For SD band cascade:

Ih+2n—-> 1y +2n—-2 —-..... Iy + 2 - [.(13)

The transition energies that were noticed are:
E,(Ip + 2n),E,(Iy + 2n —2),E,(Ip + 2n —
4), .., E, (I +4),E, (I + 2), where Iyis the
bandhead spin. As long as the discriminant is
greater than or equal to zero, the bandhead spin
may be determined using Eq. (12), as follows:

I2+51)+6 - (aw + fw? +yw® + dw”)? =
0. (14)

The bandhead spin, I, is rounded to the
nearest integer and is regarded as a free
parameter. One way to confirm the effectiveness
of the four-parameter collective rotational model

for the Bohr-Mottelson is to observe the
fluctuation in the experimental transition
energies E,, (I) for "Hg (by, by, bs) in a SD band
(Al = 2 staggering effect). In order to examine
the Al = 2 staggering in further detail, one
computes the fourth derivative of the transition
energies A*E, (I) at a given spin I by [14]:

AE, (D) = 27*E,(I +4) —4E, (I +2) +
6E,(D) —4E,(I-2) +E,(I—4].  (15)

To be able to track higher-order changes in
the SD bands' transition energies, we decided to
employ the equation above.

3. Results and Discussion

We calculated I, of the SD bands of "*Hg
(b1, by, b3) using the Harris expansion for the
current situation where we only know the
experimental transition energies. The
experimental dynamical moment of inertia was
firstly fitted with rotational frequency using Eq.
(11), and the band-head spin of the SD bands of
"Hg (b;, by, bs) was then obtained by solving
the quadratic Eq. (14), using the Harris
parameters [15]. These parameter values,
obtained from the fitting procedure, are
presented in Table 1.

TABLE 1. The optimal Harris parameters were computed and adopted for the chosen SD nuclei in

order to examine the bandhead spins.

Optimal Harris Parameters

SD band

al[h®MeV 7] x 101 B[A°MeV~=>] x 10* y[A*MeV 3] x 10® §[h*MeV 1] x 103

P Hg(b,) 1.32 2.02 4.53 -2.09
*Hg(b,) 1.37 1.56 3.29 -1.34
"*Hg(b;) 1.37 2.25 2.07 -0.92

Unfortunately, as indicated by Eq. (12)—
specifically the integration constant—such a
process involves some uncertainty. In order to
resolve this stalemate, as imposed by C. L. Wu

[13], the constant ¢ is considered to be the initial
alignment iy, which can be assumed to be zero,
since no alignment occurs at w = 0.

TABLE 2. Values of bandhead spin I for studied SD bands, where by, b,, and b; refer to band number
1, band number 2, and band number 3, respectively.

SD band Bandhead spin, I[#]

Present Work (PW)  Ref. [11] Ref [16] Exp.[17]
PHg(b)) 8 8 8 8
“*Hg(b,) 7 8 8 8
"*Hg(b;) 7 9 11 9

Table 2 clearly shows that the bandhead spin
of the SD band of the '""*Hg (bl) is in good
agreement with both the experimental analysis
[17] and the theoretical analyses [11, 16]. In the

second SD band, '"*Hg (b,), the shift of spin
levels from even to odd is attributed to a one-unit
decrease in the band-head spin. Finally, for the
third SD band, "**Hg(bs), the deviation in band-
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head spin compared to Ref. [17] is the same as
that reported in Ref. [16].

Under the adiabatic approximation,
transition energy Ey(I)E_\gamma(I)

E, (I) —where [ is the spin of the state—can
be expressed as:

the

E,(I) =Dgs+ Cgs + Bg, + Ags, (16)

where the four parameters A,B,C,and D are
determined by the Bohr-Mottelson model for an
axially symmetric nucleus. Here, g; =
(I?+51+6)'— %+ DY, i=1234.
Equation (16) was utilized to fit the angular
spins of the experimental transition energies for
the SD bands of '"*Hg (b, b,, b;) to get the
parameters of our model, as shown in Table 3.

TABLE 3. The optimal parameters of the four-parameter collective rotational model for the Bohr-
Mottelson were computed and adopted for the chosen SD nuclei.

SD band Optimal parameters of the four-parameter collective rotational model
D[MeV] x 10~  C[MeV] x 1071° B[MeV]x10~7 A[MeV]x 1073
PHg(b)) 2.70 -1.60 2.03 4.71
“*Hg(b,) 1.80 -1.01 0.75 7.87
"*Hg(b;) -0.20 0.33 -2.54 5.33

In the SD band '**Hg (b;, b,, bs), the value of
B/A is on the order of 10™*, indicating that B/A

decreases as one approaches the configurations
for which the deformed shape is more stable.

TABLE 4. The calculated transition energies, E,, for our three SD bands in "Hg, compared to

experimental data and other theoretical models.

Transition Energy, E, [MeV]

SD band

Present Work (PW) Ref. [11] Ref. [16] Exp. [17]
I E, 1 E, 1 E, I E
10 0.219 10 0204 10 0208 10 0212
12 0.258 12 0246 12 0250 12 0254
14 0.297 14 0288 14 0293 14 0.296
16 0.336 16 0330 16 0.335 16 0.337
18 0.375 18 0370 18 0.376 18 0.377
20 0.413 20 0411 20 0416 20 0.417
22 0.452 22 0450 22 0456 22 0.455
24 0.49 24 0489 24 0494 24 0.492
26 0.527 26 0.527 26 0532 26 0.528
28 0.563 28 0563 28 0.569 28 0.563
"Heg(b) 30 0.598 30 0.599 30 0.604 30 0.597
32 0.632 32 0634 32 0639 32 0.630
34 0.664 34 0668 34 0.672 34 0.662
36 0.695 36 0701 36 0.703 36 0.693
38 0.725 38 0732 38 0.733 38 0.724
40 0.754 40  0.762 40 0762 40 0.754
42 0.782 42 0.790 42 0789 42 0.784
44 0.811 44  0.817 44 0814 44 0813
46 0.841 46 0.843 46 0.837 46 0.843
48 0.874 48  0.867 48 0.858 48 0.872
50 0.913 50 0889 50 0.889 50 0.903
rms 9.05 x 1073 1.57 x 1072 1.11x 1072
9 0.205 10 0.198 10 0200 10 0.201
11 0.244 120239 12 0241 12 0242
13 0.283 14 0280 14 0282 14 0.283
15 0.322 16 0320 16 0322 16 0.323
"Hg(b,) 17 0.361 18 0360 18 0.362 18 0.363
19 0.400 20 0400 20 0402 20 0.402
21 0.439 22 0438 22 0441 22 0.440
23 0.476 24 0476 24 0479 24 0478
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SD band

Transition Energy, E, [MeV]

Present Work (PW) Ref. [11] Ref. [16] Exp. [17]
25 0.514 26 0514 26 0516 26 0514
27 0.550 28 0.550 28 0.552 28 0.550
29 0.586 30 0586 30 0588 30 0.585
31 0.620 32 0.621 32 0623 32 0.619
33 0.653 34 0.655 34 0656 34 0.652
35 0.686 36 0.688 36 0.689 36 0.685
37 0.717 38 0720 38 0720 38 0.716
39 0.747 40 0.751 40 0.750 40 0.747
41 0.777 42 0780 42 0779 42 0.778
43 0.806 44 0.808 44 0806 44 0.808
45 0.837 46 0.835 46 0832 46 0.837
47 0.868 48 0.861 48 0856 48 0.867
rms 5.35 x 1073 6.63 x 1073  5.00x 1073
9 0.221 11 0218 13 0222 11 0222
11 0.262 130258 15 0260 13 0.262
13 0.303 15 0299 17 0301 15 0.303
15 0.343 17 0339 19 0341 17 0.343
17 0.382 19 0378 21 0381 19 0.382
19 0.420 21 0418 23 0420 21 0.420
21 0.458 23 0456 25 0458 23 0.458
23 0.495 25 0494 27 0496 25 0.495
25 0.531 27 0531 29 0533 27 0.531
27 0.566 29 0.567 31 0569 29 0.566
"Hg(bs) 29 0.601 31 0.603 33 0.604 31 0.601
31 0.635 33 0.637 35 0.639 33 0.635
33 0.668 35 0671 37  0.672 35 0.668
35 0.700 37 0704 39 0.704 37 0.700
37 0.732 39 0736 41 0736 39 0.732
39 0.763 41  0.766 43 0766 41 0.763
41 0.794 43 0.796 45  0.794 43 0.794
43 0.824 45  0.824 47 0822 45 0.824
45 0.854 47 0.851 49 0.848 47 0.854
47 0.884 49 0.877 51 0873 49 0.884
rms 1.01 x 1073 7.83x107% 573 x1073

As shown in Table 4 and based on the root
mean square (rms) deviation test results [18], the
transition energies E, computed with our model
correspond better with the experimental values
than with other models, particularly for
"*Hg(b,). We conclude that this deviation is due
to the difference in the way the issue is
addressed between our model and other models.
The rotational frequency Aw, kinematic 9;, and
dynamic 9, moments of inertia are now related
in the following way:

hw(I) = 8DI7 + 6CI° + 4BI° + 241 (17)
hZ
9D = 8DI6+6CI*+4BI2+24" (1%)
hZ
9,(D) = 56D16+30CI*+12B12+24° (19)

Figure 1 shows that the behavior of the
kinematic and dynamic inertia moments
calculated from our model of "**Hg (b,, b,, bs) is
in good agreement with the experimental data,
with the dynamic moment showing the closest
match. It demonstrates how well our model can
describe the moment of inertia's behavior in the
rotating region A~190. We suggest that the
fourth derivative of the transition energy
differences [Eq. (15)], as a function of angular
momentum [, provides a more accurate
representation of the observed staggering in the
SD bands of '"*Hg (by, b, bs) than a plot of the
moment of inertia parameter versus the angular
momentum. The transition energies between
levels differing by two wunits of angular
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momentum are experimentally well-determined
quantities:

AE, (L) = Ey(I; + 2) — Ey (I)). (20)

We applied Eq. (15) and Eq. (20) to "**Hg (b,
by, b;). Here, [; is the angular momentum that
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our model assigns, I; = Iy + 2j, j =0,1,2,3, ...
to the region A~190, for which the
experimentally reported transition energies are
long enough (I = 9).
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FIG. 1. Predicted (a) kinematic, 9;, and (b) dynamic, 9,, moments of inertia for our three SD bands in '**Hg (b,
by, b3) against rotational frequency, hw, along with a comparison with experimental data and alternative
formulae (line with black circles representing, A4 E_y”~Cal resulting from calculated transition energies, line
with red squares representing experimental transition energies, and line with blue triangles representing the
difference between them).

Figure 2 displays a discernible staggering
pattern in all cases, *Hg (b, b,, bs). . Generally,
one observes an identical behavior in the
staggering between the A4Ef"pand A*ED¢Vwith
fluctuations in the amplitude as the angular
momentum [ increases. This oscillation may be
associated with the rotational structure of
superdeformed bands of '**Hg (b;, b,, bs), which
is somewhat perturbed. However, it is reasonable
to interpret this behavior of the staggering effect
in terms of the interaction between the two
sequence bands. The amplitude of the staggering
varies only slightly among the different bands.
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Therefore, any nonzero values of the parameter
A*E,, suggest that the order of rotational motion

of the nuclear system exceeds [*. This supports
and validates the applicability of our model. The
results demonstrate that the four-parameter
collective rotational model of Bohr and
Mottelson provides a meaningful description of
the Al =2 staggering effect in the
superdeformed bands of '"*Hg (b, by, bs).
Furthermore, the behavior of this effect can
potentially be estimated analytically based on
collective  properties of the nucleus.
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FIG. 2. Al = 2 staggering, A4Ey (I), calculated using the five-point formula versus nuclear rotational frequency
for the SD bands in 194Hg (b1, by, b3), experimental values, and the differences between them.

4. Conclusion

A theoretical version of the Harris four-
parameter formula in even powers of angular
frequency was used to fit the smoothed
experimental dynamical moment of inertia data.
A fitting approach was used to modify the
expansion parameters. By integrating the
computed ¥,, the spins of the SD rotational
bands in *Hg (b, by, bs) were assigned using
the best expansion parameters from the fit by
solving the quadratic equation. The -closest
integer of the fitted I, was used to determine the
bandhead spin. The values of the bandhead spins
of our selected SD band in "**Hg (b;, b, bs) are
fairly consistent with all the spin assignments of

other approaches. In the A ~ 190 mass region,
the dynamical moment of inertia increases with
increasing rotational frequency. Within the scope
of the four-parameter model, the SD band
structure of "*Hg (b;, by, bs) is accurately
recreated. The finite difference approximation to
the fourth derivative of the gamma transition
energies is represented by a smooth reference,
which also explains the Al =2 energy
staggering found in three of our chosen SD
bands. As spin or rotational frequency increases,
the parameter A*E,(I) alternates in sign, a
behavior characteristic of Al = 2 staggering.
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Abstract: Surfactant-free, high-grade, self-assembled quaternary copper zinc tin sulfide
(CZTS) nanoparticles were synthesized successfully via a simple hydrothermal method.
Different thiourea concentrations were used as chalcogen precursors, and their influences
were investigated. The concentration of sulfur precursor gradually increased to obtain a
pure kesterite phase, which was identified by X-ray diffractometer (XRD) and Fourier-
transform Raman spectrometer (FT-Raman). Field emission scanning electron microscopy
(FESEM) revealed diverse nanostructures, such as spheres, plates, and rose-like
formations. The specific capacitance values of pure-phase kieserite CZTS nanoparticles
were analyzed using a three-electrode system. The photocatalytic activity of CZTS
nanoparticles against methylene blue (MB) and crystal violet (CV) degradation under
visible light irradiation reached 93% and 89% within 70 min, respectively. Also, CZTS
TU-10 nanostructures exhibited stronger antibacterial performance against both gram-
positive (Streptococcus pneumoniae, Streptococcus pyogenes) and gram-negative
(Klebsiella pneumoniae, Vibrio parahaemolyticus) pathogens. The maximum inhibition
zone (26 mm) was obtained against Vibrio parahaemolyticus bacteria using the agar well
diffusion method. These results imply that kesterite CZTS could be considered an efficient
candidate for multiple applications.

Keywords: CZTS, Hydrothermal, Morphology, Electrochemical, Specific capacitance.

1. Introduction

CwZnSnS,  (CZTS) is a  p-type
semiconducting  material ~ with  promising
potential for thermoelectric, photocatalytic, and
energy harvesting applications [1]. Although
CZTS nanoparticle synthesis has been reported
already, some significant problems remain. The
formation of these compounds is complicated by
the multiple components that go into their
production [2]. Due to the intrinsically small
composition zone for a single-phase CZTS, the
simplicity of component vaporization, and the
high chemical potential for secondary phase

formation, the formation of a pure single-phase
structure of this product is challenging [3, 4].
Surfactant-free synthesis methods employing
different sulfur sources and concentrations have

received limited attention [5]. CZTS
nanoparticles have been synthesized by
hydrothermal, sol-gel [6], solvothermal [7],

SILAR [8], hot injection [9], and pulsed laser
deposition methods. Among these techniques,
hydrothermal treatment is the most important
due to its simple process, low cost,
environmental friendliness, and control over the
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structure and morphology of the material [10].
Electrochemical supercapacitors are gaining
much attention among the various energy storage
technologies because of their exceptional
durability [11], elevated energy and power
density, expedited redox processes for charging
and discharging, environmentally sustainable
attributes, and cost-effectiveness [12]. However,
limited research has focused on the
electrochemical behavior and energy storage
applications of CZTS nanostructures [13].

Hence, in the present work, we propose a
facile one-step hydrothermal method for the
preparation of kesterite CZTS nanostructures.
The novelty of the present work lies in the
surfactant-free synthesis of single-phase CZTS
nanoparticles. A key objective is to investigate
the effect of wvarying sulfur precursor
concentrations on the phase formation of CZTS.
Also, this study explores the specific capacitance
of CZTS nanostructures through cyclic
voltammetry (CV) and GCD charge-discharge
techniques. The photocatalytic degradation of
CZTS is tested using two different dyes. The
antibacterial activity of CZTS nanostructure is
examined against gram-positive and gram-
negative bacteria.

2. Materials and Methods

Copper chloride dihydrate, =zinc nitrate
hexahydrate, and stannous chloride dihydrate
were used as metal precursors for Cu, Zn, and
Sn, respectively. For the sulfur source, thiourea
was used. All the compounds were acquired
from Lakshmi Scientific Company,
Chidambaram, India, AR grade, andused
without purification. Polyvinylidene fluoride
(PVDF), carbon black, N-methyl 2-pyrrolidone
solution (NMP), and nickel plate were purchased
from Sabari Scientific Company, Tamil Nadu,
India, for electrochemical processing.

2.1 Hydrothermal of  CZTS
Nanostructures

Synthesis

To synthesize CZTS nanostructures by a
hydrothermal method, thiourea (TU) was used as
a sulfur source. In a typical synthesis of CZTS
nanostructures (TU-4), the molar ratio (Cu:2,
Zn:1, Sn:1, Tu:4) was taken as follows: 0.08 M
copper chloride dihydrate (0.136 g/10 ml), 0.04
M zinc nitrate hexahydrate (0.059 g/5 ml), 0.04
M stannous chloride dihydrate (0.045 g/5 ml),
and 0.16 M thiourea (TU - 0.243 g/20 ml). A
solution was prepared using distilled water and
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stirred for 30 min. The resulting solution was
transferred into a Teflon-lined stainless-steel
autoclave and heated in a muffle furnace at
210 °C for 24 hours, as described in our earlier
work [14]. After the reaction, the autoclave was
allowed to cool naturally to room temperature.
The obtained precipitate was cleaned using
distilled water and ethanol and dried for 3 hours
in a hot air oven at 70°C. The synthesis was
performed without the addition of any
surfactants or  stabilizing/binding  agents.
Because of the high temperature used during the
synthesis of CZTS nanoparticles, more thiourea
was added to compensate for the amount that
evaporated. To examine the growth and
properties of pure phase kesterite Cu,ZnSnS,
nanostructure by using different sulfur/copper
concentrations (S/Cu = 2, 3, 4, and 5) on the
structural, phase formation, and morphological
features of CZTS nanostructures, the above
procedure was followed to synthesize TU-6
(2:1:1:6), TU-8 (2:1:1:8), and TU-10 (2:1:1:10)
samples.

2.2 Characterization

The crystal structure and phase composition
of the synthesized CZTS nanostructures were
characterized by X-ray diffraction (XRD) using
a PANalytical X’Pert PRO — Analytic, Germany,
operated at 30 mA and 40 kV with Cu Ka
radiation (A = 1.54060A). Phase confirmation
was further carried out using a micro-laser
Raman spectrometer (Seiki, Japan) at Alagappa
University, Karaikudi.

Surface  morphology and  elemental
composition were analyzed by field emission
scanning electron microscopy (FESEM, Carl
Zeiss Sigma 300) equipped with energy-
dispersive X-ray spectroscopy (EDAX) at CISL,
Annamalai University, Chidambaram.
Transmission electron microscopy (TEM) was
performed using a Tecnai G2 20 S-Twin (200
kV, Japan) at Madurai Kamaraj University,
Madurai, to further study the structural
properties.

2.2.1. Preparation of the CZTS electrode

To prepare the electrode, a slurry paste was
obtained by mixing 80 wt.% CZTS powder, 10
wt.% PVDF, and 10 wt.% carbon black, with N-
methyl-2-pyrrolidone (NMP) added dropwise
until a uniform paste was formed. This slurry
was coated onto a nickel plate (1 cm x 1 cm
active area) and dried overnight at 80 °C. The
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mass of active material on the electrode was
approximately 5 mg. The -electrochemical
performance was evaluated using a three-
electrode system consisting of the prepared
CZTS electrode as the working electrode, a
platinum wire as the counter electrode, and an
Ag/AgCl electrode as the reference electrode. A
2 M KOH aqueous solution was used as the
electrolyte.

2.2.2 Electrochemical Performance of the
Supercapacitor

The electrochemical characteristics of CZTS
nanoparticles were investigated by the cyclic
voltammetry technique using a Metrohm
Autolab M204 system and a three-electrode cell
system with NOVA 2.1.4 software at Annamalai
University. Cyclic voltammetry measurements
calculated the specific capacitance of the CZTS
electrode in the range of a potential window of 0
to 0.6 mV/s with varying scan rates. GCD
analysis was performed at different current
densities. To determine the specific capacitance
(Cyp) of the CZTS electrode,[ the following
equations were used [15].

For cyclic voltammetry:

_ JI1av

CS N SmAvF/g (1)
For GCD:
_ dar

Cy = bl @)

where Cg, (Fg) is the specific capacitance, | I Az
is the area of the CV curve, s is the scan rate
(mV/s), AV is the potential window (V), m is the
mass of the loaded material (g), I is the current
density (A), dt is the discharge time (s), g is the
mass of the loaded material, and ‘dV’ is the
potential (V).

2.2.3. Photocatalytic Measurements

The degradation of methylene blue (MB) and
crystal violet (CV) dyes in an aqueous solution
was used under sunlight as a radiation source.
The photocatalytic reaction of the CZTS was
measured by using a UV-Vis spectrophotometer.
The optimal concentration for the dye is 10™
mol. Blank solutions were prepared by
dissolving the dye in 1 liter of distilled water.
Initially, 0.05 g of prepared CZTS nanoparticles
was added to 100 ml of blank dye solutions. To
achieve  adsorption-desorption  equilibrium
between the catalyst (CZTS) and dye, a beaker
containing the dye solution and the catalyst was

left in dark conditions for 30 minutes. The pH of
the MB and CV dye solutions was recorded
during photocatalytic ~ activity. For the
degradation of dyes, both solutions were stirred
separately under sunlight. Every 10 minutes, 5
mL of the solution was collected from the beaker
for UV-visible analysis.

2.3 Antibacterial Activity

The CZTS nanoparticles offer the advantages
of low toxicity and significant antibacterial
activity at low concentrations, all of which are
needed for these nanomaterials to act as potent
antimicrobial agents inside most living systems
[16]. The CZTS was tested for its antibacterial
properties by using the agar well diffusion
method.

3. Results and Discussion
3.1 Structural Analysis

Structural characteristics of  CZTS
nanoparticles were analyzed by XRD for
different concentrations of thiourea, and the
results are presented in Figs. 1(a)-1(d). As seen
in Fig. 1(a), the diffraction peaks of TU-4 at
29.07°, 31.53°, and 32.56° are attributed to
(102), (103), and (006) hkl planes of CuS binary
phase with the hexagonal system (JCPDS: 78-
2121). The presence of other peaks at 20 =
47.53° and 59.12° corresponds to (220) and
(224) planes, confirming the presence of the
CZTS phase with the tetragonal system (JCPDS:
26-0575) [17]. By increasing the TU
concentration to TU-6 and TU-8, the intensity of
characterization peaks of CZTS at 20 = 28.49°,
47.27°, 56.66°, and 59.31° corresponding to the
(112), (220), (312), and (224) planes increased.
Additionally, the plane corresponding to (102),
(103), (006), and (108) of CuS decreased
gradually, while peaks related to the CuS phase
(e.g., (102), (103), (006), and (108)) gradually
diminished. @~ At  the  highest thiourea
concentration  (TU-10), the CuS peaks
disappeared entirely, and only prominent CZTS
peaks were observed at 20 = 28.42°, 47.58°,
56.14°, and 59.26°, confirming the successful
formation of a pure kesterite phase. This
indicates that an increased sulfur precursor is
essential to suppress secondary phase formation
due to sulfur evaporation at elevated
temperatures during hydrothermal synthesis [18].
The crystallite size (D) was calculated using

Eq.(3), [19]:
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The calculated crystallite sizes were 52 nm
(TU-4), 45 nm (TU-6), 36 nm (TU-8), and 28
nm (TU-10), indicating the nanocrystalline
nature of all samples. The small crystallite sizes
indicated that the synthesized CZTS samples

were nano-crystalline. Lattice parameters a = b
and ¢ ranged from 5.432 to 5.426 A and 10.853
to 10.842 A, respectively, in agreement with
standard JCPDS  values. These results
demonstrate that the sulfur concentration
significantly influences the structural parameters
and phase purity of CZTS nanostructures.
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FIG. 1. XRD patterns of CZTS nanoparticles at different concentrations of thiourea (TU).

3.2. Raman Analysis

Raman analysis was carried out to confirm
the appearance of minor phases and the phase
purity of CZTS nanostructures. The Raman
spectra of CZTS nanostructures with different
concentrations of TU are shown in Figs. 2(a)-
2(d). For the TU-4 sample, a strong Raman peak
was observed in the range of 440-465cm™,
indicating the presence of a CuS secondary
phase [4]. When thiourea concentrations were
increased to TU-6, the Raman spectra exhibited
one additional peak located at 323 cm™, which
was attributed to the CZTS phase. Harinipriya et
al. and Shalabayev et al. reported similar types
of results and stated that kesterite CZTS showed
Raman peaks at 338 cm™' [5]. The characteristic

peak (CZTS) intensity increased with the
increasing sulfur concentration of sample TU-8
because the crystal structure of the synthesized
CZTS was strongly affected by the initial
formation of copper sulfide, which acts as a
catalyst for CZTS growth [3]. With further
increase in sulfur concentration (TU-10), the
peak corresponding to the mixed phase, namely,
CuS (467 cm™), vanished, and the intensity of
the peak corresponding to CZTS (338 cm™)
increased gradually. The exclusive presence of
kesterite CZTS peaks in the TU-10 sample
confirms the successful suppression of secondary
phases. This high phase purity is particularly
advantageous for photocatalytic and
electrochemical applications.

CZTS
338
TU - 10
d)
328
/=T 467
= ([ e) TU - 8
=
=
=
=
—_—
323
b) TU - 6
465
a) TU - 4
T T T T T T T
200 250 300 350 400 450 500 550 600
Raman shift (cm™)

FIG. 2. Raman spectra of CZTS with different TU concentrations.
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In addition, intermediate phases such as
CusSnS, (318 and 295 cm™), ZnS, (315 cm™),
and SnS, (351 and 274 cm™") were not detected in
the Raman spectra, indicating that the pure phase
of CZTS nanostructures was observed at higher
concentration. These results confirmed that the
synthesized ~CZTS TU-10  nanostructure
exhibited a pure Raman peak compared to other
samples. A similar type of result was obtained
from the XRD study.

3.3. Morphological Analysis

The lower (a) and higher (b) magnified
FESEM images and EDS spectra (¢) with atomic
ratio (pie chart) of CZTS samples for different
TU concentrations are shown in Figs. 3i-3iv.
These analyses were performed to reveal the
morphology and microstructural characteristics
of the CZTS nanoparticles.

The lower concentration (Fig. 3i) of the TU-4
sample is heterogeneous (plate-like, cubical, and
rod-like) in nature. In TU-6 (Fig. 3ii), many
hierarchical spherical-like structures, typically
measuring 1-2um in size, are noticed. Upon
further increasing the concentration (TU-8), the
sphere-like structure changed to hexagonal
nanosheets with an approximate thickness of 30-
40 nm, attached as a bundle-like formation. At
higher TU concentration (TU-10, Fig. 3iv), a
well-defined rose-flower-like morphology was
observed, composed of interlinked hexagonal
nanosheets with an overall particle size in the
range of 1-3um. The nanosheets result in
numerous hierarchical pores on the nanoscale.
Fig. 3iv(c) shows the EDS spectrum of the TU-
10 sample with the inset depicting the average
atomic ratio of the four elements. The atomic
ratio of Cu:Zn:Sn:S was found to be
20.70:9.79:15.15:54.36, which is close to the

& &

stoichiometric ratio of Cu,ZnSnS; and well
matched with the XRD analysis. Table 1 reveals
the different elemental composition atomic ratios
of different TU concentrations.

The formation of the self-assembled flower-
like CZTS nanostructure at high TU
concentrations is proposed to occur via the
following  stages: initially, 1D  CZTS
nanoparticles form through homogeneous
nucleation. These subsequently grow into 2D
nanosheets through oriented aggregation, and
eventually self-assemble into 3D rose-flower-
like architectures via the Ostwald ripening
mechanism [21]. This hierarchical structure, with
nanosheets as the primary building block, is
advantageous due to its large surface area and
high aspect ratio, which are beneficial for
enhancing electrochemical performance, as
reported in previous studies [22].

The gradual release of S* ions from thiourea
and the interaction between the —-NH: groups of
thiourea and CZTS nanoparticles are believed to
facilitate these stepwise growth processes [21].
Furthermore, the absence of extraneous elements
in the EDS spectra confirmed the successful
formation of pure-phase CZTS nanostructures.

FE-SEM analysis of the TU-10 sample
clearly highlights the influence of sulfur source
and sulfur concentration on the size, nucleation
extent, morphological changes, and structure of
the synthesized CZTS nanostructures. The
presence of flower-like morphology with
hierarchical — pore  structure of CZTS
nanoparticles confirms the synthesis of phase-
pure CZTS, supported by the XRD and Raman
studies as well. Hence, further characterization
and application studies were carried out using
CZTS TU-10 alone.

snL

Znk

‘ kux Znk

FIG. 3i. FESEM images of TU-4 at (a) lower and (b) higher magnification. (c) EDS spectrum with atomic ratio
(inset pie chart).
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‘ FIG. 3ii. FESEM images of TU-6.
‘ FIG. 3iv. FléSEM ifnages of TU-10.
TABLE 1. EDS analysis of CZTS recorded at different TU concentrations.
.. . Sample
o

Composition Ratio (at %) TU4 TU6 TUR TU-10
Cu 27.30 25.50 23.80 20.70

Zn 12.14 11.49 8.75 9.79

Sn 17.82 16.56 16.20 15.15

S 42.74 46.45 23.80 54.36

Cu/Zn+Sn 0.91 0.90 0.95 0.82

Zn/Sn 0.68 0.69 0.54 0.64

S/(Cu+Zn+Sn) 0.74 0.86 1.05 1.19

S/Cu 1.56 1.82 2.15 2.62
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3.4. Transmission Electron Microscopy (TEM)

The structural and morphological
characteristics of the CZTS TU-10 sample were
further = examined using  high-resolution
transmission electron microscopy (HRTEM).
The different magnifications of the TEM images
of the CZTS TU-10 nanostructures are depicted
in Figs. 4(a)4(d) and reveal that
the nanoparticles are well dispersed with a rose
flower-like structure. The average size of the
flower-like structures is approximately 1-2 pm.
As seen in Fig. 4(a), the flower-like morphology
consists of interconnected nanosheets, consistent
with the FESEM results. The number of

hexagonal sheets that are less than 50 nm

arranged together to form the flower-like
structure, which is visually evident from Figs.
4(c)-4(d). Fig. 4(e) shows a single crystalline of
the nanosheet that exhibits a lattice fringe value
of 0.32 nm corresponding to the (112) plane of
CZTS, which seems to be close to the earlier
report by [23]. The bright spots in the SAED
pattern in Fig. 4(f) corresponding to the (112),
(220), and (224) planes were found to be
consistent with the planes observed by XRD.
The presence of four diffraction rings indicates
that the nanoparticles are well crystallized, and
the results witness the presence single crystal of
pure-phase CZTS nanoparticles.

a)

3.5. XPS Analysis

The CZTS TU-10 sample was examined
using X-ray photoelectron spectroscopy to
confirm the important information on the surface
level, its chemical composition, and valence
states. Fig. 5(a) depicts the survey scan spectrum
of the CZTS sample, which includes Cu, Zn, Sn,
and S. The peak at 284.6 eV Cls is used as a
reference, and the peak at 532.9 eV is Ols
corresponding to the water molecule at the
surface of the sample [24].

High-resolution XPS spectrum of Cu 2p
peaks, seen in Fig. 5(b), was found in the
binding energies of Cu 2p;, and Cu 2p;, peaks
at 933.8 and 953.7 eV, respectively, with a peak
separation of 20.1 eV [19]. The observed results
confirmed that the oxidation state of Cu is +1.
For Zn, peaks split into two energy states, Zn

FIG. 4. HR-TEM images and SAED pattern of TU-10.

2ps» and Zn 2p;,, and detected at 1021.9 and
1044.9 eV, respectively, with the distance
between the two peaks at 23 eV, as seen in Fig.
5(c). The obtained result proved that Zn is
present in an oxidation state of +2 [25]. The Sn
peaks observed in Fig. 3.5(d) are found at
binding energies of 486.2 and 494.4 eV and
could be attributed to the Sn 3ds, and Sn 3ds.,
peaks, which match the conventional splitting of
8.2 eV [26]. As shown in Fig. 5(e), the S 2p
peaks were successfully deconvoluted into two
distinct peaks. The primary peaks located at
164.8 eV and the secondary peaks detected at
165.9 eV were assigned for 2ps, and 2p,, and
the difference is 1.1 eV, corresponding to S*
[27]. The obtained valence states of Cu'’, Zn*",
Sn*, and S* provide evidence that the prepared
CZTS TU-10 sample was in good agreement
with the pure phase kesterite Cu,ZnSnS,.
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FIG. 5. XPS spectra of CZTS TU-10 nanostructures. (a) Survey scan spectrum, (b) Cu, (c¢) Zn, (d) Sn, and (¢) S.

3.6. Optical Properties

To estimate the value of the direct bandgap,
the optical absorption characteristics of CZTS
TU-10 were investigated by using UV-Vis
spectroscopy in the 200-800 nm wavelength
range. Fig. 6(a) shows the presence of a strong
absorption spectrum, suggesting that the CZTS
TU-10 sample exhibited significant potential
application in photocatalytic measurements [28].
By using Tauc’s plot [29], the optical bandgap of
CZTS TU-10 nanostructure was determined for
direct bandgap energy:

ahv = A(hv — Eg)" 4)

where hv is the photon energy, Eg is the optical
bandgap of the products, A is a constant, and n is

24

1/2 for the direct bandgap semiconductor. The
optical bandgap energy (Eg) of the CZTS sample
was calculated by extrapolating the linear
portion of (ahv)® on the y-axis versus hv on the
x-axis, as shown in the inset of Fig. 5(b) The
calculated band gap value of CZTS TU-10
nanostructures was found to be 1.52 eV, which
could be attributed to the enhanced ordering
within nanocrystals with a better crystalline
nature. This value is close to the optimum value
for better electrochemical and photocatalytic
applications. Furthermore, the obtained band gap
value coincides well with the previously reported
value [30].

CZTS TU-10

a)
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FIG. 6. Optical properties of CZTS TU-10 nanostructures. (a) UV-Vis absorbance, (b) band gap.
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3.7. Electrochemical Applications

a) Cyclic Voltammetry

The cyclic voltammetry (CV) curves were
obtained for the CZTS TU-10 electrode at 0 to
0.6 V while employing scanning rates ranging
from 10 to 100 mV/s. As illustrated in Fig. 7(a),
the redox activity of the CZTS TU-10 electrode
was confirmed by two redox peaks and shifted in
higher positive (oxidation) and lower negative
(reduction) potentials as the scan rate increased,
which might be related to electric polarization
and irreversible reactions [31]. Due to faster
kinetics, the CV profiles demonstrated a steady
voltammogram shape at increased scan rates,
confirming that the electrode material has
pseudo-capacitance behavior and better rate
performance. The specific capacitance (Cgp) of
the CZTS TU-10 electrode was calculated using
Eq. (1). The calculated Cg, values are 389, 290,
232, 179, and 155 F/g for different scan rates of
10, 20, 55, 70, and 100 mV/s, respectively, as
shown in Fig. 7(b). Among the scan rates, the
lower scan rate has a higher specific capacitance
of 389 F/g, which could be attributed to both the
inner and outer surfaces involved in tuning the
specific capacitance, which results in higher
capacitance values [32]. The decrease in specific
capacitance with increased scan rates was caused
by the rapid redox reaction. While increasing the
scan rates, the interplay of various ions at the
interface between the electrode and electrolyte
was observed at higher scan rates, hence leading
to decreased values of Csp.

b) Galvanostatic Charge-Discharge

The specific capacitance of the fabricated
electrode was determined by utilizing GCD
charge-discharge measurements within the
potential range of 0-0.6 V with various current
densities (1-5 A/g), as shown in Fig. 7(c). The
nonlinear shape of the GCD profile with humbs
revealed faradic effects of the constructed
electrode for different current density values.
The calculated Csp values, calculated using Eq.
(2), are found to be 368, 252, 216, 134, and 113

Fg' for different current densities 1, 2, 3, 4, and
5 Ag', respectively. The obtained results
indicate that the decreased Csp values were
inversely proportional to increasing current
densities. This phenomenon could be ascribed to
two key factors:
(1) At higher current densities, ion diffusion is
limited, preventing full access to the active
material;

(i1) Redox reactions are confined mainly to the
electrode surface, leading to reduced utilization
of active sites [33].

The CZTS TU-10 electrode had a high specific
capacitance value of 368 Fg' for a current
density of 1 Ag' due to the better
electrochemical performance with a large surface
area. The GCD curve corresponding to 1 Ag’
shows a wide potential plateau. The results
discussed above clearly indicate that the sulfur-
rich, surfactant-free CZTS TU-10 electrode
material will exhibit high performance when
utilized in energy storage applications.

¢) EIS Spectroscopy

The CZTS TU-10 electrode was subjected to
electrochemical impedance spectroscopy (EIS)
to examine the fundamental characteristics of the
electrode and electrolyte interfaces where charge
reactions and ion transfer occur in the system.
EIS spectrum was plotted using the real
compound (Z’) vs imaginary part (Z’’), as shown
in Fig. 7(d).

The imaginary part (Z’’) of the impedance
defines the interphase resistance between the
working electrode and the electrolyte. The
phenomenon of a semicircle transition into a
straight line was noticed at higher frequencies.
The charge transfer resistance occurs at the
interface of the active material as revealed by the
small semicircle [34]. The plot shows a large
slope in the straight-line part that confirms the
CZTS TU-10 electrode has high capacitance and
low ion diffusion resistance.
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GCD, and (d) EIS spectrum.

3.8. Photocatalytic Measurements

Figure 8(a) shows the absorption spectra of
the CZTS catalyst recorded against the
degradation of CV and MB dye solutions under
sunlight. The spectra revealed that the maximum
absorbance wavelengths of CV and MB dyes
were centered at 590 nm and 664 nm,
respectively. The absorbance of the solution
decreases with increasing time intervals,
indicating that the dye concentration decreases
as the exposure time increases [35]. The
photocatalytic ~ degradation efficiency was
evaluated by Eq. (5):

)

where C and C, are the initial and final
irradiation of the dye solution, respectively. Figs.

Efficiency (7%) = (1 — <) x 100

8(b) and 9(b) show the absorbance vs time for
CV and MB dyes, respectively. The CZTS
nanostructures using CV dye had the highest
degradation efficiency at 93% [Fig. 8(c)]
compared to MB dye at 89% [Fig. 9(c)] within
70 minutes. Fig.s 8(d) and 9(d) show the C/Cyvs
reaction time curves of CV and MB in the
presence and absence of a CZTS catalyst. It is
well known that a material's large surface area,
morphology, crystallinity, and size are crucial to
its  photocatalytic  activity. Consequently,
morphology may play a significant role in
calculating the final degradation efficiency. In
the present work, a flower-like CZTS TU-10
sample exhibited high removal efficiency due to
the higher surface area with an optimal particle
size of the CZTS catalyst and suitable
preparation conditions.
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FIG. 8. (a) Absorbance vs wavelength spectra of CZTS TU-10 catalyst for CV dye, (b) absorbance vs irradiation
time, (c) degradation efficiency, and (d) C/Cy vs reaction time.
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FIG. 9. (a) Absorbance vs wavelength spectra of CZTS TU-10 catalyst for MB dye, (b) absorbance vs irradiation
time, (c) degradation efficiency, and (d) C/Cyvs reaction time.

Moreover, the surfactant-free = CZTS
nanoparticles produced by the hydrothermal
process serve as an efficient photocatalyst for
degrading toxic dyes. In a photocatalytic system,
a photo-induced molecular transformation occurs
on the surface of the photocatalyst. Electrons
jump from the valence band to the conduction
band when the surface of a photocatalytic
material is exposed to energy equal to or greater
than the band gap. This causes a negatively
charged electron to appear in the conduction
band and a positively charged hole to appear in
the valence band. The conduction band electron
reduces the adsorbed oxygen onto the

photocatalytic surface, and the positively
charged hole oxidizes the organic contaminants
into hydroxyl free radicals.

Table 2 summarizes the photodegradation
efficiency of CZTS with previously reported
data, prepared by various synthesis processes, as
well as their morphology, efficiencies, type of
dyes, and degradation rates of dyes. By overall
photocatalytic performance, the prepared CZTS
TU-10 nanostructures led to a higher degradation
rate of MB and CV dyes due to the rose flower-
like nanosheet morphology.

TABLE 2. Degradation efficiency of CZTS catalyst with previous studies.

Degradation efficiency /

Method Morphology Dye Time (% / min) Ref
Hydrothermal = Agglomerated MB 50/45 [28]
Hydrothermal Spherical RhB 557240 [36]
Hydrothermal  Flower-like MB 60/90 [37]
Hot-injection =~ Nano-Spheres  pollutants 73 /150 [38]
Hot-injection Nano-rods pollutants 90.3/160 [38]
Hydrothermal Rose-flower like MB 89/70 Present work
Hydrothermal Rose-flower like CvV 93/70 Present work
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3.9 Antibacterial Activity

The antibacterial activity of the synthesized
CZTS TU-10 nanostructure was carried out
against both gram-positive (Streptococcus
pneumoniae, Streptococcus pyogenes) and gram-
negative  (Klebsiella  pneumoniae,  Vibrio
parahaemolyticus) pathogens. The CZTS TU-10
was tested for its antibacterial properties by
using the agar well diffusion method. Figs. 10
(a)-10(d) show the results of the investigation on
the antibacterial  properties of CZTS
nanostructure evaluated by the zone of inhibition
(ZOI). Remarkably, following 24 hours of
incubation, the synthesized CZTS nanostructures
exhibited an inhibition zone around them for all
the bacterial strains that were subjected to
testing. After incubating the plates for 24 hours
at 35C, the diameter of the inhibitory zones was
measured in mm and recorded. The zone of
inhibition diameter was calculated corresponding

to pathogens, and the values are listed in Table 3.
The results revealed that the inhibition of growth
increased with increasing concentrations of
CZTS. The maximum inhibition zone was
obtained against Vibrio parahaemolyticus
bacteria at 18, 20, 22, and 26 mm, corresponding
to 25, 50, 75, and 100 pg/ml.

This observation serves as an indication of
the Dbacteriostatic capability of the CZTS
nanostructures. Additionally, the size of the
inhibition zone varied depending on the specific
type of bacteria [39]. The observed suppression
of bacterial growth could be related to the
detrimental effects on the bacterial cell
membrane and the expulsion of cytoplasmic
contents, ultimately leading to the death of the
bacterium. The change in the inhibition zone
depended on the type of bacteria, the
and the

morphology of the nanoparticle,
behavior of their development.

FIG. 10. Antibacterial activity of the CZTS TU-10 nanostructures against (a) Streptococcus pneumoniae, (b)
Streptococcus pyogenes, (¢) Klebsiella pneumoniae, and (d) Vibrio parahaemolyticus.

TABLE 3. Antibacterial activity of CZTS TU-10 nanostructures

Zone of inhibition (mm)

S. No Test Organisms
25 ug/ml 50 ug/ml 75 pg/ml 100 pg/ml Positive control
1 Streptococcus Pneumoniae 12 14 16 20 26
2 Streptococcus Pyogenes 14 16 18 21 26
3. Klebsiella Pneumoniae 12 14 16 18 26
4 Vibrio parahaemolyticus 18 20 22 26 29
To date, some mechanisms have been  modifications and inhibition of microbial
suggested for the antibacterial properties  replication. (i) The internalization of

exhibited by inorganic nanoparticles. (i) The
release of metal cations from nanoparticles leads
to interactions with proteins, nucleic acids, and
microbial membranes, resulting in structural
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(ROS), including hydroxyl radicals (OH),
hydrogen peroxide (H,0;), and superoxide
('03). These ROS have the potential to cause
significant damage to lipids, DNA, and proteins
within the cell membrane, resulting in leakage
and degradation of the bacterial cell membrane
[40]. Based on this investigation, hydrothermally
prepared CZTS TU-10 nanostructures have
stronger antibacterial performance against Vibrio
parahaemolyticus bacteria due to their particle
size and better morphology.

4, Conclusion

The pure kesterite phase of CZTS
nanostructures was successfully synthesized
through a low-cost hydrothermal method without
the assistance of surfactants or capping agents by
using different concentrations of thiourea. XRD
and FT-Raman studies confirmed the growth of
pure-phase CZTS nanostructures at higher sulfur
concentrations. FESEM studies indicated that
different Cu/S ratios had a strong influence on
the morphological changes of CZTS. The
interplanar distance value was calculated from
the HRTEM image and found to be 0.32 nm,
which strongly supported the XRD result. The
valence states of Cu'", Zn*", Sn*", and S* were
confirmed by XPS. Surfactant-free pure kesterite
CZTS TU-10 was found to be a good

photocatalyst for CV and MB dyes with
degradation efficiencies of 93% and 89% within
70 minutes. The prepared CZTS electrode
offered an excellent specific capacity of 389F/g
at 10 mV/s by CV measurements. Finally, the
surfactant-free CZTS TU-10 sample possessed a
flower-like morphology and showed excellent
degradation efficiency, better antibacterial
activity, and high specific capacitance, all of
which revealed that the prepared CZTS
nanostructures could be potential candidates for
future applications.

Acknowledgment

The corresponding author wishes to thank the
Head of the Department of Physics and the

Centralized Instrumentation and  Service
Laboratory (CISL), Annamalai University,
Annamalai Nagar, Tamil Nadu, India, for

providing the CV and analytical instrument
facilities.

Funding Information

No funding was received for conducting this
study.

Conflict of Interest

The authors declare no conflict of interest.

References

[1] Patil, S.S., Nadaf, S.N., Mali, S.S., Hong,
C.K., and Bhosale, P.N., Ind. Eng. Chem.
Res., 60 (21) (2021) 7816.

[2] Harinipriya, S., Cassian, H., and Sudha, V.,
J. Mater. Res. Technol., 15 (2021) 3558.

[3] Patil, U., Dhanasekar, M., Kadrekar, R.,
Arya, A., Bhat, S.V., and Late, D.J., Ceram.
Int., 48 (19) (2022) 28898.

[4] Paraye, A., Ramachandran, M., and Selvam,
N.V., Period. Polytech. Chem. Eng., 65(1)
(2021) 42.

[5] Saha, S., Int. J. Photoenergy, 2020 (2020) 1.

[6] Qiu, L., Xu, J., Cai, W., Xie, Z., and Yang,
Y., Superlattices Microstruct., 126 (2019) 83.

[7] Ahmad, R., Saddiqi, N., and Wu, M., Inorg.
Chem., 59 (3) (2020) 1973.

[8] Banerjee, G., Das, S., and Ghosh, S., Mater.
Today Proc., 18 (2019) 494.

[9] Engberg, S., Symonowicz, J., Schou, J.,
Canulescu, S., and Jensen, K.M.@., ACS
Omega, 5 (18) (2020) 10501.

[10] Vavale, S.D., Pawar, S.G., and Deepti, H.,
Int. J. Innov. Knowl. Concepts, 6 (11) (2018)
126.

[11] Pathak, M., Bhatt, D., Bhatt, R.C., and
Bohra, B.S., Chem. Rec.,24 (1) (2023)
€202300236.

[12] Abdel Maksoud, M.LLA., Fahim, R.A.,
Shalan, A.E., and Abd Elkodous, M.S.,
Environ. Chem. Lett., 19 (2021) 375.

[13] Tang, Q., Shen, H., Yao, H., Wang, W.,
Jiang, Y., and Zheng, C., Ceram. Int., 42 (8)
(2016) 10452.

[14] Manjula, S., Sarathkumar, A., and
Sivakumar, G., J. Nano Res., 79 (2023) 25.

[15] Robati, S.M., Imani, M., and Tadjarodi,
Mater. Lett., 225 (2018) 9.

195



Article

Manjula et al.

[16] Hirpara, A.B., Chaki, S.H., Kannaujiya,
R.M., Khimani, A.J., and Parekh, Appl. Surf.
Sci. Adv., 12 (2022) 100338.

[17] Long, B., Cheng, S., Ye, D., Yue, C., and
Liao, J., Mater. Res. Bull., 115 (2019) 182.

[18] Mkawi, E.M., Al-Hadeethi, Y., Shalaan, E.,
and Bekyarova, E., Ceram. Int., 46 (16)
(2020) 24916.

[19] Patil, S.S., Mane, R.M., Mali, S.S., Hong,
C.K., and Bhosale, P.N., Sol. Energy, 201
(2020) 102.

[20] Shalabayev, Z., Baldz, M., Daneu, N.,
Kanuchova, M., ... and Burkitbayev, M., ACS
Sustain. Chem. Eng., 7 (15) (2019) 12897.

[21] Singh, O.P., Parmar, R., Gour, K.S., Dalai,
M.K., Tawale, J., Singh, S.P., and Singh,
V.N., Superlatticesand Microstruct., 88
(2015) 281.

[22] Ghosh, A., Biswas, A., Thangavel, R., and
Udayabhanu, G., RSC Adv., 6 (98) (2016)
96025.

[23] Rajesh, G., Muthukumarasamy, N.,
Velauthapillai, D., and Batabyal, S.K.,
Langmuir, 33 (24) (2017) 6151.

[24] Henriquez, R., Nogales, P.S., Moreno,
P.G., Cartagena, E.M., Bongiorno, P.L.,
Navarrete-Astorga, E., and Dalchiele, E.A.,
Nanomaterials, 13 (11) (2023) 1731.

[25] Zaman, M.B., Mir, R.A., and Poolla, R.,
Int. J. Hydrogen Energy, 44 (41) (2019)
23023.

[26] Valdés, M., Pascual-Winter, M.F., and
Vazquez, M., Phys. Status Solidi A, 215 (24)
(2018) 1800639.

[27] Das, S., Sa, K., Alam, 1., and Mahanandia,
P., Mater. Lett., 232 (2018) 232.

[28] Phaltane, S.A., Vanalakar, S.A., Bhat, T.S.,
Patil, P.S., Sartale, S.D., and Kadam, L.D., J.
Mater. Sci. Mater. Electron., 28 (2017) 8186.

196

[29] Baid, M., Hashmi, A., Jain, B., Singh,
A K., Susan, M.A.B.H., and Aleksandrova,
M., Opt. Quantum Electron., 53 (2021) 1.

[30] Padhy, S., Mannu, R., and Singh, U.P., Sol.
Energy, 216 (2021) 601.

[31] Zhao, Y., Yan, J., Huang, Y., Lian, J., Qiu,
J., Bao, J., Cheng, M., Xu, H., Li, H., and
Chen, K., J. Mater. Sci. Mater. Electron., 29
(2018) 11498.

[32] Premkumar, V.K., Sivakumar, G., Dinesh,
S., and Barathan, S., J. Mater. Sci. Mater.
Electron., 28 (2017) 4780.

[33] Farzi, M., Moradi, M., Hajati, S., Toth, J.,
and Kazemzadeh, A., Synth. Met., 278 (2021)
116815.

[34] Sarkar, S., Howli, P., Das, B., Das, N.S.,
Samanta, M., Das, G.C., and Chattopadhyay,
K.K., ACS Appl. Mater. Interfaces, 9 (27)
(2017) 22652.

[35] Selvam, M., Sivakumar, G., and Ayyar,
M., Z. Phys. Chem., 0 (2024).

[36] Sawant, J.P., Rajput, R., Patil, S., Ryu, J.,
Patil, D.R., and Kale, R.B., J. Mater. Sci.
Mater. Electron., 32 (2021) 22803.

[37] Sheebha, 1., Venugopal, V., James, J.,
Maheskumar, V., Sakunthala, A., and
Vidhya, B., Int. J. Hydrogen Energy, 45 (15)
(2020) 8139.

[38] Semalti, P., Sharma, V., and Sharma, S.N.,
J. Materiomics, 7 (5) (2021) 904.

[39] Hirpara, A.B., Chaki, S.H., Kannaujiya,
R.M., Khimani, A.J.,, Appl. Surf Sci.
Adv., 12 (2022) 100338.

[40] Ocakoglu, K., Dizge, N., and Colak, S.G.,
Colloids Surf. A Physicochem. Eng.
Asp., 616 (2021) 126230.



Volume 18, Number 2, 2025. pp. 197-206

Jordan Journal of Physics

ARTICLE

Sensing Efficacy of ZnO Film Towards Ethanol and Acetone

Dinesh K. CHAUDHARY®, Surya K. JOSHI” and Agni DHAKAL®

“ Physics Department, Amrit Campus, Tribhuvan University, Kathmandu, 44600 Nepal.

b
Central Department of Chemistry, Tribhuvan University, Kirtipur, Kathmandu, 44618

Nepal.

“ Research Division, Nepal Academy of Science and Technology, Khumaltar, Lalitpur,

44700, Nepal.

Doi: https://doi.org/10.47011/18.2.9

Received on: 18/12/2023;

Accepted on: 28/03/2024

Abstract: In this work, zinc oxide nanoparticles (ZnO NPs) were synthesized via the co-
precipitation method and analyzed by X-ray diffraction (XRD), scanning electron
microscopy (SEM), and energy dispersive X-ray diffraction (EDX). The ethanol and
acetone vapor detection abilities of the ZnO film were comprehensively examined at
temperatures ranging from 100°C to 330°C. The XRD results revealed a polycrystalline
nature with a mean crystallite size of 27.3898 + 0.5472 nm. The SEM and EDX analyses
demonstrated the formation of nano-leaf structures of ZnO. Gas sensing measurements
showed a higher response of 52.08 + 1.23 and 25.62 = 1.21 at 285 °C at 800 ppm ethanol
and acetone vapor exposure, respectively, i.e., selectivity towards ethanol. The film
exhibited rapid response times of 5 s for ethanol and 11 s for acetone. Repeatability and
stability tests over multiple cycles demonstrated consistent performance, surpassing that of
similar reported sensors. These results support the development of a cost-effective and
efficient gas sensor capable of detecting ethanol and acetone vapors at concentrations as
low as 40 ppm, which is below the permissible exposure limits set by the Occupational

Safety and Health Administration (OSHA).

Keywords: Zinc Oxide, Gas response, Response time, Selectivity.
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1. Introduction

Over the past couple of decades, metal oxide
semiconductor (MOS) nanomaterials have
garnered significant attention due to their wide
range of industrial uses, including biomedical,
chemical, and food industries, as well as in
optoelectronic devices, resonators, solar cells,
agriculture, etc. [1-4]. Among various MOS,
ZnO is emerging as a potential material because
of its tunable electrical, optical, and surface
characteristics, which are useful for a variety of
applications, such as photocatalytic activity,
solar cells, gas sensors, and so on [5—7]. One of
the most notable uses of ZnO is as a gas-sensing
material, because its sensing capability is well
known and controlled mostly by its surface

properties and working temperature [8—10]. ZnO
responds to gas exposure. However, the lower
response, high operating temperature, and
selectivity are the major problems. Currently,
significant efforts are underway to enhance the
gas-sensing capabilities and selectivity of MOS-
based sensors through surface modification,
metal doping, conducting polymer doping, nano-
composing, etc. [8, 11-14]. Among these
strategies, surface modification has been shown
to be effective in improving gas sensing
capabilities [8, 9]. The morphology of ZnO
depends strongly on the preparation method [15—
18]. In this regard, the co-precipitation method
has proven to be one of the most essential, low-
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cost, and time-consuming approaches for  (CH;CH,OH), sodium hydroxide (NaOH),
producing ZnO nanoparticles. This method does  stannous chloride di-hydrate (SnCl,:2H,0),

not require a vacuum system and can yield
substantial quantities in a single batch.

Acetone is a clear, colorless, volatile organic
liquid that evaporates quickly. It is used as the
laboratory solvent for materials like paints,
grease, plastics, synthetic fibers, etc., and for
rinsing glassware and equipment. Excessive
exposure to acetone fumes can cause irritation of
the eyes, nose, throat, and lungs in a couple of
minutes. It can cause headaches, dizziness,
damage to the nervous system, confusion, or
unconsciousness [19-21]. Likewise, ethanol is a
widely used toxic chemical in various industries,
such as the production of food additives,

medicines, antibacterial products, alcoholic
drinks, and cosmetic products [22-24]. Its
excessive exposure might have negative

consequences for living beings. Exposure to
ethanol vapor induces a ventricular and septal
wall stiffening during growth [22, 25].

As a consequence of the above-mentioned
things, there is a pressing demand for acetone
and ethanol sensors capable of detecting low
concentrations of vapor with fast and high
response. ZnO film was found to be sensitive to
both ethanol and acetone at the working
temperature >300 °C [24, 26-30]. However,
reports focusing on the selectivity of ZnO among
ethanol and acetone are scarce.

In this work, ZnO NPs were synthesized by
the economical co-precipitation method and
characterized to study their sensing capability
towards ethanol and acetone vapors. The results
of extensive investigations on the structural,
morphological, and gas-sensing characteristics
are presented and compared to the results of the
published reports. This work reports a higher
response of the 0.5 M ZnO film towards ethanol
than towards acetone. Also, the gas response of
0.5 M ZnO film towards the investigated vapors
(ethanol and acetone) was found to be higher at
relatively lower operating temperatures than the
available published reports [15, 17, 18, 20-22,
27, 28, 30]. In addition, the gas sensing
mechanism of ZnO film is discussed.

2. Experimental
2.1 Materials

Analytical-grade chemicals [zinc acetate di-
hydrate (Zn(CH;3CO,),:2H,0), ethanol
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conc. hydrochloric acid (HCI), deionized water,
and vinegar] were used without further
modifications throughout the experiment to
synthesize ZnO NPs.

2.2 Preparation and Characterization

Clean glass substrates were initially coated
with fluorine-doped tin oxide (FTO) layers via
the spray pyrolysis technique. To make the FTO
solution, 21.051 g of SnCl,: 2H,0 was dissolved
in 10 ml concentrated hydrochloric acid using a
magnetic stirrer at 90 = 10 °C. After that, 40 ml
of deionized water was added, and the mixture
was stirred for 15 minutes at 60 £ 10 °C.
Meanwhile, NH4F was dissolved in 50 ml of
deionized water in another vessel. Following
that, both of these solutions were put together,
stirred for 1 hour, and then aged for 24 hours
[31].

For ZnO NPs synthesis, zinc acetate
dihydrate was dissolved in ethanol and shaken
using a magnetic stirrer for 2 hours at 60 £ 10°C.
2M NaOH solution was added dropwise to the
solution under continual stirring conditions to
form the precipitate (ppt), maintaining the PH 12
of the solution. The precipitated material was
centrifuged at 2000 rpm, carefully scrubbed, and
rinsed 5 times with deionized water. The
obtained material was subsequently dried for 16
hours at 100°C in a furnace. The ZnO paste was
made with ethanol and 3 drops of vinegar. The
vinegar serves as a binder. The ZnO film was
created on the FTO-coated glass substrate by
spreading the paste using a sharp blade. The film
was then annealed for 1 hour at 550 + 2 °C and
aged for an additional 21 days to adhere to the
substrate [32]. Finally, the ZnO nanoparticles
were analyzed using XRD, SEM, and EDX.

Gas-sensing performance was evaluated at
100-350 °C using a custom-built gas-detection
system consisting of an airtight glass chamber
with inlet and outlet ports. The chamber was
placed on a digital temperature-controlled hot
plate (TALBOYS 7X7 CER HP 230 V ADV,
Henry Troemner, LLC, USA). The ZnO film
was positioned inside the chamber facing
downward. A Ni-Cr micro-heater allowed
heating up to 370 °C, with temperature regulated
via a variable-voltage power supply. To prevent
condensation, the chamber temperature was
maintained just above the boiling point of the
test vapors.
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The gas response or sensitivity of the device
fabricated with the ZnO film was estimated by
measuring the resistance of the ZnO film in two
distinct environments: in air and in gaseous
environments. The gas response (R) is defined as

= (1)

Here, R, and Ry are the ZnO film resistances
in air and gaseous environments [28]. To
measure the resistance, two electrodes were
fabricated on the ZnO film using silver paste and
copper wire. The electrodes were separated by 1
cm. The electrodes were connected to the ohm
meter (multi-meter, Fluke 101) to measure the
resistance of the ZnO film.

3. Results and Discussion
3.1 Structural analysis

The structural characteristics were examined
using the X-ray diffraction (XRD) technique.
Fig. 1 depicts the X-ray diffraction pattern of
ZnO NPs, which was performed using an X-ray

diffractometer (Bruker AXS D2 PHASER A26-
X1-A2BOB2A-, Serial No: 207047) employing
Cu-K radiation of wavelength 1.54056 A. The
existence of several prominent steep peaks in the
XRD spectrum demonstrates the polycrystalline
structure of ZnO. The prominent steep peaks
observed at 20 = 31.9763°, 34.6344°, 36.4623°,
47.7476°,  56.8084°,  63.0683°,  66.5568°,
68.1557°, 69.2983°, and 77.1542 ° corresponding
to (100), (002), (101), (102), (110), (103), (200),
(112), (201), and (202) planes, respectively,
which have been found to be matching the
normal range values of JCPDS card number 36-
1451 [33]. There was no further impurity peaks
observed, indicating that pure ZnO had been
synthesized. The size of crystallites (D) was
calculated using the Debye—Scherrer equation:
0.91
b= LcosO (2)

Here, A is the wavelength of X-radiation and
B is the full width at half maximum of the
diffraction peak.

10000
(101)
~ 8000-
(002
6000 - (100)

(200)
(103)

(110)

(102) (112)(201)
(202

(0‘04) |

20 30 40

50 60 70 80

20 (degree)
FIG. 1. XRD pattern of ZnO.

The crystallite size D and d-spacing
corresponding to the most intense peak (101)
were 28.4172 + 0.9012 nm and 2.46123 =+
0.12011 A, respectively. The mean crystallite
was estimated to be 27.39 + 0.5472 nm. The two
lattice parameters, a and c, were estimated using
formulas:

2
@ = T3 sing 3)
and

2
¢ = sinf (4)

respectively [34, 35]. The values of a and ¢ were
3.2280 + 0.1199 A and 5.1736 + 0.0008 A,

respectively, with c/a = 1.5999 + 0.0595,
suggesting a hexagonal wurtzite phase.

3.2 Surface Morphology and Elemental Analysis

The gas-sensing characteristics of ZnO films
depend critically on their surface morphology [8,
9]. The surface morphology was examined using
a scanning electron microscope (SEM) and is
depicted in Fig. 2(a). It clearly shows the
nanoflake-like  structure. =~ The  elemental
composition was examined using the EDX
technique, and the result is presented in Fig.
2(b). The EDX spectrum showed the atomic
percentages of Zn and O as 48.03 and 51.97%,
respectively, indicating the purity of the product.
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FIG. 2. (a) SEM image and (b) EDX spectra of ZnO.

3.3 Gas Sensing Behavior

The gas-sensing capability of ZnO-based gas
sensors depends greatly on the temperature [36].
Initially, the gas-sensing capability was
investigated over a temperature range of 100°C -
330°C at 800 ppm of ethanol and acetone

(a)

244 31,2 - in air
1 E —a— in ethanol
,C? 20- : § 0.8 —4— in acetone
= 161 3 0a
< I w
8 124 & 0.0
= ] 200 250 300
S gl ' Temperature (°C)
2 1 i Region A (IR
8 44 "BC! o'
S ‘ . \Nﬁ
04 !
100 150 200 250 300
Temperature (°C)

exposure, separately. It was done by measuring
the résistances R, and Ry of the ZnO film in air
and gaseous environments, respectively, and
then calculating the gas response (R) using the
formula in Eq. (1).

(b)

0 e A £, .Grain
29- e (o) o e e e A
O. 0- o- o.

Depletion layer

G - Gas molecule, O - Oxygen ion

FIG. 3. (a) Resistance variation of the ZnO film with temperature in air, 800 ppm of ethanol and acetone vapors,
(b) Illustration of gas-sensing mechanism of the ZnO film.

Figure 3(a) depicts the plot of resistance with
temperature of the ZnO film in air, ethanol, and
acetone vapor. The resistance of the ZnO film
decreased  with  increasing  température,
exhibiting semiconducting behavior. To explain
the variation of resistance of ZnO in air with
temperature, the curve may be divided into four
regions: A, B, C, and D. In région A, the
resistance decreased with increasing temperature
up to 270°C due to the thermal activation of
conduction band électrons, which is the
dominant factor. The resistance then increased
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with temperature rising to 285°C in region B,
indicating the semiconducting characteristics.
This increase is likely due to the formation of
oxygen vacancies, which promotes the
adsorption of oxygen molecules onto the ZnO
surface [37]. The adsorbed oxygen captures free
electrons from the conduction band, forming
negatively charged oxygen species, thereby
increasing the resistance of the film.

In region C (285-295°C), the resistance
remains nearly constant. This plateau suggests a
dynamic equilibrium between the thermal
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excitation of charge carriers and the oxygen
adsorption process [38].

The resistance of the ZnO film decreased
beyond 295 °C in region D, likely due to the
dominant thermal activation of the electrons and
desorption of oxygen species. The temperature
around 285-295 °C is thought to be suitable for
sensor functioning due to the small temperature
dependence. [38].

The resistance of the sample was lower in a
gaseous environment than in the air, as shown in
Fig. 3(a). Also, the resistance of the sample was
lower in ethanol than in acetone vapor [inset of
Fig. 3(a)]. The classical model of gas-sensing
can be used to explain it [Fig. 3(b)]. In the
ambient atmosphere, the oxygen was adsorbed
onto the ZnO surface, which extracted the
electrons from the conduction band, and oxygen
ions (0™, 05, or 0?7) were formed. It increased
the depletion layer and the ZnO film resistance,
as shown in Fig. 3(b) [39]. The form of adsorbed
oxygen ions depends on the ZnO surface
temperature. The oxygen adsorption and oxygen
ion formation processes on the ZnO surface are
expressed by Egs. (5)-(8). At a temperature of
25-150 °C, 0, is the predominant species
among the adsorbed oxygen ions, which
indicates that oxygen ions are primarily adsorbed
in the form of O, ions at lower temperatures. As
the temperature increases between 150 and 350
°C, the 0, ions decompose, and the adsorbed
species consist of O~ and 02~ ions. Among
these two species, the O~ ions become dominant.
Finally, when the temperature surpasses 350 °C,
02~ ions become more prevalent on the ZnO
surface [40].

Oz(g) « Oz(ads) (5)

Oz(ads) te ©
03(aas) (Room temperature to 150 °C)  (6)

Oz(aasy + €7 © 20(q45) (150 =350°C)  (7)
Oaasy + €~ © O(Za_ds) (above 350°C) (8)

In the gaseous environment, the gas
molecules interacted with oxygen ions and
released the electrons back to the ZnO surface,
which decreased the depletion layer and the
resistance of ZnO [Fig. 4(b)]. The possible
interaction of gas molecules with the oxygen
ions and the release of electrons back to the ZnO
surface are illustrated in Egs. (9) and (10),
respectively [27, 39].

CH3CH,0H (ethanol) + 60,4, = 2C0, +

H,0 + 6e™ )
CH3COCH3(Acetone) + 80,4, — 3C0, +
H,0 + 8e~ (10)

The resistance of the film decreased more in
the case of ethanol exposure than in the case of
acetone exposure [Inset of Fig. 4(a)]. It is
attributed to the lower ignition point (365 °C)
and smaller kinetic diameter (0.45 A) of the
ethanol molecule compared to that of acetone.
The ignition point and kinetic diameter of
acetone are 465 °C and 0.46 A, respectively. The
lower ignition point and smaller kinetic diameter
of ethanol facilitate greater thermal activation
and deeper penetration of ethanol vapor
molecules into the porous structure of the ZnO
film compared to acetone vapor molecules. This
enables the ethanol molecules to interact more
readily with a larger number of oxygen ions.
Consequently, more electrons are released back
to the ZnO surface, resulting in a greater
reduction in resistance under ethanol exposure
than under acetone exposure [40].

Figure 4 illustrates the relationship between
gas response and temperature, measured
separately at 800 ppm ecthanol and acetone
exposure. The gas response initially increased
with rising temperature, reaching maximum
values of 53.5284 + 1.2311 for ethanol and
25.6119 + 1.2311 for acetone, respectively, at
285 °C, and then decreased beyond this
temperature. This behavior is due to the
proportional relationship between gas response
and the reaction rate coefficient Kgyy, [40]. The
reaction rate coefficient varies with temperature
in Kelvin as:

Kgen(T) = A e~Ea/ksT (11)

where kg is the Boltzmann constant, and E, is
the activation energy barrier of reaction [39].

As the temperature increases, thermal energy
also increases. When the thermal energy
approaches to E,, the concentration of charge
carriers increases significantly, enhancing
oxygen adsorption onto the ZnO surface and
resulting in a high sensor response. Beyond this
temperature, oxygen desorption dominates,
leading to a decrease in gas response [42].

The gas response of the ZnO film was higher
under ethanol exposure than under acetone
exposure. At 285 °C, the film exhibited gas
responses of 53.5284 + 1.2311 and 25.6119 +
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1.2311 to 800 ppm ethanol and acetone,
respectively. This is attributed to the greater
reduction in resistance upon ethanol exposure

compared to acetone exposure [inset of Fig.

3(a)].

—a— Ethanol
—e— Acetone

50+

I
e

W
o
L

-
o
L

Response (RaIRg)
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100 150
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FIG. 4. Gas response variation with temperature at 800 ppm of ethanol and acetone exposure.

Further, the experiment was performed to
study the repeatability and the capability of
detecting low ppm of the targeted vapors. Figs.
5(a) and 5(b) illustrate the transient resistance
responses at 800 ppm exposure of ethanol and
acetone vapors, respectively, over four cycles at
285 °C. The resistance dropped to nearly the
same stable value. The resistance dropped from
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an average value of 2.4612 £+ 0.0039 MQ to
0.0460 + 0.0004 MQ with an average gas
response of 53.3222 + 1.2311 under ethanol
exposure and 2.2218 £+ 0.0022 MQ to 0.086 +

0.0008 MQ with an average gas response of
25.6235 £+ 0.9735 under acetone exposure,
respectively, indicating good repeatability.

(b)
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FIG. 5. Transient resistance response of the ZnO film at an exposure of 800 ppm of (a) ethanol, and (b) acetone
vapors for four cycles.

Figures 6(a) and 6(b) show the plots of the
transient resistance responses measured at 40—
800 ppm ecthanol and acetone exposure,
respectively, at 285 °C. The resistance decreased
abruptly at first and then acquired a stable value
in both ethanol and acetone vapor environments.
The resistance change was more significant at an
exposure to higher amount of vapor. The average
resistance of the ZnO NPs film changed from
2.4612 £ 0.0039 MQ to 0.6333 + 0.0057 MQ at
40 ppm of ethanol exposure and 2.2218 +0.0022
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MQ to 0.7351 + 0.0066 MQ at the same amount
of acetone exposure.

Figure 7 shows the gas response of the ZnO
film at various concentrations (40—-800 ppm) of
ethanol and acetone exposures. The film detected
as low as 40 ppm of both vapors, with responses
of 4.0618 + 0.4923 for ethanol and 3.4912 =+
0.5813 for acetone. The gas response value was
large at higher concentrations of vapor. This
behavior is attributed to the greater surface
coverage of the ZnO film by the test gas
molecules at higher concentrations, which
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enhanced their interaction with the adsorbed
oxygen ions. The two essential gas sensing
parameters are the response time and the
recovery time. These refer to the times required
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for the resistance to change by 90% from the
stable value following the exposure to, and
removal of, the test gas from the sensing

chamber, respectively.
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FIG. 6. Transient resistance responses of the ZnO nps film at an exposure of various concentrations (40-800
ppm) of (a) ethanol and (b) acetone vapors at 285 °C.
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FIG. 7. Gas response at exposure various concentrations of ethanol and acetone

Figures 8(a) and 8(b) illustrate the graphical
method of calculation of these two parameters at
800 ppm ethanol and acetone exposure at 285
°C. The plots of the response and recovery times
with various concentrations (40-800 ppm) of
tested vapors are depicted in Figs. 9(a)-9(b). The
ZnO film exhibited a fast response and recovery
in the case of ethanol exposure, with response
times of 4.7 + 0.3 to 6.1 £ 0.2 s and recovery
times of 80.0 £ 0.7 to 148 + 3.4 s for various
concentrations. In contrast, for acetone exposure,
the response and recovery times ranged from 9.4
+0.3t0 11.0£0.3 s and 141.0 £ 0.7 to 290.7 +
3.9 s, respectively. It may be due to the lower
ignition point of ethanol than that of acetone,
which facilitates the higher thermal activation
and rapid ejection of ethanol vapor from the test

chamber. As a result, the adsorption of oxygen
started quickly.

The gas sensing results indicate that the gas
sensing capability of the ZnO film was better for
ethanol detection in comparison to acetone
detection. The results of this study were
compared with those of previously published
studies (Tables 1 and 2). Compared to ZnO films
made using other techniques, such as
electrospinning [17], solvothermal [18], thermal
evaporation [28], and RF magnetron sputtering
[38], the 0.5 M ZnO film produced in our work
showed improved gas sensing capability towards
ethanol (Table 1). In addition, it demonstrated
superior acetone sensing capability compared to
other sensors made using other methods,
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including the solvothermal and vapor-solid
approaches [15, 18]. Furthermore, the relative
analysis indicates that the ZnO film sensor
operating temperature in this study was slightly
lower than that of the published reports for
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detecting acetone (Table 2). Based on these
findings, we conclude that the 0.5M ZnO film
can be effectively utilized as a sensing element
for detecting both acetone and ethanol, with a
notable selectivity towards ethanol.
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FIG. 9. (a) Response time and (b) recovery time at 40-800 ppm of ethanol and acetone vapor exposure at 285 °C.

TABLE 1. Comparison of the ethanol-sensing result of this work with the published reports

. Operating Ethanol  Response or Res/Rec
Materials Method Temperature (°C) (ppm) Sensitivity (%) time (sec) References
Zn0O ..
nanofibers Electrospining 300 1000 46.4 3/8 [17]
NiO/ZnO  Solvothermal 400 800 40 2.1/4.1 [18]
Al-ZnO Thermal 290 3000 200 8/10 [22]
evaporation
Thermal 450 22
ZnO evaporation 250 50 4.2 NR [28]
Fe-zno  RF Magnetron 300 300 2.91 20/38 139]
sputtering
Fe-ZnO  Hydrothermal 270 500 19 [42]
ZnO Co-precipitation 285 800 52.08 £ 1.23 4.8/148 This work

40 4.06 +0.49 5.4/180

R . . _ Rg—R
Response = -* and sensitivity = aR g x 100%

g a
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TABLE 2. Comparison of the acetone-sensing result of this work with the published reports

. Operating Acetone Response or  Res/Rec
Materials Method Temperature (°C) (ppm) Sensitivity (%) time (sec) References
ZnO Vapor-Solid 65%

Sn-ZnO Technique 370 200 90% NR [15]
NiO/ZnO Solvothermal 400 500 Nearly 5 NR [18]
Sb-In,O;  Spray Pyrolysis 300 80 Nearly 95% NR [20]

Zn0O Fecile Solution 300 3000 170 1.5/3 [21]
La-ZnO Solvothermal 425 1000 1826 16/3 [27]

Zn0O Sol-gel 340 500 63 [30]
ZnOnps Chemical 370 100 36 12/14 132]

Pd-ZnOnps Solution 340 100 76 8/10
S 800 25.61£1.21 11/291 .
ZnOnps  Co-precipitation 285 40 3.49 4 0.58 10.1 /141 This work
4. Conclusions can  effectively  detect extremely low

To sum up, the 0.5M ZnO NPs powder
prepared by the co-precipitation method
exhibited a polycrystalline nature with a mean
crystallite size of 27.39 £ 0.55 nm. The
morphological and elemental analyses revealed a
flake-like structure with a high degree of purity.
The ZnO film showed a better response to
ethanol than to acetone. The gas response value
at 800 ppm ethanol exposure at 285 °C was
nearly twice that of acetone at the same
concentration, with values of 53.5284 + 1.2311
and 25.6119 + 1.2111 for 800 ppm ethanol and
acetone exposure, respectively. Also, the film
exhibited faster response and recovery times
when tested with ethanol compared to acetone.
The response time and recovery time were 5 + 1
s and 148 + 3 s, respectively, at 800 ppm ethanol
exposure and 11 + 1 s and 290 = 4 s for the same
concentration of acetone exposure at 285 °C.
Upon comparison with the published reports, the
outcomes of this work were determined to be
efficacious. The gas response towards ethanol
was found to be greater than that reported in
earlier literature. Remarkably, this work
concludes that the 0.5M ZnO film can be useful
to fabricate a stable, inexpensive gas sensor that

concentrations (40 ppm) of ethanol and acetone
vapors, which is somewhat below the OSHA-
recommended lower limit of health hazards.
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Abstract: An analytical solution is possible for the Schrédinger equation for two particles
interacting via a step-like potential and confined in a harmonic trap. This model is assumed
to be very close to the real case of two confined Rydberg-dressed atoms. In this
contribution, we thoroughly examine the validity of this approximation to describe the
realistic situation. We analyze in detail the impact of the dimensionality on the spatial
correlation of the system. The impact of the dimensionality on the dynamics of the system

under a quench scenario is also investigated.
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1. Introduction

Matter is a huge and intricate assembly of
some “fundamental” constituents, within which
the individuality of these elements often appears
to be lost. Understanding how finite micro
elements lead to the macroscopic structure is of
paramount importance in both nuclear and
condensed matter physics. It aims not only to the
comprehension of the constituents’ structure but
also to the elucidation of the correlations and the
interplay among constituents. On the other hand,
experiments involving confined cold few
particles are nowadays very accessible and are
becoming a matter of routine. In fact, a number
of system parameters, such as the confinement
potential and the particle-particle interaction
features, can be controlled on demand [1, 2].
This way, it is possible to verify experimentally
the validity of a number of quantum simplified
models studied in the past and explore
fundamental physics concepts. It is also true that

more efforts are necessary in order to devise new
“toy” models targeting a detailed comprehension
of the features of the interaction at different
levels of approximation as well as different
dimensionalities (1D, 2D, and 3D). An exact
solution for the Schrodinger equation established
in the case of different and sometimes
complicated potentials, can be found in the
literature (see, for example, Refs. [3-7]). Most of
these solutions are given for the case of a single
particle system. The situation becomes quite
complicated when considering the case of two
particles as a first step on the path towards the
description of cold, confined few-body systems
[8-10]. The difficulty resides in the consideration
of both confinement potential characteristics and
a realistic interaction potential. The hard-core
interaction is the most simplified interaction
scheme, and in this case, it is possible to achieve
a quasi-exact solution for the two-particle
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system. A theoretical study encompassing the
three dimensionalities and a delta-like interaction
for a system of two particles was developed in
the seminal work of Busch et al. [11, 12]. In that
work, a quasi-exact solution is derived under the
assumption of a contact interaction (an s-wave
for bosons and a p-wave for fermions). In order
to take into account a certain interaction range, a
Gaussian-like potential can be considered, which
also allows for a quasi-analytical solution [13,
14]. These interaction models, however, ignore
the long-range nature of the interaction for
dipolar atoms or the Rydberg-dressed interaction
behaving like 1/r® and which can be very
important either fundamentally or
experimentally [15, 16]. An analytical solution
for this interaction is still to be found.
Nevertheless, a simplification of this interaction
as a step function was proposed by Koscik et al.
[17]. This approach enables a quasi-exact
solution in one and two dimensions and allows
for a detailed investigation of the system's
various features. These quasi-solvable models
are of extreme importance for advances in cold
confined few-particle systems. It can be
considered as a set of models to be validated
experimentally as well as an exact basis to
construct the solution for few-body systems
exploiting  different strategies, such as
variational, ab initio, or interacting
configurations [8-10]. The aim of the present
study is to conduct a comparative analysis of the
quasi-exact solvable model of Koscik et al. in
the three dimensionalities and highlight the most
important players for the considered interaction.
We are unavoidably concerned by the analysis of
the spatial correlations, which provide essential
insight into the system’s internal structure. We
focus on the effects of the dimensionality on the
spatial distribution of the system. The study is
first established in a static regime and then
enlarged to a dynamical one. In the dynamical
regime, we are interested in the influence of the
dimensionality on the evolution of the
correlation under different quench scenarios.
However, before proceeding with the details of
the study, we establish the validity of using a
step-function potential as a substitute for the
more realistic Rydberg interaction is appropriate.
To this end, we apply perturbation theory to
identify potential discrepancies between results
obtained using the approximate step function and
those derived from the original long-range
potential. The paper is organized as follows: In
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the second section, we review the key theoretical
framework and provide the essential formulas
and energy spectra relevant to the subsequent
analysis. The third section presents a
perturbative treatment of the system under the
step-function potential and illustrates the
convergence of its results toward those of the
realistic interaction model. The fourth section is
devoted to analyzing the energy spectra
associated with the relative motion in the two-
particle system for various interaction ranges,
emphasizing the role of dimensionality. In this
section, we also examine the relative radial
spatial correlation and investigate the interplay
between the centrifugal barrier, interaction
range, and interaction strength in one, two, and
three dimensions. In the fifth section, we present
a time-dependent analysis of the system,
focusing on the effects of dimensionality and
sudden parameter changes (quench scenarios) on
the evolution of spatial correlations. The main
findings are summarized in the concluding
section.

2. Theoretical Background

The different models aim to establish an
analytical solution for the following Schrodinger
equation for a system of two identical spinless
quantum particles, having a mass m and trapped
in an external potential:

2 M2 = = = =
( i=1§vi t Vext + 17) (11, 77) = EY(,72),

(1)
where v,,, is the confining potential, v is the
interaction potential depending on the particles’
separation, and 7, is the vector position for each
particle. To simplify the calculation, the particles
are assumed to be point-like (structureless), and
the confining potential is taken to be harmonic.
The constraints imposed on the harmonic
potential in different spatial directions determine
the motion of the particles and thus define the
dimensionality of the problem [18-20]. The same
confining potential is imposed on both particles,
and the equation becomes:

—h2 —
<( z v+ %mwzriz) + (|7 -

i=1%
F;D)w(m;) — ). @

For this quadratic potential, it is possible to
single out the center-of-mass contribution to the
motion from the relative one. The equation then
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becomes:

o2 1y 2p2  ThPo2 1o o
<2MV§'+2M(J)R +2# V?+2H(J)T +

v(r)) (R, 7) = Ew(R,7), 3)

where M = 2m, yu = m/2 (the reduced mass),
R=|+7,|/2, and r = |r; — 75|. The wave
function can be written in a separable form as:

w(R,7) = x(R)p®. )

Consequently, we can separate the center-of-
mass motion from the relative one as:

-y -

(V2 +1iMw?R? —E) x(R) =0, (5)
-y N

(%Vﬁ + %uwzrz +v(r) — Er) (@) =0, (6)

with E = E_ + E,.. The first equation is just an
equation for a harmonic oscillator with known
solutions. The difficulty resides in finding a
solution for the second equation, where handling
a realistic interaction can be quite challenging. It
is important to note that the symmetry of the
total wave function depends only on the relative
part of the wave function since the center-of-
mass part is symmetric by construction.
Operating the adequate changes in the
appropriate coordinate system [21], we can
express Eq. (6) for three dimensions (1D, 2D,
and 3D), respectively, as:

(;—‘:22+%r2 +v(r) — Er) f(r) =0, (7
(;—‘:22+12;—;/4+%r2 +v(r) —Er)f(r) =0, (8)

CE+MD 112 4 v() — E,) f() = 0. (9)

dT'Z r2

Here, the energy, the position, and the
angular momentum quantum number [ are

. , h .
expressed in hAw, o and VAmw units,

respectively. The second term in Egs. (8) and (9)
represents the centrifugal potential. The last two
equations are just the relative-radial part of the
Schrodinger equation. Notice that we can shift
from Eq. (8) to Eq. (9) by operating the
following change:

l2D d l3D + 1/2 (10)

This means that it is possible to find the
solution for the 3D case by solving the equation

for the 2D case, provided that the appropriate
relation between the angular momentum
quantum numbers is respected [17]. It is clear
from the equations that the centrifugal effect is
completely absent in 1D (Eq. 7) and is increasing
when passing from 2D to 3D [Egs. (8) and (9)].
It is also important to recall that the total wave
function is defined by the quantum number n in
1D, by nand [ in 2D, and by n,l,and m in 3D.
This wave function is symmetric for even n in
1D and even [ for 2D and 3D; it is antisymmetric
for odd n in 1D and odd ! for 2D and 3D. A
symmetric total wave function defines a bosonic
state, whereas an antisymmetric total wave
function defines a fermionic one.

Solving Egs. (7), (8), and (9) relies on the
form considered for the interaction potential. For
our study, we are interested in the long-range
nature of the interaction. This is the case for the
interaction between two non-symmetric neutral
charged distributions. Such interactions involve
multipolar excitations, particularly when atoms
are excited to high principal quantum numbers,
known as Rydberg states [22]. The potential for
this interaction can be approximated to the first
order as composed of a short-ranged part, to
which we add a van der Waals long-ranged
interaction. This last one is the main contribution
to the multipolar excitations. In this case, the
interaction potential can be given as [17, 23]:

v(r) =—2—, (11)
1+(R—C)

where g is the strength and R, is the range of the
potential (see Fig. 1). We will call this potential
the Rydberg interaction in the following
sections. It is not yet possible to find an exact
solution to the Egs. (7), (8), and (9) with this
realistic interaction along with the harmonic
confinement.  Nevertheless, a quasi-exact
solution is achieved for an interaction potential
defined as a step function [17]. This
approximation mimics the previous expression
quite fairly for the short-range part and then falls
abruptly to zero. It is given as:

v() ={ (12)

where we can relate vy and a to the strength and
the range (g and R.), respectively (Fig. 1) [17].

Vg pour x < a
0x>a,
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FIG. 1. Comparison between the realistic Rydberg interaction, the step function, and the difference between
these two potentials. v, is set to 5, and the range is equal to one. The difference is considered as a perturbation
(see Sec. 3).

This simplification is justified by the fact that  a. Figs. 2 and 3 display representative energy
the main contribution to the realistic potential  spectra obtained from this model. Fig. 2 shows
comes from the flat part. In the case of this  the energy versus the interaction strength for
approximation, it is possible to establish a quasi-  different values of the range in the case of 1D,
exact solution by reducing the 1D equation [Eq.  whereas Fig. 3 is the same illustration for the 2D
(7)] to a Weber form, while the 2D and 3D  and 3D cases. These figures are mostly the same
relative-radial equations [Egs. (8) and (9)] are  as the ones illustrated in [17, 27] and are
transformed into Kummer-type differential  reproduced here just to clarify and justify some
equations. The solution is expressed as a  of the results developed in subsequent sections.
function of the confluent hypergeometric It is worth signaling the fermionization limits in
function of the first kind in the region [0,a], and 1D calculations where the bosons’ energy levels
as a function of the Tricomi function elsewhere  are converging to the fermions’ ones. This is
[17, 24-26]. In order to guarantee a physical  known as the bosons-fermions mapping or the
behavior of the whole solution, a condition for =~ Tonks-Girardeau limit [28]. The results for the
the continuity of the two functions and their = 3D case are similar to the 2D case but are shifted
derivatives is imposed at r = a, leading to  to higher energy levels. This result derives
transcendental ~ equations.  Solving  these  straightforwardly from the relation given by Eq.
equations quantizes the energy, which allows for ~ (10). This remark will be used to expect or
the retrieval of the energy spectrum with  justify some of the following results.
different combinations of strength v, and range

10
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FIG. 2. (a) Energy spectrum in one dimension versus v, with increasing values of n (n =0, 1 ... 8, bottom to
top). Even values of n correspond to bosons (black), while odd values represent fermions (red). The value of the

range a is indicated in each panel.
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FIG. 3. Energy spectrum for the fundamental state (n = 0) versus v, with increasing values of the angular
momentum quantum number [ = 0, 1, 2, 3, 4 (from bottom to top) in three (red) and two (black) dimensions.
The value of the range a is indicated in each panel.

These results are only possible for a harmonic
trap and a step-like potential interaction, where
an analytical solution is possible. Plenty of other
complicated trap shapes, along with different
interactions, are possible. However, only
numerical approaches in these cases are used to
investigate the system of two trapped particles
[29].

3. Perturbation Treatment

Before proceeding to the main topic of this
contribution, namely, the study of the impact of
the dimensionality on some properties of the
studied system, we first aim to assess the
accuracy of approximating the Rydberg
interaction with a step-function potential. We are
interested in discrepancies between these two
results by employing adequate tools in order to
ameliorate the initial model. To this end, we
employ perturbation theory to compare the
following:

1. The analytical results for a step-like potential;

2. The numerical results for the
formulation of the potential [Eq.(11)];

exact

3. The results of the perturbation treatment of a
step-like potential.

We have to clarify here that in the reference
[17], both the numerical (Rydberg interaction)
and analytical (step potential) results for the
energy spectra are plotted on the same graphs,
showing a discrepancy between these two
results, a discrepancy that becomes more
apparent for important ranges and in two
dimensions. Similarly, in Ref. [30], an
approximate value of the threshold interaction

strength is calculated analytically for the step
potential and compared to the numerical results
for the Rydberg interaction. This is done in one
dimension, and a tiny discrepancy is found
between the two results. In our calculation, we
are not only concerned with reporting the
existing discrepancy but also try to bridge the
gap between the two situations (numerical
solution for the exact potential and the analytical
solution for the step-like potential) for the cases
of 3D, 2D, and 1D, using the perturbation tool.
This calculation is important from two
perspectives. First, reaching an agreement
between the two results would confirm the
adequacy of the step function as a replacement
of the realistic Rydberg potential, as it confirms
that the missing part is just a perturbation.
Second, it would enable the construction of a
more accurate wave function basis if a
description of few-particle systems is targeted.

To start with, the exact potential is written as:

v(r) =—L— =
1+(R_c)

v (1) + Vpere,

)

6
-
1+(R_C)

Us (r) - Us r) +

(13)

%— vg(r) and vg(r) is
1+(R—C)

the step function defined in Eq. (12). This wayj, it
is possible to write the exact potential as a step
function for which we already know the
solutions and an extra quantity Ve, that we
assume to be a perturbation. A plot for this
potential for the case where the step is equal to 5
and the range of the potential is equal to 1, is
illustrated in Fig. 1. The Numerov approach [31]
is used to obtain the numerical results for the
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exact potential (the Rydberg potential). In our
case, the goal is to demonstrate that the
perturbative approach applied to the step
potential can reproduce the numerical results
with high fidelity, thereby validating the
approximation and enhancing our model’s
predictive power. Let us mention that we use a
forward and inward integration method, and we
impose the continuity of the wave function and
its derivative at the turning points [31] to ensure
the stability of the Numerov calculation. The
perturbation correction is assumed to be of the
first order for the eigenvalues and the
eigenvectors.

3.1 Eigenvalues

The comparison of the eigenvalues (energies)
versus vy for one dimension and different ranges
is presented in Fig. 4. It is clear from this figure
that the correction to the first order is sufficient
to reach a fair agreement with the numerical
results. Higher energy levels are less affected by
the interaction according to their range, and are
thus already too close to the numerical results.
Conversely, the low levels are more affected by
the interaction, making the correction for these

which is higher than the one without the
correction. In the same manner as previously, we
extend the perturbation calculation to the radial
part of the Schrdodinger equation for 2D [Eq.
(8)]. The perturbation potential is the same as
before. The only difference is the centrifugal
term making a logarithmic mapping and a
transformation of the radial solution necessary
for the densification of the points around zero for
the wave function and for recovering the
Numerov shape of the equation, respectively
[31]. The comparison of the spectra versus v,
and for different ranges a is illustrated in Fig. 5.
The correction to the first order for both
intermediate and large ranges is making the
agreement with the numerical solution more
satisfactory, especially for the repulsive regime
(vo positive), where the curves are
indistinguishable. In the attractive regime (v,
negative), the corrected results for the lower
levels are more satisfactory. The results for the
3D are quite similar to those of 2D (not shown
here for brevity), as the only difference between
the two cases is an addition in orbital momentum
quantum number, which shifts the entire energy
spectrum to higher values.

Fermions

levels quite important. This correction
demonstrates an energy level for fermionization,
Bosons
e
23 5/
5
[f] 0., — step pot ||
7 ... pert
[ — num I
_5 i |
10
By 9
5
=]
= 0}

!
-10

FIG. 4. Comparison of the energy versus v, for bosons and fermions (columns) at two ranges: a=1 and a=1.25
(rows from the top to the bottom, respectively) in one dimension. In each panel, the calculation for the step
function (step pot), perturbation correction (pert), and the numerical results (num) are compared.
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FIG. 5. Comparison of the energy versus v, in two dimensions for 1= 0, 1, 2, 3, and 4 (from bottom to top) for
two ranges: a =1 and a = 1.25. Even and odd values of [ are for bosons and fermions, respectively. Each panel
shows results for the step-function (step pot), perturbation correction (pert), and the numerical results (num).

3.2 Eigenvectors

After showing the perturbation treatment
results for the eigenvalues, we move now to the
illustration of the eigenvectors using the same
strategy. In Fig. 6, we compare the ground-state
wave functions obtained via three methods
(numerical, perturbation, and the step potential).
The comparison is illustrated for different values
of the strength vy, and the range a. The three
calculations (numerical, perturbation, and the
step potential) coincide in the attractive regime
(vo negative) and for a = 1. In the case of the
repulsive regime (v, positive) and for the same

potential are closer to the numerical ones. This is
because the neighbouring states are degenerated
(fermionization limit), and, consequently, the
energy singularity affects the perturbation
treatment. We can notice that the situation is
worse in 1D. When doing the same calculation
for a = 1.5, the perturbation treatment starts to
deteriorate even in the attractive regime, while
the step-function potential provides a better
approximation to the numerically obtained wave
functions. The same calculations for the first
excited state (Fig. 6) are quite similar, although
the perturbation treatment describes the
numerical results for the attractive regime and

value of a, the perturbation treatment _
. for a = 1 better.
deteriorates, whereas the results for the step
1D 2D 3D
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FIG. 6. Ground-state wave function in 1D, 2D, and 3D for the indicated value of the strength v, and the range a.
Each panel compares the results obtained using the step-function potential (dashed red), the first-order
perturbation correction (dashed green), and the full numerical solution (solid black). The three curves are
indistinguishable for v, =-5 and a = 1 in 3D, though the top of the curves does not appear in order not to change
the scale.
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To sum up, we can say that the perturbation
treatment allowed us to establish a better
convergence of the analytical results toward the
numerical ones for the energy spectra, whether
for the intermediate or important values of the
interaction range. However, the perturbation
treatment does not yield a noticeable
improvement for the -eigenvectors of our
problem. The results are sensitive to the range of
the interaction as well as to the degeneracy of the
energy levels occurring in the repulsive regime,
especially in 1D. Consequently, the perturbation
treatment is failing to establish a more accurate
wave function basis to describe few-body
problems. We have to notice, however, that, for
small ranges, the three calculations are almost

2D

indistinguishable across all dimensionalities in
the attractive regime, whether for the
eigenvectors or the eigenvalues. The
perturbation treatment result is even better for
the first excited state in the attractive regime.
This is setting some considerations for which it
is possible to assert that the step potential results
and/or (“or” for the case of the first excited
level) the corrected ones are giving mainly the
exact energies as well as the exact wave
functions. Consequently, in the region where
these considerations are fulfilled, it is possible to
ascertain that we can establish an almost exact
analytical wave function basis for describing
few-body problems, with higher levels being
almost insensitive to the interaction.
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FIG. 7. First excited state wave function in 1D, 2D, and 3D for the indicated value of the strength v, and range
a. In each panel, the results from the step-function (dashed red), perturbation correction (dashed green), and the
numerical results (solid black) are compared.

4. Spatial Correlations

The representation of the energy versus v, for
different values of the range is frequently used to
show the effect of the interaction on the energy
spectrum. In order to grasp the dimensionality
effect on the spatial correlation, it would be
preferable to use an alternative representation:
energy spectrum versus the range for different
values of v,. This alternative is presented in Fig.
8 for the case of two dimensions. The advantage
of representing energy versus the range over the
usually used representation is that it can show
the critical range at which we can observe the
onset of any change in the different curves. In
Fig. 8 and for the attractive regime, one observes
that the point of inflection in the energy curves
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shifts gradually with increasing values of [. It
becomes evident that the primary parameter
dictating the critical range, where the inflection
begins, is the angular quantum number in
connection with the strength and the range of the
interaction. This is the case even for the first
level (I = 0), where the onset of the inflection of
the curve is not zero but a certain finite value
(see discussion in the following section). For the
repulsive regime, however, the centrifugal
potential and the interaction potential act in the
same direction, producing a monotonic increase
in energy. The same qualitative behavior is
observed in three dimensions, although the
energy levels are shifted to higher values due to
the increased dimensionality (not shown here for
clarity).
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FIG. 8. Energy spectrum for the fundamental relative-radial state (n = 0) versus the range with increasing values
of the angular momentum quantum number (I =0, 1, 2, 3, 4 from bottom to top) in two dimensions. Even values
of [ are for bosons, and odd ones are for fermions. The numbers on each panel indicate the value of v,.

The previous results are to be contrasted with
the case of 1D in Fig. 9, where the energy is
represented versus the range for different values
of vy. One can find that the onset of the
inflection is not as gradual for all the levels as
previously, when comparing bosonic and
fermionic states. Indeed, for the first bosonic
state, the inflection starts from zero, whereas for
the first fermionic state, a certain critical range
has to be reached in order for the inflection to
occur. For the higher bosonic and fermionic
levels, we can observe an evolution that is not as

straight as in the case for the first levels but
proceeds via several inflection points and is
tightly related to the change of the interaction
strength and range. The understanding of the
behavior of the first bosonic and fermionic levels
is quite straightforward and is due to the
additional repulsion resulting from the fermionic
statistics. For the repulsive regime, we can
observe the same tendency to fermionization,
except that in this case, the limits are not flat but
continue to increase monotonically with
increasing value of the range.
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FIG. 9. Energy spectrum in one dimension versus the range with increasing value of n (n =0, 1...., 8, from
bottom to top) with even values of n for bosons (black) and odd ones for fermions (red). The numbers on each
panel indicate the value of v, .

We intend to show in this part, by using the
results of the previous model (analytical solution
for the step-like potential), the impact of the
dimensionality on the space correlation of the
two particles forming our system. By plotting the
energy of the ground state of the relative part of
the solution versus the range and for the
attractive regime (Fig. 10 (a), vy = -5, solid
lines), we observe a threshold behavior

indicating the onset of binding: the energy
becomes increasingly negative, signifying the
formation of a bound state. Notably, this critical
range, defined as the minimum range at which
the attraction begins to significantly lower the
energy, depends on the system's dimensionality.
Specifically, the critical range is largest in the
3D case, followed by the 2D case, while in 1D,
the critical range is effectively zero. The increase
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in the case of a repulsive regime (Fig. 10 (a), v,
= 5, dashed lines) is more straight with no
critical range. Interestingly, the energy curves in
this case converge to a common limiting value
across all three dimensionalities. The different
thresholds in the attractive regime are the result
of the interplay between the centrifugal repulsion
and the attractive interaction. In the case of 1D,
the centrifugal potential is absent [Eq. (7)] and,
consequently, the critical range is null. For the
3D case, even if we set [ =0 for the ground
state, we still are left with [ =1/2 in 2D, as
explained before. Consequently, though the

4

centrifugal potential is equal to zero in this case,
still I, = 1/2 appears within the arguments of
the confluent hypergeometric solution of the 3D
equation [17] and, consequently, this is affecting
the solution. Similarly, setting [ = 0 in 2D will

not annihilate the centrifugal potential since in

this case we are left with the residual term _:2/ :

[Eq. (8)]. It is clear from Fig. 10 (a) that the
amount of the centrifugal effect is increasing
gradually from the 1D case to the 3D case,
passing by the 2D case.
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How do these effects impact the spatial or
pair correlation? To investigate this point, we
plot the average separation between the two
particles versus the range of the interaction for
the three dimensionalities [Fig. 10 (b)]. The

average separation is defined as /(x2), and the
average value is calculated using the normalized
total relative function (the radial part of the wave
function for 2D and 3D). We plot the average
separation versus the range for two different
values of vy (vy = -5 for the attractive regime
and vy = 5 for the repulsive one). The average
separation is evaluated across the full spatial
domain, while the interaction range is defined as
half the total spatial extent, consistent with
carlier sections where the range refers to the
distance from the origin to the edge of the step
potential (as shown in Fig. 1). This induces a
factor of 2 between the two quantities. Let us
first notice the similarity between the curves in
Figs. 10(a) and 10(b). For the attractive regime
in 1D, represented by the black solid curve in
Fig. 10 (b), the average separation for a range
that is nearly null is 1, consistent with the result
for the non-interacting harmonic oscillator
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FIG. 10. (a) Comparison of the ground state energy (n = 0 for 1D, and n =0, [ = 0 for 2D and 3D) versus the
range of the interaction for the three dimensionalities. (b) Comparison of the average separation between the two
particles in the ground state versus the range for the three dimensionalities. Solid curves are for the attractive
case (v, = -5) and the dashed curves are for the repulsive case (v, = 5).

ground state. As the range increases, the average
separation 1initially decreases, reaching a
minimum, before gradually increasing and
saturating. We have to notice here that the
decrease occurs smoothly without a critical
range. The 2D and 3D cases (Fig. 10(b), red and
green solid curves) exhibit a similar trend, but
with a noticeable critical range after which the
average separation starts to decrease. The critical
range and the curve minimum are more
important for the 3D case than for the 2D one.
These results show that for the 1D case, the
average separation starts from a value where
interaction has no effect, and when increasing
the range, the system immediately feels
attraction, and hence it is driven to a closer
separation. Afterwards, the saturation of the
average separation occurs because of the
saturation of the energy for the bonded state
[Fig. 10(a)]. This means that no energy is
available to drive the system any closer. The
same explanation holds for the 2D and 3D cases,
except that in these cases, the centrifugal effect
enters into play. This results in a starting average
separation which is higher and, consequently, a
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larger range is needed in order for the system to
overcome the centrifugal repulsion and to feel
the effect of the attraction. The saturation of the
average separation in 2D and 3D is also due to
the saturation of the bonding energy. Once the
minimum is overcome, the difference in the
average  separation between the three
dimensionalities stays nearly constant. In Fig.
10(b), the repulsive regime (vy =5, dashed
curves) for the three dimensionalities is also
plotted. In this case, the average separation
increases gradually for the whole extent of the
range. The results for 1D, 2D, and 3D converge
to the same limit. This behavior is replicating the
behavior of the available energy in the repulsive
regime. We also find in this case that the average
separation for the three dimensionalities is
almost equal to the range of the interaction (bear
in mind the factor of 2 between the range and the
average separation, as mentioned before). The
spatial correlation for the same system is also
studied for 1D in Ref. [27] using the two-particle
density profile. The results are shown only for
the repulsive regime where the inter-particle
distance increases gradually with the increase of
the range, as confirmed by our calculation.
While our method does not resolve the exact
localization of particles within the trap, we are
able to quantify the average separation on the
whole extent of the range for the different
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Energy

— D
A1 — 2
3D

-2
0 0.5 1
Range

5. Dynamical Aspects

There is a growing interest in the study of the
non-equilibrium evolution of cold, confined few-
particle systems. Recent research in this area has
led to intriguing findings that deepen our
understanding of the fundamental dynamics
governing such systems [30, 32]. In particular,

dimensionalities and for different regimes in a
very simple manner. This approach clearly
illustrates the interplay between the interaction
strength and the centrifugal potential (which
depends on dimensionality) and their combined
effect on spatial correlations.

In Fig. 11, we present the same illustration as
in Fig. 10 but for the first excited state for the
three dimensionalities (n = 0 for 1D, andn =0, [
=1 for 2D and 3D). The results are quite similar,
though it is clear that the critical range at which
we have the onset of the inflection in this case is
more important, whether for the energy or the
average separation. This is expected, as these
excited states are fermionic and thus subject to
Pauli repulsion. Furthermore, the value of the
angular momentum quantum number in 2D and
3D increases the centrifugal potential. As
expected, the value of energy for a range that is
null as well as the average separation are more
important in this case compared to the results for
the ground state (Fig. 10). Unfortunately, it is not
possible to extend the plot beyond the range of
1.25 (the calculation breaks down because of the
singular ~ behavior of  the  confluent
hypergeometric functions beyond the plotted
region). However, based on the observed trends,
we can expect the same saturation result in the
attractive regime.
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FIG. 11 (a) Comparison of the first excited state energy (n = 1 for 1D; n =0, [ =1 for 2D and 3D) energy versus
the range of the interaction for the three dimensionalities. (b) Comparison of the average separation between the
two particles in the first excited state versus the range for the three dimensionalities. Solid curves are for the
attractive case (v, = -5), and the dashed curves are for the repulsive case (v, = 5).

the availability of analytical solutions for certain
prototype models has proven to be highly
beneficial in exploring key dynamical features.
Many of these analytical approaches are based
on the assumption of contact interactions, which
serve as a reliable approximation in dilute
systems [33].
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In what follows, we present some preliminary
results that can be obtained by using our step-
like potential model to describe a system of two
confined bosons. The analysis is carried out in a
simplified framework, aiming to offer qualitative
insight into the potential dynamical behavior of
such systems beyond the static properties
discussed earlier.

This interaction choice could be a good
candidate in the case of Rydberg atom systems.
To our best knowledge, no such investigation
was carried out before. Only delta-like or
Gaussian interactions were studied [33, 34]. The
evolution of the system properties with time
requires the solution of the time-dependent
Schrodinger equation. Our goal is to investigate
the evolution of the system under the initial
interaction features compared with the change of
the behavior of the system under a sudden
change of these same features. This is what is
known as a quenched interaction. We are
elaborating these calculations for the three
dimensionalities. To solve the time-dependent
Schrodinger equation, we employ the Crank-
Nicolson method together with the tridiagonal
matrix  algorithm, exploiting the built-in
programs provided by the LAPACK library [35].
We consider grid sizes of At =0.0002 and Ax =
0.04. We take a space of —30 < x < 30. While
the time step is fine enough to avoid any
distortions during time, the step and the extent of
the space are constrained by computational
resources. Nevertheless, these are quite
satisfactory for the present calculations to reach
convergence. The initial wave function from
which the evolution of the system starts is
considered to be the exact analytical ground state
solution already found by resolving the time-
independent Schrodinger equation for a step
potential interaction. We focus solely on the
relative part of the wave function, since the
center of motion is not affected by the
interaction [Eq. (4)]. This implies that the initial
exact ground-state solution we have established
by resolving the time-independent Schrodinger
equation, is evolves in time, either in the same
initial potential or under a suddenly modified
potential features at t = 0. In the first situation,
we have just a stationary state, and in the second
situation, the systems are no longer stationary
but start to evolve under the new potential.

5.1 1D Case
In Figs. 12, 13, and 14, we present different
218

quench scenarios, each starting from a different
initial point. In Fig. 12, the starting point is vy =
-5, and the first panel shows the stationary case.
This 2D plot illustrates the probability density as
a function of both average separation and time.
At each time ¢, the probability density is
calculated as f(r)f*(r), where f(r,t) is the
normalized temporal (either stationnary or
quenched) evolution of the wave function f{7,0),
the properly normalized wave function f{7,0)
being determined by Egq. (8). This stationary
evolution reproduces a well-localized probability
distribution with a nearly constant interparticle
separation, demonstrating the reliability and
internal consistency of our computational
implementation. Only very tiny numerical kinks
start to develop with time. This is due to the
known Crank-Nicolson spurious oscillations that
contaminate the wave function at each time
iteration without compromising the physical
results [36]. From this initial state, we perform
different sudden changes on the strength of the
potential. We can see that changing v, from -5
to -12 confines the probability density to a
slightly narrower separation and hence a better
localization of the system is reached throughout
the whole time interval. Switching the
interaction strength from -5 to 0 leads to a
breathing mode, characterized by regular
oscillations of the average separation between
two extreme values. In the case where v, is
switched from -5 to 12, we can witness a high
fragmentation of the density probability with a
very poor localization of the system. When we
change the starting point (Fig. 13) and set vy =5,
the stationary case gives, as expected, two well-
localized pics of the probability density.
Switching vy from 5 to O results in a regular
pattern with an oscillatory behavior of the
separation over time. A sudden change of v,
from 5 to -12 leads to significant fragmentation
of the probability density. Although the resulting
pattern remains somewhat regular, there is a
clear tendency for the density to shift toward the
center, driven by the attractive post-quench
interaction. Interestingly, when v, is changed
from 5 to 12, the system remains nearly in a
stationary regime: the separation between the
particles is largely preserved, indicating that the
increase in repulsion does not significantly push
the particles further apart. Let us now investigate
the particular case where the starting point is v,
=0 (Fig. 14). Here, we have a well-localized pic
in the stationary regime. However, setting the
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change of v, from 0 to -12 gives a variation of
the separation between two extreme positions.
Changing vy from 0 to 12 yields the same result
as when starting with vy = -5. To summarize
these results at the level of the average
separation, we present the results for the average
separation for the different quench scenarios in
Fig. 15. This figure also includes the average
separation for the stationary cases (vo= -5, 0, and
5, plotted in gray). Additionally, we include the
intermediate quenches towards vy = 5 or -5. Fig.
15 clearly shows that the already stated
oscillatory and fragmented behaviors of the
probability density for different scenarios are
replicated in the average separation. We can also
see that we have only a small perturbation of the
average separation around its initial value when
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we have a transition from attractive to attractive
or zero to attractive potential [Figs. 15 (a) and
15(b)] for the transition to the attractive
potential. We have this same result when the
system is initiated with a repulsive potential,
regardless of the nature of the transition operated
[Fig. 15 (c)]. However, initiating the system
from an attractive potential and operating a
transition towards a repulsive potential creates
an important average separation as well as an
irregular oscillation of its value. It seems that the
greater the transition towards an important value
of the potential, the longer the system takes to
settle into a nearly constant value (note the
damping of the oscillations in Fig. 15 (a) for the
transition to the repulsive potential).
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FIG. 12. Time evolution of the probability density for different indicated quench scenarios and one-dimensional
fundamental state. The initial state is for v, = -5, and the range is fixed to 1.
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FIG. 13. Time evolution of the probability density profile for different indicated quench scenarios and one-

dimensional fundamental state. The initial state is for v,

=5, and the range is fixed to 1.
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FIG. 14. Time evolution of the probability density profile for different indicated quench scenarios in the one-
dimensional fundamental state. The initial state for v, is set to 0, and the range is fixed to 1.
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FIG. 15. Evolution of the average separation versus time for the one-dimensional fundamental state. The average
separation for the stationary states for each fixed potential is shown in black for the corresponding potential and
in gray for the other two potentials in each panel. Different scenarios of sudden changes in the potential strength
from the initial value are given in the legend. The range of the interaction is fixed at 1. (a) The initial state is the

one for v, = -5, (b) the initial state is the one for v,

5.2. 2D Case

For the 2D case, the probability density at
each time ¢ is calculated as f(r)f*(r), where
f(r,t) is the normalized temporal (either
stationnary or quenched) evolution of the wave
function f{7,0), the properly normalized wave
function f{7,0) being determined by Eq. (8). To
elaborate the calculation for this part, we are
facing the problem of the singularity of the
centrifugal potential at » = 0 when we set [ = 0
in the Eq. (8). In fact, in this case when setting l

potentlal. It is not p0551b1e to avoid the region
where r = 0, as the correlation must be studied in
the whole space of the trap. To remedy this
situation, the usual numerical solution is to
soften the singularity by introducing a small
constant a in the denominator [37]. We propose
the following transformation:
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=0, and (c) the initial state is one for v, = 5.

-1/4 -1/4
e (14)

To establish the best choice of the value of «,
we must check that it is the smallest value that
reproduces the stationary regime. We found that
a=0.001 for vy =0, and a = 0.0000001 for
vy < 0. Using these values for the calculations,
we reproduce the same quench scenarios for the
2D case as those shown for 1D in Figs. 16, 17,
and 18. Comparing the 1D and 2D results, we
notice that qualitatively the behavior is similar,
except that the breathing mode seen for the vy= -
5 to 0 has disappeared (Fig. 16). We notice also
that the fragmentation for vg = -5 to 12 and vy=
0 to 12 is less pronounced (Figs. 16 and 18). The
results for quench scenarios starting from vy =5
are more affected by numerical errors caused by
spurious oscillations inherent to the Crank-
Nicolson method (Fig. 17). In this scenario, the
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fraction of the density probability driven to the
center when setting vy = 5 to -12 is also less
important. We plot the average separation for
these different scenarios in Fig. 19. As observed
previously, only a quench from an attractive or
null potential to a repulsive one is able to
noticeably change the spatial correlation between
the two particles. However, the transition from

vp=-5
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an attractive potential to a repulsive one leads
obviously to a greater average separation
compared to the 1D case. It is important to note
here that some of the results could be just
numerical artefacts (particularly the
disappearance of the breathing mode), and the
singularity of the centrifugal potential should be
properly dealt with.
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FIG. 16 Time evolution of the probability density for different indicated quench scenarios in the two-
dimensional fundamental state. The initial state is v, = -5, and the range is fixed at 1.
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FIG. 19. Evolution of the average separation versus time for the two-dimensional fundamental state. The
different scenarios of the sudden change in the potential strength from the initial value are given in the legend.
The range of interaction is fixed at 1. (a) The initial state is v, = -5, (b) the initial state is v, = 0, and (c) the
initial state is v, = 5.

5.3. 3D Case

For the 3D case, the probability density at
each time ¢ is calculated as f(r)f*(r), where
f(r,t) is the normalized temporal (either
stationary or quenched) evolution of the wave
function f{7,0). The properly normalized wave
function f{7,0) is determined by Eq. (9). As we
have explained before, in the 3D case setting /5p
= 0 for the fundamental state means /,p= 1/2 [see
Eq. (10)]. This value of the angular quantum
number appears in the argument of the confluent
hypergeometric function, influencing the results
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even if apparently the centrifugal potential is
reduced to zero. For the sake of brevity, we
present only the average separation for the
different quench scenarios in the 3D case (Fig.
20). Qualitatively, the results are the same as
before. However, the average separation is
notably larger when the system undergoes a
transition from an attractive to a repulsive
potential [Fig. 20 (a)]. Moreover, transitions
from a repulsive potential show less sensitivity
to perturbations compared to the other
dimensionalities [Fig. 20 (¢)].
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FIG. 20. Evolution of the average separation versus time for the three-dimensional fundamental state. The

different scenarios of sudden changes in the potential strength from the initial value are given in the legend. The
range of interaction is fixed at 1. (a) The initial state is v, = -5, (b) the initial state is v, = 0, and (c) the initial
state is vy = 5.

6. Conclusion

The aim of this study is to highlight the
features that arise in different aspects of a system
of two Rydberg atoms confined in a harmonic
trap under different dimensionalities. To conduct
the study, we use the exact solution provided by
the Schrodinger equation with a step-like
potential. To prove the adequacy of this model
for describing the targeted Rydberg interactions,
we developed a perturbation treatment of the
proposed model. The results offer a more
accurate description of the energy spectra. The
results for eigenvectors are less satisfactory,
fundamentally because of the energy degeneracy
between neighboring levels, which causes the
mathematical formulation to become singular.
Far from the region where this degeneracy
occurs, it is possible to establish acceptable
results that could be fairly used as a wave
function basis for few-body systems. Being more
confident about the used model, we move in the
second part to the characterization of the spatial
correlation of the studied system. The results
shed light on the role played by the interrelation
between the interaction features and the
centrifugal potential arising from the considered
dimensionality, and how this interplay affects
spatial correlations. In the attractive regime, a
complex behavior emerges because the
interaction and centrifugal repulsion act
antagonistically. In contrast, in the repulsive
regime, where interaction and centrifugal
repulsion act in the same direction, the spatial
correlation is primarily dictated by the
interaction features. For both regimes, the results

time

10 I5 0 5 10 15
time

also demonstrate the impact of the energy
available to the state, which clearly influences
the overall trend of spatial correlation. In the
final part, we investigate the effect of
dimensionality on the temporal evolution of the
system under different quench scenarios. Here,
we also employ the exact solution for the step-
like interaction. This specific interaction must be
contrasted with delta-like and Gaussian
interactions, as the step-like interaction is
spatially extended with a constant strength over
the considered range, unlike the localized delta
or Gaussian potentials. Our preliminary results
illustrate how the density profile evolves and
reveal how the quench scenario affects the
probability density distribution and,
consequently, the spatial correlation of the
system.

In this study, the quench is applied solely to
the interaction strength, but it can be easily
extended to the interaction range as well.
Gathering extensive data on these dynamical
aspects while distinguishing numerical artifacts
could provide important insights into both
theoretical and technological aspects of cold
few-particle systems. A deeper investigation
along these lines could shed more light on
fundamental aspects related to strongly
correlated systems and may also offer
experimental clues on how to monitor system
correlations.
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Abstract: This study introduces a new method to interpret the mathematical formulation of
the Lorentz transformation by extending relative motion between inertial frames to two-
and three-dimensional space. Here, the space-time coordinate transformations along X-, Y-,
and Z-directions are formulated by developing the relation between Cartesian and polar
coordinates. Based on this modified theory, the correct transformation equations along X-,

Y-, and Z-directions are formulated as: x' = x(l —vt/\Jx2+y? + zz) JJ1=v2/c?,y" =

y(l —vt/\[x? +y? +zz) JJ1=v2/c? and z' = z(1 — vt/\[x* + y2 + 22) /Y1 —v?/c2,
where (x,y,z,t) and (x',y',z',t") denote the space-time coordinates measured in the
stationary and moving frames of reference, respectively. Using these modified
transformation equations, the invariance of space-time interval and relativity of
simultaneity have been studied extensively. In this charming topic of relativistic mechanics,
our specific purpose is not to enter into the merits of the existing one-dimensional Lorentz
transformation, but rather to propose a brief and carefully reasoned mathematical derivation
demonstrating how the Lorentz transformation can be extended to two- or three-
dimensional space.

Keywords: Frame of reference, Lorentz transformation, Relativistic mechanics, Special

relativity.

1. Introduction

Based on the relativistic concept of space-
time, Lorentz [1] introduced the transformation
equations under which the velocity of light in a
vacuum remains constant and independent of the
relative motion of the source and observer. A
form of the Lorentz transformation, very close to
its modern version, was recorded in 1905 by
Poincaré [2]. FEinstein derived the correct
transformation formula of coordinates based on
the postulate of constant speed of light [3, 4].
These are given as:

;. x-vt ,

X = ﬁl—vz/czjy =y: ZI =z
)
= ——— (1)
J1-v2/c?

Derivations of the Lorentz transformation,
including the above version of coordinate
transformation, namely Eq. (1), are presented in
several excellent textbooks [5, 6], including the
famous “The Feynman Lectures on Physics” [7].
For many years, researchers have focused on the
theoretical studies of the Lorentz transformation
to propagate the relativistic mechanics in several
different directions. In Ref. [8], the authors
derived the Lorentz transformation equations by
changing the synchronization of clocks in an
inertial coordinate system. Such space-time
coordinate transformation equations were further
extended to incorporate the one-way speed of
light in free space by Selleri [9, 10]. Lee et al.
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[11] presented a derivation of the Lorentz
transformation by invoking the principle of
relativity alone, without resorting to an a priori
assumption of the existence of a universal
limiting velocity. Levy [12] derived the Lorentz
transformation from a simple thought experiment
by using the vector formula from elementary
geometry. In Ref. [13], a mathematical analysis
describing the concepts of the time dilation
phenomenon in the realm of relativistic
mechanics was presented. In Ref. [14], the
authors explained the Lorentz transformation in
terms of changes in the wave characteristics of
matter as it transitions between inertial frames.
Moreover, Pagano et al. [15] discussed different
roles of the Lorentz transformation in classical
wave propagation theories and relativistic
mechanics. Also, there are numerous papers
showing the paradoxes of special relativity
developed by some contemporary independent
scholars [16]. In Ref. [17], new mathematical
formalisms of the special theory of relativity
were developed. Research was also conducted on
the practical aspects of relativistic mechanics
[18]. In articles [19, 20], it has been
demonstrated that the length, breadth, and height
of a cuboid appear to be shortened to the
observer when there is simultaneous relative
motion between the cuboid and the observer in
the three dimensions of space. The author in the
works [21, 22]introduces the concept of
multidimensional temporal coordinates in the
theory of relativity. Additionally, the author in
work [23] demonstrates the variation of mass in
a gravitational field using the equation E = mc?2.
In work [24], the matrix representation of
Lorentz transformation equations between
inertial frames of reference moving in three-
dimensional space has been developed. The
article [25] provides a reformulation of the main
equations of linear momentum, force, and kinetic
energy in the context ofspecial relativity.
Reference [26] contributes significantly to
special relativity by formulating a three-
dimensional form of the Lorentz transformation.
There are many publications on special relativity
with important theoretical results, but all such
publications are connected with Lorentz
transformation equations derived from one-
dimensional motion between inertial frames.
Lorentz transformation equations extended to

accommodate motion in all three spatial
dimensions have yet to be thoroughly
investigated.
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This paper addresses that gap by exploring
new space-time concepts in relativistic
mechanics through the introduction of relative
motion between inertial frames in two- and
three-dimensional space. The modified Lorentz
transformation equations along the

X-, Y-, and Z-directions, replacing those in
Eq. (1), are given by:

xl 1——2
, x2+y2+22

X = s

J1-v2/c?

gl 12t
, x2+y2+z2
- J1-v2/c? (2)

The time transformation equation is given by:

v [x2+y2+22

t——
t’ = —c 3

J1-v2/c? ( )
where x',y',z',t' denote space-time coordinates
measured in the moving frame, and x,y,z,t
denote space-time coordinates measured in the
initial frame.

yl 1ot
x2+y2+z2
y =——
J1i-v2/cz

With the above motivation, the remainder of
the paper is organized as follows. Section 2
outlines the complete mathematical derivation of
space-time coordinate transformations between
two inertial frames moving with uniform
velocity in the two-dimensional XY-plane.
Section 3.1 formulates  the  Lorentz
transformation equations in terms of radius
vectors d and d' in three — dimensinal space,
while Section 3.2 presents the relationship
between polar and Cartesian coordinates for both
the stationary and moving frames. Section 3.3
derives the Lorentz transformation equations
along the X-, Y-, and Z- axes in three-
dimensional space. Section 3.4 verifies the
invariance of the space-time interval, expressed
by the equation x% + y? +z2 — c%t? = x'* +

2472’ —¢2t'®. Section 3.5 presents the
analysis of the relativity of simultaneity. Finally,
Section 4 delineates the concluding remarks on
the present study.

2. Two-Dimensional Transformation

Equations
2.1 Geometrical Calculations

Let us consider two inertial reference frames,
S and S'. The reference frame S’ moves with a
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constant velocity v relative to Sin the two-
dimensional XY-plane, as shown in Fig. 1. At
t=t'=0, when the two frames are
superimposed, a photon of light leaves the origin

of both frames and travels with velocity c. When
Y Y

the photon reaches a point P, let its space-time
coordinates as measured in frames S and S’ be
(x,y,z=0,t) and x',y',z' =0,t"),
respectively.

(x.y.t)
P(x",y". t'")

y

X'

OQ

M
Vi

X

FIG. 1. Motion between two inertial frames in two-dimensional space.

The time taken by the photon to reach P from
the observer O is:

po0P T
Cc Cc
or
r=ct “4)

Similarly, the time taken by the photon to
reach P from the observer O’ is:

,_op_ 1

t_ Cc _C

or

r'=ct’ (5)

Draw PM’ and PM perpendicular to the X'-
and X-axis, respectively. From Fig. 1, in the
triangles OPM and O'PM":

(I) Angle OPM = Angle O'PM’ (Same angle)
(II) Angle OMP = Angle O’'M'P (Right angle)
(IIT) Angle POM = Angle PO'M’ (Remaining
angle)
Therefore, angle POM = angle PO'M'= ¢.

In the right-angled triangle OPM:

. PM y
sin =75 =5

or

y = rsind (6)
From Egs. (4) and (6) we get:

y = ctsing @)

and cos¢p = IZ—(()) = f

or

x = rcosd ®)
From Egs. (4) and (8) we get:

x = ctcosdp )

also, OP? = OM? + MP?
or
r2=x%+y?

or

r=.x%+y? (10)

which is the radius vector in the S frame of
reference.

Similarly, in the right-angled triangle O'PM’,

pM’ _ y'

po’ 1

sing =

227



Article Chandra Khadka
or Using Eq. (13), we get:
y' =r'sing (11)  x" = a(rcos¢ — vtcosd) (19)
From Egs (5) and (11) we get: From Eq. (8) we get:
y' = ct'sind (12)  x" = alx — vtcosd) (20)
and cosd = Lor’ _ X_: Therefore, Egs. (}8) and (2.0) are the required
PO r Lorentz transformation equations along the Y-
or and X-axes when there is relative motion along
X' = r'cosd (13) both axes simultaneously.
From Eqs. (5) and (13) we get: Writstllrrllllie;rslgé ‘gl;: 1fioz(golv:wng relation can be easily
x' = ct'cosdp (14 op=o'p 100
also, 0'P2 = 0'M’? + M'P? or
or r=r"+uvt

2 2 2
r'"=x""+y'

Or

r' = fx’z +y'? (15)

which is the radius vector in the S’ frame of
reference.

2.2 Relativistic Transformation Equations

The following relation can be easily written
based on Fig. 1:

O'P=0P-00
or
r'=r—vt

This is the Galilean transformation equation
in terms of radius vector from frame S toS’',
since there is no Lorentz factor (o). Therefore,
the above transformation equation on relativistic
mechanics is given by:

' =alr —vt) (16)

Multiplying both sides of Eq. (16) by sind,
we get:
r'sing = a(rsing — vtsingd)

Using Eq. (11), we get:

y' = a(rsing — vtsing) (17)
From Eq. (6) we get:
y' = a(y — vtsind) (18)

Again, multiplying both sides of Eq. (16) by
cos¢, we get:

r'cosdp = a(rcosdp — vtcosd)
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This is the inverse Galilean transformation
equation in terms of radius vector from frame S’
to S, since there is no Lorentz factor (o).
Therefore, the above inverse transformation
equation on relativistic mechanics is given by:

r=al' +vt') (21)

Multiplying both sides of Eq. (21) by sind,
we get:

rsing = a(r'sing + v t'sing)
Using Egs. (6) and (11), we get:
y =ay' + vt'sind) (22)

Again, multiplying both sides of Eq. (21) by
cos¢, we get:

rcos¢p = a(r'cos¢p + vt'cosgp)
Using Egs. (8) and (13), we get:
x=a(x" +vt'cosp) (23)

Therefore, Eqs. (22) and (23) are the required
inverse Lorentz transformation equations along
the Y- and X-axes when there is relative motion
along both axes simultaneously.

2.3 Determination of the Lorentz Factor
From Eq. (16) we have:
r' = alr —vt)

Substituting the value of t from Eq. (4), we
get:

’ r
r=al\r—v-
c

r=ar(1-2) (24)
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From Eq. (21) we have:
r=a(r' +vt")

Substituting the value of t" from Eq. (5), we
get:

Y
r=a (r +v C)
or

' v
r=ar'(1+2) 25)
Putting the value of r’ from Eq. (24), we get:

=ar(1-91+2)

or

(26)

This is the required value of the Lorentz
factor.

2.4 The Relativistic Transformation Equations of
Spatial Coordinates Along Radius Vector

From the transformation Eq. (16), we have:
r' =alr —vt)

Putting the value of o from Eq. (26), we have:

’ r—vt

r'= Jl?’—j 27

Putting the value of r’ and r from Egs. (10)
and (15), we get:

x,z + y,z _ Jx2+yZ-vt

2
v
l—c2

This is the Lorentz transformation equation
that converts the space measurement noted in
frame S into those in frame S’ when the relative
motion between inertial frames is in the two-
dimensional XY-plane.

(28)

From Eq. (21) we get:
r=a(r' +vt")

Putting the value of o from Eq. (26), we have:

r’+vt

r= =
v
iz

Putting the value of r’ and r from Egs. (10)
and (15), we get:

(29)

/x’2+y’2+vt’

VXt yt=f—e——o
v
iz

This is the inverse Lorentz transformation,
converting the space measurement noted in
frame S’ into those in frame S when the relative
motion between inertial frames is in the two-
dimensional XY-plane.

(30)

2.5 The Relativistic Transformation Equations of
Spatial Coordinates Along the Y-Axis

From Eq. (18):
y' = a(y — vtsind)

Putting the value of o from Eq. (26), we have:
y, — y—vtsind (31)

2
v
l—c2

Substituting the value of sind from Eq. (6),
we get:

vty
YT
y = 2
v
NE
or
vt
' y(l— ?)
y = 2
v
-z
or

(32)

Equation (32) converts the space
measurement of the Y-axis noted in frame S into
those in frame S’ when the relative motion
between inertial frames is in the two-
dimensional XY-plane.

From Eq. (22) we get:
y = a(y’' + vt'sind)
Putting the value of o from Eq. (26), we have:

__y'+vt'sing

2
v
l—c2

(33)
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Substituting the value of sing from Eq. (11),
we get:

vt’ !
B y/+ r,y
y= 2
-z
or
vt/
_v(+%)
y= —
-z
or
!
<1+ ’;t 2>
x4y’
o
y =y ~—p——"t (34)
-z

This is the inverse Lorentz transformation for
the Y-axis, which converts the space
measurement of the Y-axis noted in frame S’
into those in frame S when the relative motion
between inertial frames is in the two-
dimensional XY-plane.

2.6 The Relativistic Transformation Equations of
Spatial Coordinates Along the X-Axis

From Eq. (20), we have:
x" = a(x — vtcosdp)

Putting the value of o from Eq. (26), we have:

X' = x—vtcozscb (35)
1V
c2
Substituting the value of cos¢d from Eq. (8),
we get:

_ vtx

xl — is
2
=
or
.
o= g) (36)
1V
c2
or
x| 1- 2
, x2+y2
X' == (37)
iz
Equation (37) converts the space

measurement of the X-axis noted in frame S into
those in frame S’ when the relative motion
between the inertial frames is in the two-
dimensional XY-plane.
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From Eq. (23), the inverse transformation is:
x=a(x" +vt'cosd)

Putting the value of o from Eq. (26), we have:
x'+vt'cosp

2
v
l—c2

Substituting the value of cos¢ from Eq. (13),
we get:

x = (38)

x' +vtr,x
x = =
-z
or
!
x' (1+ 2)
_ r
x = =
-z
or
!
2 2
x"“+y!
'
X =x——=" (39)
-z
This is the inverse Lorentz transformation for
the X-axis, which converts the space

measurement of the X-axis noted in frame S’
into those in frame S when the relative motion
between the inertial frames is in the two-
dimensional XY-plane.

The radius vector in frame S can be written
from Eq. (15) as follows:

r' = /x’z +y'?

Substituting the values of x and y from Egs.
(32) and (37), we get:

) =)

-

r' = |x2]| = | +y2| =
| 1-= | | 1-= |
| I
or
1ot
, x2+y?2 5
r =—vz X“+y
-
or
L)
2
-7
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or
r = r—vtz (40)
1=
2

This process of calculation clearly reveals
that the derived transformation equations along
the X- and Y-axes generate exactly the same
transformation equations for the radius vector as
given in Eq. (27). Hence, all proposed
transformation equations are entirely accurate.

2.7 The Transformation Equations for Time
Coordinate in Two-Dimensional Space

From Eq. (40), we have:

’ r—vt

Since r = 4/x? + y? from Eq. (10), then the
above equation reduces to:

v [x2+y2

Putting the value of r and r' from Eqgs. (4)
and (5), we get:

, ct— c

ct’ = —

-z

or

v [x2+y2

T2
t=——= (41)

-z

This is the required expression of time
coordinates transformation from frame S to S’
when there is the relative motion along the X-
and Y-axis simultaneously.

Case I: If the motion between the inertial frames
is one-dimensional along the Y-axis, then
x = x' = 0, and Eq. (41) reduces to:

v [02+y2

t_

or

_w
t 2

t' =

= (42)

-z

This is the ordinary transformation equation

of time for the one-dimensional relative motion
along the Y-axis.

Case II: If motion between inertial frames is one-
dimensional along the X-axis, then y =y’ =
0, and Eq. (41) reduces to:

_ vWx2+02
t = c2
2
-z
or
t' = (43)
2
-z

This is the ordinary transformation equation
of time for the one-dimensional relative motion
along the X-axis.

Rewriting Eq. (29) for the inverse Lorentz
transformation equation of time:

_r'+ut!

- 2
v
1_C2

Putting the value of t’ from Eq. (5), we get:

!
vr
r'+—

C

Since r' = ’x’z +y'? from Eq. (15), then

the above equation reduces to:

2,2
;v X Ty’
+7

r
C

r=

r= >
v
l—c2

Putting the value of r and r' from Eqgs. (4)
and (5), we get:

2,2
;v Ty’

ct= f
-z
or
e v, x’2+y’2
t c? (44)

= [ 2
v
l—cz

This is the required expression of time
coordinates transformation from frame S’ to S,
called the inverse Lorentz transformation, when
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there is the relative motion along the X- and Y-
axes simultaneously. All time transformation
scenarios between two inertial frames moving
relative to each other in two-dimensional space
are outlined in Egs. (41), (42), (43), and (44). In
two-dimensional motion, space coordinate

transformation equations along the X-axis are
displayed in Egs. (37) and (39), while
transformation equations along the Y-axis are
displayed in Egs. (32) and (34). These
transformation equations between inertial frames
are thoroughly discussed in Table 1.

TABLE 1. Space coordinates transformation equations.

SN Direction of motion Value of Y and X Space Coordinates
T coordinates Along the Y-axis Along the X-axis
From Egs. (6) and From Eq. (17), From Eq. (19),
1 Along both Y and X- (®), ; _ rsing-vtsing ; _ rcos—vtcosd
directions y = rsind - [ v? - v2
X = rcosd G e
, rsing—vtsing
Yy =T
-z
T r_ x2+y2—vt B
Along the Y-axis only ~ y = rsins =7 y L2 "= M
2 T c2 1-Z
" s z
¢ = > x = reos = 0 Y = 1/02+y22—vt o = OC
v
1-=
1 _ y—UCt
y = 2
c2
; __ rcos0—vtcos0
= —1_%
\j (o
/ 2+ 2_ t
; __ Sin0—vtsin0 x' = x—yvzv
3 Along the X-axis only y=rsin0 =0 - L2 1-=
¢=0 x =rcos0 =71 SN e r_ VxZ+0Z-vt
y = 0 = v2
ez
X' = x—-vt

From the first row of Table 1, it is obviously
seen that space-time coordinates take place along
both the X- and Y-axes when relative motion
between inertial frames occurs in the two-
dimensional XY-plane. In contrast, the second
row reveals that space coordinate transformation
occurs only along the Y-axis when the relative
motion between frames is one-dimensional along
the Y-axis. Similarly, the third row demonstrates
that there is no space coordinate transformation
along the Y-axis when the relative motion
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between two frames is restricted to the X-axis
only.

3. Three-dimensional Transformation
Equations

3.1 Relativistic Transformation Equations of
Spatial Coordinates Along the Radius Vector

Consider an inertial frame S and another
inertial frame S' which moves at a constant
relative velocity v with respect to S in three
dimensions of space, as shown in Fig. 2.
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z z'
(d',6,¢,t)
P(d,6,®,t)
S s' 5
/’,(11 |
o'y ' v
" |
sing - " !
-
................................... X
’ ) '
X d’ ) :z
6 5
' |
o : v
® (I'A‘ing S X

y

FIG. 2. Motion between inertial frames in three dimensions of space.

Let an event occur at point P, whose space
and time coordinates are measured in each
inertial frame. An observer attached to S records
the location and time of occurrence of this event,
ascribing a location coordinate d (radius vector
in frame S) and time t. An observer attached to
S' specifies the same event by location
coordinates d’ (radius vector in frame S') and
time t'. Now, the transformation equations that
relate one observer’s space-time coordinates of
an event with the other observer’s coordinates of
the same event must be linear, so the most
general form they can take is

d' =ad+ bt (45)
or
t' = fd + gt (46)

Here, the coefficients a, b, f, and g are
constants that we must determine to obtain the
exact transformation equations. Suppose the
event occurs at the origin O' of S' frame at time
t'. Obviously, at frame S', this event occurs at
d' = 0. Now, from Fig. 2:

O'P=0P+00'
ord =d—vt

If an event occurs at origin O', then d' = 0.
Hence, the above equation reduces to:

0=d-—vt

or
d=uvt

It means that the same event, as seen from S,
occurs at a distance d = vt at time t. Now,
putting this value in Eq. (45), we get:

0=avt+ bt
or
b=—av

Putting the value of b in Eq. (45), we get:

d' =ad—avt
or
d' =a(d —vt)

Therefore, Egs. (45) and (46) are reduced to:
d' = a(d — vt) (47)
or
t'=fd+gt (48)

There remains the task of determining values
of the coefficients a, f, and g. To do this, let us
assume that at the time £ = 0 a light pulse leaves
the origin of S, which coincides with the origin
of S' at that moment. The light pulse propagates
with speed ¢ in the direction of the moving
frame and reaches point P at times t and t’,
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measured from S and S', as shown in Fig. 2. For
an observer at O, the distance to point P is:

OP = ct

or
d=ct
Squaring both sides, we get:
d? = c2t2
or
d2 — 22 = 0 (49)

Similarly, for an observer at O', the distance
to point P is:

O'P=ct'
or
d =ct
Squaring both sides, we get:
d'? = c2t'*
or
d'?—ct'? =0 (50)

Now, substituting Egs. (47) and (48) into Eq.
(50), we get:

a’?(d—vt)? —c?(fd + gt)>? =0

or a’d? — 2a%vtd + a?v?t? — ¢2f?d? —
2c¢%fgtd — c?g?t> =0

or d?(a? — c?f?) — 2td(a’v + c*fg) +
t2(a?v? — c2g?) = 0

In order for this equation to agree with Eq.
(49), we must have:

a’?—c%f? =1 (1)
a’v+cifg=0 (52)
a’v? —c?g? = —c? (53)

From Eq. (53):
c?g? = a?v? + c?
or

2 a?v?4c?

g

CZ
or
29,2 2
9= " (54)

From Eq. (51):
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or
f= \/“? (55)

Using Egs. (54) and (55) in Eq. (52) we get:

2 2 |a?-1 [a?v24c?
a‘v+c ’—CZ / =z =0

or, a?v + Va2 —1Va2v2 +c2 =0

or, a’v = —Va? — 1Va?v? + ¢2

Squaring both sides of the above equation, we
get:

a*v? = (a? — 1)(a?v? + ¢?)
or, a*v? = a*v? + a?c? — a?v? — ¢?
or, a’c? — a?v? = ¢?

2

2 _
or, a® = ——;

1
2
v
1_c2

Putting this value in Eq. (51), we get:

or,a = (56)

or, =c%f?

c2—p2

1;2

2 _
or, f - c2(c2-v2)

2
2 _ v
or, f - 4( 2
Cc 1——2)
(o

v

or, f = — (57)

2

2 v
c2 [1-=
c2

Using Egs. (56) and (57) in Eq. (52) we get:

(58)
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From Egs. (47) and (56) we get:
d-vt

d' = (59)

Also, putting the values of f and g in Eq.
(48), we get:

t'=fd+ gt
or
r_ __vd t
R o
2 2
or
p_vd
t' e (60)
v2

Equations (59) and (60) are the Lorentz
transformation equations in terms of radius
vectors d and d'.

Putting these values (d = \/x2 + y2 + z?2

and d' = /x’z +y'%+2'% ) in Egs. (539) and
(60), we get:

x12 +y12 +Z12 — Vx2+y2+ZZZ_Vt (61)

-z

(o

v [x2+y2+22
S —: 62
t=—— (62)
ez

The inverse transformation equations can be
obtained by changing the sign of relative
velocity in the equations and interchanging the
coordinates. Thus:

x4y %427 ppt!
JxZ+ y2 +2z2 = (63)

2
1-—=
;U x’2+y’2+z’2
+C72
t=——=— (64)
-z

Equations (63) and (64) convert the space-time
measurements made in frame S' into those in
frame S. When we substitutex’ =x =
Oandy' =y =0 in the above equations to
achieve the one-dimensional inverse Lorentz
transformations, we get:

Vx'2+02+02+vt’

v2
C2

x? 4+ 0% +0% =

or
x4t
X = —
-z
and
12,0202 ’
t,+v x" +04+0 t’+£
t=

c2 _ c2
== -2
The expression obtained in the above
equations is in complete agreement with the
inverse Lorentz transformation equations when
the relative motion between the inertial frames is
reduced to a one-dimensional system. Hence,
derived transformations, Egs. (61), (62), (63),
and (64), are completely true.

3.2 The Transformation between Cartesian and
Polar Coordinates

In Fig. 1, let point P have Cartesian
coordinates (x,y,z) in frame S, and (x,y’,z") in
frame S'. Then the spherical polar coordinates of
point P are specified (d,0,®,) and (d’,0,®,) in
frame S and S', respectively, where OP = d and
O'P = d’ are radius vectors of point P measured
from frames S and S', 6 is the colatitude i.e.,
angle between OP and Z-axis, and @ is the
longitudinal or azimuthal angle i.e. the angle
included between YZ plane the plane OPZ, as
shown in Fig. 2. The transformation between
Cartesian coordinates and polar coordinates in
frame S are given by:

x = dsinfcos® (65)
y = dsinfsin® (66)
z = dcosf (67)

Squaring and adding Egs. (65), (66), and (67),
we get:

x? +y? +z% = d?sin®Ocos?*® +
d?sin?6sin*® + d?cos?6

or

x% +y? + z% = d%sin?0(cos?® + sin’d) +
d?cos?0

or
x? + y? + z? = d?sin®0 + d?*cos?0
or

X2 +y? + 22 = d?

or
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d=x*+y%2+z? (68)

This value of d denotes the radius vector that
joins the origin O and point P in frame S.
Similarly, the transformation between Cartesian
coordinates and polar coordinates in frame S' is
given by:

x' = d'sinfcos® (69)
y' = d'sinfsin® (70)
z' =d'cosb (71)

Squaring and adding Egs. (69), (70), and (71),

we get:

x>+ 9% +7'% = d'*sin®0cos?d +
d'*sin?0sin’® + d'*cos?6

or

X +y?+z?t= d'*sin26(cos*® +
sin?®) + d'*cos?6

or

x'* +y"% +2'% = d'*sin?6 + d'*cos?6

or

X +y?+z2?% =47

or

d' = /x'z +y?+z? (72)

This value of d’ denotes the radius vector that
joins the origin O' and point P in frame S'.

3.3 Transformation Equations Along the X-, Y-,
and Z-Directions

In the previous section, we derived
transformation equations along the radius vectors
d and d', as delineated in Egs. (59) and (60). In
this section, we further extend these equations to
discover the new transformation equations along
each axis.

Rewriting Eq. (59), we get:

; _ d-vt
d' = =
b
Multiplying both sides by sinfcos®
dsinfcos® —vtsinfcos®
d’'sinfcos® =

Using Egs. (65) and (69), we get:
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' x—vtsinfcos®
X =——

Putting the value of sinfcos® from Eq. (65),
we get:

Substituting the value of d from Eq. (68), we
get:
x— vtx
, x2+y2+72
X = (73)

-z

The inverse Lorentz transformation equation
along the X-axis can be obtained by
interchanging the coordinates and replacing v
with —v in the above equation.

I.7
vx't
x'+

Jx' Py en?
— (74)

12
CZ

X =

Again, rewriting Eq. (17), we get:
d-vt

2
v
l—c2

Multiplying both sides by sinf sin®d

d =

dsinfsin®d—vtsinfsin®

d'sin8sin® = =
v
2

Using Egs. (66) and (70), we get:

; _ y—vtsinfsind
y = —
2

Putting the value of sinf sin® from Eq. (66),
we get:

vty
;Y4

Substituting the value of d from Eq. (68), we
get:

yo Y
, x2+y2+22
Y =—r— (75)
-z
The inverse Lorentz transformation equation
along the Y-axis can be obtained by

interchanging the coordinates and replacing v
with —v in the above equation.
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I
t
yl+ vy

y = —“F (76)
-z

Again, rewriting Eq. (59), we get:
d-vt

2
v
l—c2

Multiplying both sides by cos8

d =

dcos@—-vtcosb

Using Egs. (67) and (71), we get:

) __ zZ—vtcosO

d'cosf =

v2
ez
Putting the value of cosf from Eq. (67), we
get:

vtz

[ da
2

v
1——

c2

Substituting the value of d from Eq. (68), we
get:

vtz

gtz
, x2+y2+22

z' = W (77)

The inverse Lorentz transformation equation
along the Z-axis can be obtained by
interchanging the coordinates and replacing v
with —v in the above equation.

z'+

e
-z

Equations (73), (75), and (77) are the required
Lorentz transformation equations along the X-,
Y-, and Z-directions, while Egs. (74), (76), and
(78) are the required inverse Lorentz
transformation equations along the X-, Y-, and
Z-directions when the relative motion between
inertial frames is in three-dimensional space.

7 =

3.4 Invariance of the
Equation

Space-Time Interval

In this section, we verify the invariance of the
following space-time interval equation with the
help of the modified Lorentz transformation
equations obtained in the previous section.

x24+y2 472 — 22 =x"? +y? + 2% - 2P
(79)

where (x,y,z,t) and (x',y',z',t'") are the
coordinates of the same event as observed by
two observers in frames S and S', while S' is
moving with velocity v relative to S.

Let us consider the expression
2 2 2 2
x'“+y' 42—t

Putting the values of x',y’,z,and t’ from
Egs. (73), (75), (77), and (62), respectively, we
get:

2 2

vtx

— X
x2+y2+z2

vty

y——2
x2+y2+22
2
v
1_C2

+

2

vty
Yy v [x2+y2+22
X2 4y2 472 _ 2 N
v2 v2
1-5 =
2 2
1— vt 1— vt
2 x2+y2+22 2 x2+y2+22
=2 ———| +y| 0——| +
v2 v2
-5 1-5

2

= 1_’;_:
_ (2 + 2+22)<1_ vt _)2_
T2y y Jx24y242z2

2 vy x2+y2+22

? (£ -2 )]

2

_ 2 4024 2 _ vt ) _
_Cz_vz[(x +y +Z)<1 m)

2 (t JT)Z]

CZ
= | 4 y? 4 22 ( o wt
_Cz_vz[(x +y +2z°)(1 m+
v2t? 2,2 2tvyx2+y2+z2
x2+y2+42z2 -\t - c? +
v2(x%+y%+22)
C4
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2

= [x +y2+2% - 2vt\x? +y? +2% +

c2-p2

v2t2—c2t? + 2tv /x2 + y2 + 22 —

v2(x2+y +zz)]

2
=ﬂ1ﬂb +y% + 2% + v2ti—c?t? -
v2(x2+y +zz)]

_C4t2 -

= [cz(x2 + 2% + z%) + c?v?t?

c2—p2

v2(x? + y? + z2)]

= [(x? +y%2 + z2)(c? —v?) —

21;2

c tz(c v?)]

= (x? + y? + 22

= 1;2 — 2£2)(c? — p?)
—c%t? (80)

Thus, we proved that x? + y2 + z2 — ¢2t? =
x'? +y'? +2'* — c2t'®. Hence, the space-time
interval equation is invariant under the modified
Lorentz transformation equations.

=X +yz+z2

3.5 Relativity of Simultaneity

One of the important consequences of the
Lorentz transformation is that simultaneity is
relative. Consider two events occurring at the
same time at two different position coordinates,
(x1,¥1,21) and (x,,y,, Z,), in the inertial frame
S. Let t; and t; be the times at which the two
events are observed in the frame S', which is
moving with velocity v.

Using the Lorentz transformation Eq. (62),
we get:

v x12+y12+21
f—

!
tl = F
v, 2+y22+22
! —_—
=T —
1_”_
2

The apparent time interval, i.e., the time
interval between two events as observed by the
observer in S', is

va22+y22+222 va12+y12+212

2 2
ty —t; = < — <

v2 v2
1_c 1_cz
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ety +22) (81)

This indicates that two events which are
simultaneous in the reference frame S are not
simultaneous in another frame of reference S'
moving relative to the first.

3.6 Time Dilation

Consider two frames of reference, S and S',
where the S' frame of reference is moving with
velocity v in three-dimensional space, as shown
in Fig. 3.

Assume two clocks are initially synchronized
at the origin of two frames of reference. Then
their origins just cross each other. If two events

occur at any point d' = /x’2+y’2 +2z'% in

frame S', at times t; and t;, as noted by an
observer in S' frame, and at times t; and t,, as
noted by an observer in frame S, we clearly have
time interval between two events in both frames.
The time interval as measured by an observer in
S' frame of reference for two successive events
at point d' is given by t, = t; — t;. This time
interval is known as the proper time interval. For
the relativistic time, consider the inverse Lorentz
transformation of time from Eq. (64):

12,12, 12 12,12, 12
, X T4y 4z , X T4y 4z
1t t2+C72

2
ty =——~——and t, = —————
v2 v2

12 12,12
, x'“4+y" 4z , X Ty T4z
+ ) 1t )
C C
t, —t1 = = — =
1-% f1—c—2
ty—ty
bt =t = =
[12?
2
to
t = >
12
2

where t =t, — tyis the time interval between
the events as measured by an observer in inertial
frame S, which is moving relative to the clock.
This is called the improper or relativistic time.
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Z

Zl

X

FIG. 3. Frame S' moves with velocity v relative to frame S to show time dilation.

4. Conclusions

In this study, we obtained the extended
version of the Lorentz transformation equations
in two- and three-dimensional space and further
demonstrated the advantage of using these
extended transformations to investigate the
phenomena of time dilation and the invariance of
the space-time interval. The modified
transformation equations involving all X, Y, and
Z coordinates in three-dimensional space can be
written from Egs. (61) and (62) as follows:

x?+y? 7%=

v [x2+y2+22
p_ c?
t = ——
v2
P

The transformation equations developed for
two- and three-dimensional motion between
inertial frames are better than those of a one-
dimensional system, and our results relating to
the mathematical applications of the proposed
equations are better than those of the existing
transformation equations. Furthermore, our
modified transformation formulas can be used to
analyze the relativity of simultaneity in a more
efficient and accurate way, as discussed in
Section 3.5. Finally, the future scope of this
work includes presenting a mathematical
interpretation of four-vectors, exploring the
transformation of momentum, and providing an
explanation of Minkowski space using the two-
and three-dimensional Lorentz transformation
equations.
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Abstract: Crossbar H-type cavities (CH-cavities) have been investigated in the last two
decades in different laboratories. They have promising features when compared with
conventional drift tube linac (DTL) structures in terms of field gradient, shunt impedance,
and costs. The KONUS beam dynamics concept allows for short drift tube sections without
focusing lenses, resulting in a limited number of gaps per CH-cavity. With the available 3
MW Kklystron, the short cavity structure does not use the full amplifier power. Therefore,
the RF- coupling of two single cavities seems to be an applicable solution to have more
gaps per structure without harming the beam dynamics. This concept is realized by
coupling three resonators and operating them as a single structure in the zero mode. In this
paper, two identical CH tanks—each with 13 gaps—are coupled using a coupling cell
containing a quadrupole triplet. The results are compared with theory. This type of cavity is
called a coupled CH-cavity (CCH). The design frequency and field distribution result from
an optimization of the three coupled resonators and are described in this paper. The fine-

tuning is done by fixed and movable tuners along the structure.

Keywords: Drift tube linac, Coupled CH cavity, KONUS beam dynamics.

1. Introduction

H-type structures [1] are an alternative to the
conventional drift tube linac (DTL) at energies
up to around 100 MeV per nucleon (A MeV).

“H-mode” and “TE-mode” are equivalent
designations for modes with an H-field
component along the direction of wave

propagation. In these structures, a combination
of slim, Ilens-free drift tubes with the
Kombinierte Null Grad Struktur (Combined
Zero-Degree  Structure, KONUS)  beam
dynamics [2] allows for reaching a high effective
field gradient and a high shunt impedance at
modest structural costs [3, 4, 5].

In contrast to the Alvarez DTL (E010-mode),
the electric field lines in H-type cavities without
a drift tube structure are oriented transversally to
the beam axis [1]. Fig. 1 shows the electric and

magnetic fields of a pillbox cavity excited in
H,;; mode, based on CST-MW calculations [6].
All simulations in this paper were performed
using this commercial software.

Since the axial electric field required for
particle acceleration is zero in empty H-type
cavities, one has to introduce a sequence of drift
tubes along the cavity axis. These drift tubes are
connected to the cavity tank wall by stems. This
array generates the longitudinal electric field for
beam acceleration. H-type structures have
excellent properties in terms of RF efficiency,
beam quality, operation reliability, and cost
efficiency, making them attractive for low and
medium f-acceleration. Two kinds of structures
are realized and operated as H-modes: IH- and
CH-DTLs (Fig. 2).
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FIG. 1. Electric and magnetic field distributions for the H,;;-mode in a pillbox cavity.
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FIG. 2. Views into IH-DTL (left) and CH-DTL (right) cavities.

In the low beta range, the interdigital (IH)
DTL can be used to accelerate particles up to a
normalized velocity of § = v/c = 0.25[1]. The
operational frequency for such cavities was
below 300 MHz so far. Beyond this point, the
dimensions of the IH-DTL are too small, and the
mechanical design becomes very difficult to
realize. Thus, at higher B, one can use the
crossbar H-type (CH) DTL in the H,;; or Hyjo
mode. The cavity dimensions are convenient for
frequencies between 150 and 600 MHz [7, 8].
CH-cavities have been investigated by IAP-
Frankfurt, GSI-Darmstadt, and LANL in Los
Alamos [9]. Moreover, the new FAIR proton
injector, currently under construction, is based
on CH structures [10].

The available 3 MW klystrons encourage
increasing the number of gaps per CH-cavity in
order to take advantage of using this power. But,
due to the KONUS beam dynamics, which
couples short, lens-free accelerating sections by
quadrupole triplets, the gap numbers in each
section are limited. Consequently, RF-coupling
of two CH sections by a coupling cell that
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contains a quadrupole lens presents an attractive
solution. It allows to have similar power requests
in each cavity, which fits well with the power
level of an industrial amplifier (in our case, a 3
MW Kklystron). This concept is used in the first
three cavities of the FAIR proton linac [3, 10,
11]. In this paper, the applied coupling concept
based on theory and simulations is discussed.

2. Coupling Structures Concept

To understand the physical concept of
coupled CH sections, coupled by a Iens-
containing drift tube, consider a system of three
magnetically coupled oscillators, as shown in
Fig. 3 [12]. Each oscillator has the same
frequency m,, which is defined as

wo = 1/yTaC (1)

where L is the resonator inductance and Cyis the
resonator capacitance.

This is a very simplified model of our
situation.
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FIG. 3. A system of three magnetically coupled resonators [12], where M is the mutual inductance, L is the
resonator inductance, and i, i;, and i, are the currents in each resonator.

The first and third oscillators represent the
two CH accelerating sections, while the central
oscillator represents the coupling section, which
contains the magnetic quadrupole triplet.

The central oscillator is coupled with the
other two oscillators by a mutual inductance
M with a coupling strength that is defined as the
ratio between the mutual inductance and the
resonator inductance Ly. This is the coupling
constant:

k=M/L, (2)

Applying Kirchhoff’s laws to this system
leads to a system of coupled equations [12]. By
solving these equations, one can find three
eigenmodes:

Zero mode, where all oscillators oscillate in
phase at a frequency of

w
o = 7 ®
/2 —mode, where the two accelerating
sections at each end oscillate in opposite
phase compared to the zero mode. The
frequency is

4)

Q2 = wo

Wo

0N =
T 1-k

)

The frequency difference between m —mode
and 0 —mode is defined as the bandwidth and is
given in a good approximation at small k by

ow = 0; — Qo = kw, (6)

In the following sections, the coupled CH-
DTL is simulated with the commercial package
CST-MW [6], and the results are compared to
this model. CST-MW is a versatile 3D
simulation tool for fast and accurate 3D
electromagnetic simulation of high-frequency
problems.

3. Concept of Coupled CH (CCH) -
Cavity

To show the coupling concept without the
disturbance by a real drift tube structure with its
beta-profile, we simplified the geometry with
respect to that point. The simulated CCH cavity
has 26 gaps in total, and the energy profile is
constant. For this investigation, the cavity
structure consists of two identical accelerating
sections, each has 13 accelerating gaps, and the
coupling cell in between is 2BA long in this

The coupling cell in between shewsggie ammplitade it BistEaseavity is shown in

The m —mode, where all sections are shifted
against each other by m. The mode frequency
is

Fig. 4, and Table 1 shows the main cavity

Tank 1

U OO0 Il LU
1 AN O

Coupling Cell

parameters.

I

Tank 2

I O O R
I O Y

375

[[anas
LY

2480

FIG. 4. Layout of the constant beta CCH cavity showing the main dimensions.
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TABLE 1. Main parameters of the coupled CH cavity.

Number of Gaps

Design Frequency (MHz)

Eff. Accel. Length (mm)

Shunt Impedance Z, (M€/m)

Qo — value

Drift tube Aperture (mm)

Lens Aperture (mm)
Afn/z = fn’/Z — fo (kHz)

Afe = fa — fo (kH2)

26
325.224
2480
84.4
14400
20
20
700
4700

RF simulations show that the two CH tanks
are coupled efficiently after optimizing the
cavity and coupling cell dimensions. The
coupling in such a CCH cavity is achieved after
tuning each of the three cavity parts separately to
the operating frequency.

When the three coupled oscillators model
from section 2 is applied to this cavity, one can
derive the coupling factor from the resonance
frequencies of the three lowest modes as
described in Eq. (5). This results in k = 0.011.
On the other hand, one can compare the
frequency shift between m — mode and 0 — mode,
and 7/2 — and 0 — mode, which is asymmetric as
can be seen in Table 1. This is a hint that the
three coupled oscillators model does not apply
very well. The explanation is given below
through the analysis of the gap voltage
distribution for the three lowest cavity modes.

Another tuning subject was the field tuning at
the end cells of the cavity, to reach a zero-like
mode Hz](()).

To solve this issue, the end shapes in the
cavity were modified as shown in Fig. 4. By
increasing the cavity diameter locally, the
inductance is increased to get the end cells in
resonance. As a result, the electric fields in the
end gaps increased by a factor of two. By that
method, the matched cavity ends become short,
allowing for an improved mechanical integration
of the inter-tank quadrupole triplets. Short drift
lengths  between cavities improve the
longitudinal beam dynamics, as the bunch length
can be kept short. Fig. 5 shows the on-axis
electric field for the final cavity design in the
operating mode (quasi-zero mode). It was
calculated by CST-MW. The same curve can be
measured by bead-pull measurements along the
beam axis of a cavity. The peaks show the field
distribution |E, ()| along all gaps. The effective
shunt impedance increases as well with the new
end shapes by 15%, as the total cavity length is
reduced.
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FIG. 5. The absolute on-axis electric field |E, (z)| distribution along the CCH cavity in quasi-zero-mode.
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The effective gap voltage distribution is
calculated from the longitudinal electric field
distribution by applying the transit time factors
for each gap. The results are shown in Fig. 6.
The transit time factors can be either obtained
from the LORASR beam dynamics code [13] or
calculated from the CST field distribution. This
controlled process is repeated until the gap

voltage deviation between the two distributions
falls  below  approximately 2%.  Final
optimization of the cavity’s field distribution and
simulated gap voltages in the beam dynamics
code is achieved by inductive tuners (see next
section). The 3D electric field distribution of the
CCH cavity for the zero mode is shown in Fig. 7.
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FIG. 6. Effective gap voltage distribution from field simulations by CST-MW.
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FIG. 7. The 3D electric field distribution along the yz symmetry-plane for the CCH cavity.

As mentioned before, the two CH-drift tube
sections are coupled by the coupling cell
containing a quadrupole triplet which oscillates

in Alvarez mode (Egio — mode), as shown in
Figs. 8 and 9.

|_A/m (log) |
3741
2984
2363
1853
1434
1091
809
578
388
233
105
0

FIG. 8. The magnetic field distribution in the middle plane of the coupling cell.
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The magnetic field lines within each quadrant
of the drift tube sections are parallel and
antiparallel to the beam axis (Fig. 9). Around the
coupling lens, however, the angular field
direction is dominating. Additionally, the local
field lines around the stems are clearly visible in
Fig. 9.

The on-axis electric field distributions for the
/2 — and ® — modes are shown in Figs. 10 and
11. Fig. 10 shows that each of the three coupled
resonators oscillates with phase relations in the
central parts fitting to this simplified model at a
first glance. However, the phase relations along
the cells of each drift tube section are changed
significantly. Although the beta lambda half cells
of an H-type structure are coupled very strongly
to each other, with coupling constants k typically
about 0.3 [14], the phase modulation within each

drift tube section plays an important role for the
CCH cavity. This should explain why the three
coupled oscillators model does not apply too
well. Alternative descriptions of the CCH cavity
are under development.

The design operating frequency of the
investigated coupled CH cavity in this study is
325.224 MHz. For field and gap voltage final
tuning, one may apply inductive tuning by
cylindrically shaped plungers mainly, as this
technique does not influence locally the high
electric field regions near the aperture.
Moreover, the simple cylindrical tuner body and
its short length make cooling easy, and there is
no risk of harming the mechanical tuner’s
vibrations. Also, multipacting is not critical.
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FIG. 10. The absolute on-axis electric field |E, (2)| distribution along the CCH cavity in 71/2 — mode.

246




Coupling Concept for Cross-Bar H-Type Cavities

0.8 -

0.6 M

0.4 -

On Axis Electric Field (arb. units)

| ———e—

Tt

ARINLAN

0 500 1000

T T

1500 2000 2500

Beam Axis (mm)
FIG. 11. The absolute on-axis electric field |E, (2)| distribution along the CCH cavity in T — mode.

In a first rough consideration, it is assumed
that the relative frequency shift Awg/w, is
proportional to the relative volume change of the
cavity AViyner/Veavity, which is valid in the
case of a constant absolute magnetic field value
in the whole cavity volume:

Awg _ AUm . AViuner

(7

wWo Uc Veavity

where AU, is the magnetic field energy in the
displaced plunger volume, while U, denotes the
stored cavity field energy. For the cavity volume
estimation, the cylindrical cavity volume
between the two outer gap centers was taken.

A comparison with the simulations for the
coupled CH cavity shows that, for the linear part
of the curves in Fig. 12, the following
approximation is valid:

Aw . . AV,
—L (simulations) = 0.7 —t4zer .
wWo Veavity

)

Figure 12 shows the frequency shift against
the tuner depth in the case of the CCH cavity. In
this simulation, a total of five cylindrical tuners,
with a diameter of 60 mm, were moved in
parallel. Two of them acted on each drift tube
section, while the fifth one acted against the
internal lens. The slope up to a tuner length of 40
mm agrees well with Eq. (8). At increased tuner
length, the tuner head enters a region with
increasing electric field density, resulting in a
reduced frequency increase and finally in a
decrease when the electric field density is
dominating. It is intended to use the most
efficient tuning range, up to around 80 mm.

3254 A
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3252

325.1 +

Zero Mode Frequency (MHz)

325.0 1

3249 T .

(=}

20 40

60 80 100 120

Tuner Length (mm)
FIG. 12. Simulated frequency shifts by parallel action of five tuners along the coupled CH cavity.
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While the field and frequency are fine-tuned
by fixed tuners, frequency control during
operation is handled by a single mobile tuner
which acts within a small tuning range, as the
CH cavity temperature is controlled by intensive
water-cooling.

4, Conclusion

The coupling of two CH cavities is an
important issue for the low-energy part of a CH-
DTL. Developments in H-type cavities (IH-DTL
and CH-DTL) over the past decades have led to
a robust and efficient class of cavities, which can
serve as an attractive alternative to the Alvarez
DTL in many cases.

To have short drifts between accelerating
sections for placing quadrupole lenses and to
allow a match of RF power requirements and

attractive RF amplifier solutions, the coupling of
short CH structures is helpful in the low-energy
part of DTL. The coupling method was tested by
a simplified three coupled resonators model. The
details of the RF coupling of two CH tanks by a
coupling cell 284 in length containing a triplet
lens were described by simulation results.

It has been shown that the fine tuning of a
CCH cavity can be accomplished by fixed
cylindrical volume tuners.

The concept described in this paper enables
the realization of a CH-DTL with KONUS beam
dynamics. At the same time, the largest available
RF amplifiers of the 3 MW class can be
efficiently coupled one by one to the cavities by
using CCH cavities at lower beam energies.
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