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Abstract: Soon after the invention of the magnetic fluid (MF), it was found that needle-
like agglomerates (macro-clusters) were generated in some kind of MFs under an external 
magnetic field by optical microscope observation. However, the macro-clusters 
disappeared when the external field was removed. Therefore, many theories were proposed 
whether or not the macro-clusters were simple precipitants of the colloidal particles, or one 
phase of the two-phase separation, or etc. On the other hand, MFs under an external 
magnetic field show many peculiar and interesting phenomena in acoustics and magneto-
optics. In order to interpret these peculiar phenomena, an assumption that submicron-order 
agglomerates of the colloidal particles elongated along the field direction (micro-clusters) 
was necessary. However, this assumption contradicted the MF’s phase transition of second 
order between the particles’ monodispersed phase and the phase in which the agglomerates 
were generated (Landau criterion). In this paper, first, the macro-cluster’s nature is 
explained. The experimental results of the time dependence of the MF shaft seal’s burst 
pressure, the MF’s acoustic properties and magneto-optical effects are explained followed 
by explaining the necessity of the micro-cluster assumption. Proton-NMR experiment of 
the water-solvent MF and the latent heat measurement of the MF phase transition by 
differential scanning calorimetry are explained. The conventional MF and a 1000-fold 
diluted MF were used for the magnetization curve measurement, temperature and AC 
magnetic field frequency dependence experiment of the initial complex susceptibility 
measurement and frozen MF’s magnetic aftereffect experiment. From these experiments, 
the magnetic colloidal particles interaction in the MF is discussed. Finally, we show a 
physical model that the excess surfactant molecules which are isolated and freely dissolved 
in the MF’s solvent make special micelles when the temperature is decreased or the 
external magnetic field is applied. The magnetic colloidal particles stick to the surface of 
the micelles and this micelle with the colloidal particles is the actual micro-cluster. We 
show that this special micelle model explains all the MF’s peculiar phenomena without any 
contradictions, especially the contradiction between the anisotropical agglomeration and 
Landau criterion with respect to the phase transition of second order. 
Keywords: Magnetic fluid; Ferrofluid; Aggregation; Magnetic colloidal particle; Magnetic 

nanoparticle; Micelle; Phase transition of second order; Landau criterion. 
PACS: 75.50.Lk, 75.50.Mm, 82.70.Dd, 82.70.Kj 
 

 
I. Introduction 

A magnetic fluid (hereafter abbreviated MF) 
is a stable colloidal solution containing ferro- or 
ferri-magnetic colloidal particles coated with 
strong dispersive surfactant molecules to 
disperse the particles stably in solvent. However, 
soon after the invention of MFs and becoming 

widely known in the world, it was found by 
optical microscope observation that needle-like 
clusters of magnetic colloidal particles were 
formed under an external magnetic field in some 
kinds of MFs of which surfactant’s dispersing 
ability was slightly weak[1]. These needle-like 
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clusters, however, disappeared after the external 
field was removed. In addition, many other 
interesting phenomena of the MF were found 
which could not be explained without assuming 
the generation of these clusters in the MF. 

To begin with, we would like to correct two 
common misunderstandings with regard to the 
cluster formation in the MF. Many researchers, 
even specialists in magnetism, make these 
misunderstandings. 

The first misunderstanding is the confusion of 
Bitter pattern with the clusters in the MF. The 
Bitter pattern is the visualization of the magnetic 
domains on the surface of the ferromagnetic or 
ferrimagnetic sample [2, 3]. The Bitter pattern 
appears in the following procedure. Magnetite 
powder whose particle size is in the order of a 
micron is mixed with soapy water and they are 
stirred strongly. As soon as the stirring stops, the 
mixture is pored onto the surface of the 
ferromagnetic sample. As the magnetization 
directions of the neighboring magnetic domains 
are completely different, the magnetic field 
gradient in the domain boundary region is very 
huge. Therefore, the magnetite particles in the 
mixture are attracted to the boundary regions and 
finally deposited along the boundaries. The 
deposited magnetite particles draw the domain 
boundary lines. That is the Bitter pattern. 
However, the magnetic colloidal particles in the 
MF are not precipitated in the boundary even if 
the MF is coated on the surface of the same 
ferromagnetic samples. It is because the size of 
the particles in the MF is only in the order of 10 
nanometers, and therefore the thermal agitation 
force is much stronger than the gravitational 
force acting on the magnetite colloidal particle. 
In conclusion, the magnetic colloidal particles in 
the MF do not make a Bitter pattern and thus the 
clusters in the MF are not similar to the 
aggregates of the Bitter pattern. In other words, 
the clusters in the MF are not simple precipitants 
of the magnetic colloidal particles. 

The second misunderstanding is the 
confusion of magneto-rheological fluid 
(hereafter abbreviated MR fluid) with the MF. 
The MR fluid consists of ferro- or ferri-magnetic 
particles in the order of micron size dispersed in 
viscous oil with the aid of some surfactants. As 
the particles in MR fluid are micron-size, they 
are multi-magnetic-domain particles and they 
have no permanent magnetic moment. 
Consequently, there is no mutual magnetic 

attractive force between the particles in the MR 
fluid under no external magnetic field and no 
particles coagulation occurs when no external 
field is applied. As the MR fluid’s particle size is 
in the order of a micron, the gravitational force 
overcomes the thermal agitation force and all the 
particles in MR fluid are finally deposited in the 
bottom of a container though this process takes a 
considerably long time due to the viscous oil. On 
the contrary, as the particle size in MF is in the 
order of 10 nm, the magnetic colloidal particles 
in MFs are single magnetic domain and each 
particle has permanent magnetic moment. 
Therefore, there is mutual magnetic attraction 
force between the particles in MFs and they 
would coagulate and precipitate in the bottom of 
MF. However, due to special surfactant 
molecules which cover the surface of all the 
magnetic colloidal particles, the particles in the 
MF do not coagulate. That is the reason why the 
MF is a stable colloidal solution. 

After stirring the MR fluid and when the 
magnetic particles are dispersed in the oil, an 
external magnetic field is applied to the MR 
fluid. Due to the particle’s induced magnetic 
moments, the neighboring magnetic particles are 
attracted to each other and they make chains. For 
example, a similar phenomenon occurs for iron 
filings dispersed on a plane paper sheet. When 
an external magnetic field is applied to the iron 
filings, they make chain lines along the magnetic 
force lines on the sheet. In such a case, if the MR 
fluid is forced to flow, the magnetic particle 
chains make entangled networks in the solvent or 
oil of the MR fluid. This network prevents the 
flow of the oil. Therefore, the apparent viscosity 
of the MR fluid under the external field 
increased hundreds or thousands of times larger 
than that under no external field. On the other 
hand, the viscosity of an MF under an external 
field increased less than two times over that 
under no field [4]. 

In conclusion, the MFs are completely 
different from the MR fluids or the mixture of 
the magnetic powder and the soap water which is 
used for Bitter pattern drawing. 

Now, we turn back to the discussion of the 
cluster formation in the MF. The assumption of 
cluster formation or aggregation of the magnetic 
colloidal particles in MF essentially contradicts 
to the fundamental characteristics of the MF. In 
fact, if the colloidal particles in the MF really 
coagulate, the origin of the coagulation should 
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be molecular forces between the colloidal 
particles. Therefore, the coagulation should be 
an irreversible process, or once the coagulation 
occurs, the reverse process of turning back to a 
monodispersed state from the clusters should not 
occur. In fact, in order to prevent such 
coagulation, the surface of all the magnetic 
colloidal particles is clad with surfactant 
molecules that limit the nearest distance that two 
neighboring particles can approach one another. 
In reality, the clusters disappear when the 
external field is removed. 

However, cluster formation cannot be denied 
due to the many experimental results which we 
shall show in the following sections. This 
contradiction was a serious mystery until quite 
recently. Recently, this mystery was solved. It 
was made clear that the so called mysterious 
cluster is not really, agglomerate but a special 
micelle which consists of the magnetic colloidal 
particles and excess isolated surfactant 
molecules. 

In the following, we show several 
experimental results which we cannot explain 
without the coagulation of the colloidal particles 
in the MF in §s II and III. In §IV, we show the 
experiments to investigate the mysterious 
clusters and in §V we explain the special micelle 
model and interpret all the experimental results 
of MF without any contradictions. 

II. Direct Observation of Clusters by 
Microscopy 
A. Direct Observation of Macro-Clusters by 
Optical Microscopy 

In 1975, Hayes reported optical microscope 
observations indicating that clusters or 
aggregates of the magnetic colloidal particles in 
MFs occurred when an external magnetic field 
was applied [1]. The MF is an opaque liquid. 
But, when it is sandwiched by two glass slides 
and pressed to a thin film of a few tens of micron 
thickness, visible light is transmitted through the 
MF film. Therefore, this MF thin film was 
observed by the optical microscope. For 
example, Figs. 1(a) and (b) show the clusters in 
such experiments [5]. Many needle- like clusters 

of a few micron diameter are generated along the 
external field direction. In Figs.1(a) and (b), MF 
sample A was used. The characteristics of the 
MF samples discussed in this paper are shown in 
Table I. 

 

 
  

(a)  

 
  

(b)  

  

(c)  

FIG. 1. Clusters in the MF thin film when an external 
magnetic field is applied parallel to the film ((a), 
(b)) [5] and perpendicular to the film (c) [8]. The 
field increase rate was very slow (a) and very 
rapid (b). 
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TABLE I. Characteristics of MF samples 

Sample 
name 

Colloidal 
particle Solvent 

Particles 
volume 
fraction 

Dilution
factor Note 

A MnZn-ferrite Paraffine 0.125 1 Mother MF 
B Magnetite Alkylnaphthalene 0.104 1 Mother MF 
C Magnetite Alkylnaphthalene 0.104 1 Sample B was under vacuum 

for10 minutes and was 
obtained. 

D Magnetite Alkylnaphthalene 0.052 1 two times dilution of sample B 
E Magnetite Water 0.091 1 Mother MF 
F Magnetite Paraffine and 

alkylbenzene 
0.104 1 Mother MF 

G Magnetite Water 0.003 30.3 30.3 times dilution of sample E 
H MnZn-ferrite Paraffine 0.000051 2450 2450 times dilution of sample A
I Magnetite Alkylnaphthalene 0.000080 1300 1300 times dilution of sample B
J Magnetite Water 0.000074 1230 1230 times dilution of sample E
K Magnetite Alkylnaphthalene 0.0484 2.15 2.15 times Dilution of sample B
L Magnetite Alkylnaphthalene 0.00792 13.1 13.1 times dilution of sample B 
M Magnetite Alkylnaphthalene 0.00066 158 158 times dilution of sample B 
N Magnetite Alkylnaphthalene 0.104 1 Sample B was under vacuum 

for 1 hour and was obtained. 
O — — — — Mixing sample B and epoxi 

adhesive and stirring them 
fiercely, they were solidified. 

 
A few theories were proposed with regard to 

the cluster formation in the MF. The simplest 
one was that the clusters were aggregates of the 
magnetic colloidal particles like iron filings’ 
aggregation by a magnetic field. The iron filings 
dispersed on a plane paper sheet make aggregate 
lines along the magnetic force lines on the sheet 
when a magnetic field is applied. In the same 
scenario, the colloidal particles in the MF should 
coagulate along the magnetic force lines and that 
should be the clusters. However, this scenario 
contains a fatal contradiction. The colloidal 
particles in the MF do not coagulate by the high 
gradient magnetic field which is used in daily 
life. In fact, the magnetic colloidal solution in 
which the magnetic colloidal particles are easily 
coagulated and deposited in the bottom under the 
high gradient magnetic field which is used in our 
daily life should not be called MF. In addition, if 
the clusters in the MF are really the aggregates 
of the colloidal particles, they should remain 
aggregates after the field is removed. However, 
after the removal of the external field, the 
clusters in the MF disappeared and 
monodispersed state is again obtained in the MF. 
Unfortunately, in those days when it was not 
long since the MF was invented some, MFs had 

poor dispersivity in the magnetic colloidal 
particles, i.e., some of the MFs in those days 
were not so good as those in the present days. 
When the external magnetic field was applied to 
such MF of bad quality, generated were some 
precipitants of the magnetic colloidal particles. 
Those phenomena led a considerable number of 
researchers in those days to the incorrect 
conclusion that the clusters in the MF were also 
the similar aggregates of the MFs of bad quality. 
However, the clusters in the MF and the 
precipitants in the bad MF are completely 
different substances. 

Another theory is the-two phase separation 
model. According to this theory, when an 
external magnetic field is applied to the MF, the 
MF can no longer be one monodispersed phase, 
but separates into two phases of higher and 
lower particle volume concentration. The dense 
phase is looked upon as the clusters. This model 
was independently proposed by Sano and Doi [6] 
and Cebers [7]. Applying mean field theory, they 
obtained theoretical results that the MF can be 
separated into two phases when the external field 
is applied. 
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However, this theory contradicted 
experimental results. When the external field, H, 
which is applied to the MF at temperature, T, is 
increased from zero field, the clusters were 
generated at the threshold field strength, Hth. 
However, the clusters are no longer generated at 
any field strength, H, if the temperature, T, is 
higher than the threshold temperature, TC1. 
Cebers obtained the Hth − TC1 relation by his 
theory as: 

( )TT
H

C
th −
=

1

1
                                              (1) 

This relation was contradicted by experiments 
[5]. Another experimental evidence which 
contradicts the two-phase separation model is the 
difference in the cluster formation by the 
different increase rate of the applied field. Figs. 
1(a) and (b) are the optical micrographs of 
clusters under the magnetic fields. The 
temperature and the field strength of Fig. 1(a) 
were 300 K and 79.6 kA/m, respectively; while 
those of Fig. 1(b) were 302 K and 79.6 kA/m, 
respectively. The temperature and the field 
strength were almost the same in both 
experiments. However, the increasing field rate 
of Fig. 1(a) was 20 A/(m sec); while that of Fig. 
1(b) was 8000 A/(m sec). In the case of rapid 
increasing rate, many clusters were generated 
densely, while in the case of slow increasing 
rate, the space intervals between the clusters are 
large but each cluster was thick. From this 
experimental result, the cluster generation 
seemed not to be in a thermodynamically stable 
state but rather in a transient state or quasi-stable 
state. Besides, one can easily find a white stripe 
accompanying a needle-like cluster, in which the 
colloidal particle density should be very low in 
this white stripe compared with the rest area. We 
discuss these white stripes in §IV. A of NMR 
experiment. 

When the field is applied to the MF film 
perpendicular to the film, the needle-like clusters 
are generated, but directed perpendicular to the 
film. Therefore, the cluster images of the 
micrograph are dots [8], (Fig. 1(c)). As the 
direction of each cluster’s magnetic moment is 
perpendicular to the film, the clusters mutually 
repel by a magnetic repulsive force. Therefore, 
the clusters make the pseudo-lattice structure in 
two dimensions. The MF’s clusters’ pseudo-
lattice structure was first experimentally studied 
by Bar’yakhtar et al. [9]. The same subject was 

experimentally studied by Jones et al. [10, 11] 
then by Cernak and Macko [8]. Especially 
Cernak and Macko showed beautiful pseudo-
lattice micrographs one of which is Fig. 1(c). A 
long time later, a similar study was again 
conducted by Hong et al. [12]. 

From these studies, it is evident that the 
clusters are not simple aggregates of the 
colloidal particles in nature, because if they were 
simple aggregates, they would be merged to one 
large aggregate instead of making pseudo- 
lattice. There exists a positive surface tension on 
the boundary of the cluster. In fact, Rosensweig 
and Popplewel [13] made the following 
experiment. They observed the clusters in the 
MF by an optical microscope equipped with a 
video camera. The external field was applied to 
the MF film parallel to the film. Suddenly, the 
field was removed. They observed the decay of 
the cluster after the field was removed. First, the 
needle-like cluster collapsed to a linked sausage 
shape, then separated to spheres. By measuring 
the elapsed time of this collapse, they estimated 
the surface tension of the clusters. By measuring 
the elapsed time of the disappearance of the 
sphere, they estimated the diffusion constant of 
the colloidal particles and obtained the 
hydrodynamic diameter of the particles. From 
these experiments, we can confirm that the 
cluster in the MF is not a simple aggregate. 

B. Strong Light Diffraction Image 

As shown in the previous section, the MF thin 
film transmits visible light. Instead of observing 
the transmitted light by the optical microscope, 
the transmitted light is projected to a screen. 
Then a peculiar scattering light pattern is 
obtained when the MF film is under an external 
field parallel to the film. Haas and Adams [14] 
observed a peculiar projection of the transmitted 
light from the diluted MF film. When no field 
was applied to the sample, only a halo was 
obtained. However, when the field was applied 
to the sample perpendicular to the light 
propagation, the transmitted light is diffracted in 
the plane perpendicular to both the sample film 
and the external field. If one knew only this 
subsection’s result, it would be very easy to 
conclude that this diffraction was induced by the 
needle-like clusters in the MF generated by the 
external field. However, Haas and Adams were 
not aware of these relations. Yusuf [15] correctly 
discussed the diffraction and the clusters 
relation. The needle-like clusters in the MF play 
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a role of gratings of an optical diffraction 
grating. The strong diffraction effect is caused 
due to the periodical spacing between the needle-
like clusters. On the contrary, by measuring the 
diffraction light intensity as a function of the 
diffraction angle, one can calculate the spacing 
of the clusters by Fourier transform [5]. 

C. Cluster Observation by Electron 
Microscopy 

The lower limit of an ordinary optical 
microscope’s resolution is about a micron. 
Therefore, if the clusters in the MF are less far 
than the micron size, these clusters cannot be 
distinguished by the optical microscope. 
However, even nanometer-size objects are 
distinguished by an electron microscope. In fact, 
one can observe the magnetic colloidal particles 
in the MF by the electron microscope. Therefore, 
one can distinguish submicron-size clusters in 
the MF by the electron microscope. However, 
the electron microscope observation has a fatal 
disadvantage in observing the MF. When a 
sample is observed by the electron microscope, it 
is placed in an evacuated sample room. 
Therefore, before the observation, the MF 
droplet is put on a sustaining plastic film and the 
solvent is evaporated. We observe this dried MF 
or the colloidal particles on the sustaining plastic 
film by the electron microscope. During the 
drying process, the colloidal particles may move 
on the sustaining film and easily make 
aggregations. Therefore, the magnetic colloidal 
particles’ aggregates in the electron micrograph 
which is obtained from the MF in this manner do 
not mean that there really exist aggregates in the 
MF. In fact, many electron micrographs in which 
aggregates of the MF were found were obtained 
by the above preparation method. 

Donselaar et al. [16] succeeded in observing 
clusters of submicron scale in the MF by an 
electron microscope, in a different way. 
Quenching the MF, they obtained a frozen MF 
thin film fragment. They observed this frozen 
film fragment with the electron microscope and 
found these sub-micron clusters in the frozen 
sample. However, from a more critical 
viewpoint, even these sub-micron clusters might 
be formed during the quenching process. 

 

 

 

III. Other Magnetic Fluid Physical 
Phenomena Which Cannot Be 
Explained Without Assuming Cluster 
Formation 

In the previous section, we mainly mentioned 
the clusters of the MF, which can be observed by 
an optical microscope. This means that the size 
of the clusters is equal or larger than micron size. 
On the other hand, there are many MFs in which 
no such clusters are observed by the optical 
microscope even under a strong magnetic field 
of MA/m. These MFs, however, also show 
interesting physical phenomena which cannot be 
explained without assuming cluster formation in 
the MFs. It means that the clusters are formed in 
all the MF under the external field, and the 
difference is that for some MFs, the formed 
cluster size is micron size and for the rest of the 
MF, the formed cluster size is less than micron 
size. As no objects less than micron size are 
distinguished by the optical microscope, we 
could not see the clusters of sub-micron size in 
some MFs and we misunderstood that the 
clusters were not formed in those MFs. 
Hereafter, we call these clusters of submicron 
size micro-clusters and distinguish them from 
the clusters of micron size which we, hereafter, 
call macro-clusters. In the following, we 
enumerate the interesting experimental results of 
the MF which cannot be explained without 
assuming the micro- or macro-cluster formation. 

A. Time Dependence of Magnetic Fluid Shaft 
Seal’s Burst Pressure 

One of the greatest successes in the 
applications of MF to industries is a magnetic 
fluid shaft seal, an important mechanical element 
[17–19]. In this paper, we briefly explain the 
mechanism of the MF shaft seal and explain the 
relation of the time dependence of the seal’s 
burst pressure and the cluster formation in the 
MF in detail. Fig. 2 shows the schematic 
construction of the MF shaft seal. A rotational 
nonmagnetic shaft is set in a stationary 
cylindrical nonmagnetic housing with bearings. 
In the inner side of the housing, a cylindrical 
permanent magnet is sandwiched by two 
cylindrical pole-pieces which are made of 
magnetic material. A cylindrical sleeve which is 
also made of magnetic material is fixed on the 
outer surface of the shaft. The magnified cross-
section of area A in Fig. 2 is shown in Fig. 3. A 
ring-like projection is attached on the outer 
surface of the cylindrical sleeve. The cross 
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section of the projection is a triangle (See Fig. 
3). Therefore, a magnetic circuit is constructed 
through the permanent magnet, the magnetic 
pole-piece, the magnetic sleeve, the projection 
and the other pole-piece. A solid line arrow 
shows this magnetic circuit in Fig. 2. The gap 
between the projection’s top and the inner 
surface of the pole-piece is usually a few tenth 
mm. The magnetic force lines concentrate to the 
top of the projection. Therefore, the magnetic 
field together with its gradient is huge compared 
with the rest of the area. When the MF is 
introduced into this area, it fills the gap between 
the top of the projection and the inner surface of 
the pole-piece which faces the top of the 
projection. The MF fills the gap like an O-ring 
and it separates the space into Space 1 and Space 
2 in Fig. 3(a). The ring-like MF also 
hermetically seals the gas in Space 1 from Space 
2 and vice versa. The MF shaft seal prevents 
even gas molecules from moving across the two 
spaces, 1 and 2. This is a brief explanation of the 
MF shaft seal. When the gas pressure, p1, of 
Space 1 is increased compared with the gas 
pressure, p2, of Space 2, the MF in the gap 
region shifts to the right due to the gas pressure 
difference, ∆p = p1 − p2, in Fig. 3(b). However, 
it clings to the gap region by the magnetic force. 
A further gas pressure increase blows out the MF 
at a certain pressure difference ∆p and the MF 
shaft seal is broken. Fig. 3(b) shows the MF’s 
position just before the MF is blown out by the 
burst pressure, ∆p. We call this maximum ∆p 
“burst pressure” of the MF shaft seal. The burst 
pressure, ∆p, is expressed in a good 
approximation by [18]: 

∆p = µ0 MSH,                                                 (2) 

where µ0 is a magnetic permeability in vacuum, 
MS is the saturation magnetization of the MF and 
H is the magnetic field strength at the boundary 
between Space 1 and the MF in Fig. 3(b)*. 
Strictly speaking, MF’s magnetization strength, 
M, at the same boundary should be used instead 
of MS. However, the field strength, H, at the 
boundary is so huge that M is almost MS.The 
author carried out the following experiment 
nearly 30 years ago [18]. First, making the 
sealing area in the MF shaft seal empty in Fig. 3, 
the fresh MF was introduced in the seal region at 

                                                 
* In this paper, we define the relation among the 

magnetic field, H, the magnetization, M, and the 
magnetic flux density, B, as B = µ0 (H + M). 

time t = 0. After leaving the MF shaft seal 
equipment at rest for time, t, we measured the 
burst pressure, ∆p, of this equipment. In general, 
as MS in Eq. (2) is constant with respect to time, 
t, ∆p should be constant with respect to the 
elapsed time, t. We conducted this experiment 
with four different MF shaft seals. The four 
seals, I, II, III and IV were different in the gap, 
g, and projection height, h, in Fig. 3. Each seal’s 
g and h are tabulated in Table II. 

TABLE II. MF shaft seal’s g and h 
Seal I II III IV 
Gap g (mm) 0.2 0.3 0.4 0.2 
Height h (mm) 2.5 2.4 2.3 1.0 

The experimental result is shown in Fig. 4. 
The burst pressure, ∆p, is shown as a function of 
time, t. However, t is scaled in abscissa. This 
experimental result leads to the conclusion that 
MS, the MF’s saturation magnetization at the 
boundary in Fig. 3, was not constant with respect 
to time, t, but expressed by: 

( ) tCMtM SS 20 += ,                                   (3) 

where, MS0 is the MF’s saturation magnetization 
at t = 0, or the ordinary MF’s saturation 
magnetization, and C2 is a positive constant. At 
that time, the present author tried to explain this 
effect as follows [18]. The magnetic colloidal 
particles in the MF moved to the top area B of 
the projection in Fig. 3(a) by the Brownian 
motion and the magnetic force. Once they 
reached area B, they were trapped in this area. In 
fact, by solving the special diffusion equation or 
Smoluchowski’s equation, we obtained naturally 
the second term at the right hand side of Eq. (3). 

In retrospect, the particles were not simply 
trapped in area B, but they made clusters and 
these clusters were not able to escape from this 
area. In fact, even after time, t, elapsed, if we 
rotated the shaft in high speed and measured the 
burst pressure, ∆p, it decreased back to ∆p at t = 
0. It should be that the shaft’s high speed 
rotation stirred the MF strongly and the clusters 
were broken leading the MF back to 
monodispersed state. However, we show the real 
meaning of the cluster in §V Discussion. 
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FIG. 2. Schematic figure of the MF shaft seal’s construction. 

 

 
FIG. 3. Cross section of area A in Fig. 2, which is the most important section of the MF shaft seal. (a) There is 

no pressure difference. (b) The pressure difference is the burst pressure, ∆p. 
 

 
FIG. 4. The burst pressure, ∆p, as a function of time, t. The time t is the elapsed time after the MF was 

introduced to the gap in the MF shaft seal. t  is scaled in abscissa [18]. 
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B. Magnetic Fluid’s Acoustic Effects 

The acoustic properties of the MF under the 
magnetic field were first discussed theoretically 
by Parsons [20]. He discussed this subject 
assuming the MF as nematic liquid crystal with 
its molecules possessing gigantic magnetic 
moments. In fact, there exists an anisotropy in 
velocity and attenuation of the sound which 
propagates in the oriented liquid crystal with 
respect to the angle between the molecules’ 
orientation direction and the sound propagation 
direction [21]. Parsons, however, naturally, did 
not take the MF’s cluster formation into account 
in his theory. The experimental study of the 
acoustic properties of the MF under the external 
field was first conducted by Chung and Isler [22, 
23]. They measured the velocity and attenuation 
of the sound which propagates in the MF under 
an external field and found an anisotropy in both 
the velocity and attenuation properties with 
regard to the angle between the applied field and 
sound propagation direction. They also found a 
poor reproducibility of the experimental data in 
this experiment. Gotoh and Chung [24] 
discussed their experimental result considering 
the MF a continuum. Not neglecting the 
nonlinear terms in the constitutive equations of 
the MF, but giving many suitable parameter 
values to the nonlinear terms, they obtained 
considerably good fitting theoretical curves for 
the experimental data. However, as the curve 

fitting was the pure mathematical procedure, 
they obtained a poor physical meaning through 
their analysis. The present author checked 
whether or not the experimental data which were 
obtained by Chung and Isler could be interpreted 
by only the magnetic colloidal particles’ 
orientation effect which Parsons derived [25]. 
Fig. 5 shows the sound attenuation coefficient, 
qi, as a function of the angle, φ , between the 
applied field direction and the sound propagation 
direction. White empty circles are experimental 
data [23]. The qi

(1) curve was obtained by the 
theory taking only the effect of the colloidal 
particles’ orientation into account after Parsons. 
Evidently, the qi

(1)  curve does not fit to the 
experimental data. Therefore, we assumed the 
cluster formation in the MF and obtained the 
attenuation coefficient qi

(2) which is derived from 
the cluster formation[25]. The sum qi = qi

(1) + 
qi

(2)  is the theoretical sound attenuation 
coefficient and its curve fits quite well to the 
experimental data. Later, assuming the periodic 
arrangement of the needle-like clusters in the 
MF, Kasparkova [26] discussed theoretically the 
acoustic properties of the MF under the magnetic 
field. The acoustic properties of the MF were 
also studied by Skumiel [27], and later by 
Motozawa and Sawada [28], actively. In 
conclusion, the cluster formation hypothesis is 
indispensable in discussing the acoustics of the 
MF under an applied magnetic field. 

 
FIG. 5. The sound attenuation coefficient, qi, as a function of the angle, φ , between the applied field direction 

and the sound propagation direction. Empty circles denote experimental data obtained by Chung and Isler 
[23]. The theoretical curve, )1(

iq , is derived from the magnetic colloidal particles’ orientation effect; while 
)2(

iq curve is derived from the cluster formation effect of the magnetic colloidal particles. qi = )1(
iq  + )2(

iq  
[25]. 
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C. Magneto-Optical Effect of Magnetic Fluid 

Recently, a review paper on the magneto-
optical effects of the MF by Yusuf and Abu- 
Aljarayesh was published in the present journal 
[29]. In this paper here, we only discuss the 
magneto-optical effect of the MF in view of the 
cluster formation in the MF. Therefore, many 
important papers with respect to the 
magnetooptics of the MF but less related to the 
cluster formation are not referred to in this paper. 
These papers are referred to in the references of 
paper [29]. 

Majorana reported in 1902 that a colloidal 
solution which contained a very small amount of 
magnetic colloidal particles showed 
birefringence when light passed through the 
solution under a magnetic field directed 
perpendicular to the light propagation [30]. 
Therefore, this effect is now called Majorana 
effect. Here, the reason why we stressed that 
”the solution contained a very small amount of 
magnetic colloidal particles” is that it was long 
time before the MF was invented [31] when 
Majorana found this effect and only a very small 
amount of the magnetic colloidal particles was 
able to be dispersed in the solvent in those days. 
There were many studies on the magneto-optical 
effects of such solutions containing a very small 
amount of magnetic colloidal particles or 
magnetic ions [32]. However, what we discuss in 
the presenter paper is the magneto-optical effects 
of the colloidal solution which contains a 
considerable volume fraction of the magnetic 
colloidal particles, i.e., the MF. In conclusion, 
we have to distinguish the present MF’s 
magneto-optical effect from the Majorana effect, 
rigorously. 

1. Field Dependence of Magnetic Fluid 
Magnetic Birefringence in a Weak Magnetic 
Field 

To the best of my knowledge, Martinet first 
reported the magnetic birefringence of the MF 
[33]. There were two important properties in his 
paper. One is that the strength of the magnetic 
birefringence was huge compared with the 
ordinary Majorana effect. The other important 
property, which was more important than the 
former one in retrospect, was the field 
dependence of the birefringence, ∆n. For 
ordinary magnetic birefringence called the Voigt 
effect [34] or the Cotton-Mouton effect [35], 
including the Majorana effect, the birefringence, 
∆n, is proportional to the square of the applied 

magnetic field strength, H. However, ∆n of the 
MF did not obey this law, but was rather 
proportional to H. This is very important, 
because if ∆n is caused by each colloidal 
particle’s independent contribution, ∆n should be 
proportional to H2. In addition, what made this 
problem more complicated was that in some 
papers, the similar experiment showed that ∆n 
was proportional to H2. Sakhnini and Popplewell 
[36] prepared very diluted MF not by dilution 
with solvent but by “magnetic filtering”. The 
authors explained the “magnetic filtering” 
process as follows. By placing the mother MF 
under a huge magnetic gradient, the authors tried 
to remove the large magnetic colloidal particles 
and unstably dispersed particles from the MF by 
precipitating those particles with the huge 
magnetic force. By this magnetic filtering, 85 
percent of the magnetic colloidal particles were 
removed from the mother MF and the diluted 
MF whose colloidal particles’ volume 
concentration was 2x10−4 was obtained. They 
measured the magnetic birefringence, ∆n, of this 
diluted MF and obtained H2 dependence of ∆n in 
the weak magnetic field. In fact, before their 
experiment, Davies and Llewellyn also reported 
the same H2 dependence of ∆n experiment in the 
weak magnetic field for the diluted MF with 
colloidal particles’ volume concentration of 1x10
−5 [37]. However, the present author speculates 
that there must be no interaction between the 
magnetic colloidal particles in such a diluted 
MF, and it was natural that the Majorana effect 
was obtained in such a diluted MF. 
Consequently, their experiments were not the 
real MF’s magneto-optical effect. The next 
experimental result was more serious. The 
present author et al. conducted the similar 
experiment in the weak magnetic field region 
nearly 20 years ago [38]. In this experiment, we 
used two slightly different MF samples, the MF 
Samples B and C. Their characteristics are 
tabulated in Table I. Sample B was a very fresh 
MF when we made the experiment. Sample C 
was prepared as follows. We left the same MF as 
the Sample B’s MF, under a vacuum for nearly 
10 minutes. That was the MF sample, Sample C. 
The relative weight change of the MF before and 
after leaving it under a vacuum was less than 10−

4. Fig. 6 shows the birefringence, ∆n, of Samples 
B and C as a function of the external field, H. 
The variables, H and H2, are scaled in abscissas 
of Figs. 6(a) and (b), respectively [38]. 
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(a) 

 
(b) 

FIG. 6. The magnetic birefringence, ∆n, of Samples, 
B (solid circle) and C (empty circle), as a function 
of the external magnetic field, H. The Sample B’s 
MF was fresh; while the Sample C’s MF was once 
under vacuum before the birefringence 
experiment. H and H2 are scaled in abscissas of 
Figs. 6 (a) and (b), respectively [38]. 

 

The Sample B’s ∆n was proportional to H; 
while proportional to H2 was the Sample C’s ∆n 
in a weak field region. Why did such an eminent 
difference emerge even though both the MFs 
were almost the same except for the under-
vacuum-experience? When we put the MF in a 
hermetically closed glass vessel and started air 
evacuation, the MF suddenly boiled fiercely and 
many bubbles were generated in the MF. 
However, this boiling continued only a few 
second, and the boiling ceased. It means that 

some contaminant in the MF was evacuated by 
the pressure decrease though the removed 
contaminant’s relative weight was less than 
1x10-4. In retrospect, this phenomenon was a 
very important clue to interpreting the MF’s 
magneto-optical effect. We once again mention 
it in §V Discussion. 

2.  Temperature Dependence of Magnetic 
Fluid’s Magnetic Birefringence 
The second interesting property of MF’s 

magnetic birefringence is its temperature 
dependence. Fig. 7 shows the experimental result 
of the MF’s magnetic birefringence, ∆n, as a 
function of the MF’s temperature, T, under a 
constant magnetic field [39]. ∆n plunges 
suddenly at a certain temperature, T, with the 
temperature decrease. This was due to the 
freezing of MF’s solvent. In fact, the liquid state 
is necessary for the MF’s magnetic 
birefringence. (In this experiment, the MF was 
first placed under a fixed magnetic field, then 
changing the temperature, the birefringence was 
measured as a function of temperature.) This 
sudden plunge of the birefringence due to the 
MF freezing was first observed by Abu-Safia et 
al. [39]. 

 
FIG. 7. The temperature dependence of the MF’s 

magnetic birefringence, ∆n, under a constant 
magnetic field. The MF’s saturation 
magnetization was 51 Gauss (= 5.1 × 104 A/m) in 
(a) and 77 Gauss (= 7.7×104 A/m) in (b). The 
magnetic field strengths in the graph denote the 
constant magnetic field applied to the MF sample. 
There is a plunge in the birefringence, ∆n, near the 
melting point of the MF [39]. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

FIG. 8. The temperature dependence of the MF’s magnetic birefringence, ∆n, under many different external 
magnetic field strengths [40]. Marks in the graphs correspond to the different field strengths which are also 
shown in the graphs. (a) and (b): ∆n − T graphs, (c) and (d): T

n
−

∆
1 graphs, (c) and (d) correspond to (a) and 

(b), respectively. 
 
There is another interesting property of the 

temperature dependence of the MF’s magnetic 
birefringence. Figs. 8(a), (b), (c) and (d) show 
the other experimental result of the MF’s 
magnetic birefringence, ∆n, as a function of the 
MF’s temperature, T, under a constant magnetic 
field, H [40]. Here, the MF Sample D was used 
for this experiment, the characteristics of which 
are tabulated in Table I. The MF Sample D was 
under a constant external magnetic field during 
the temperature dependence measurement of ∆n. 
We carried out the experiment with many 
different constant magnetic fields, H. The marks 
in the graphs denote the field strengths which are 
also shown in each graph. We show the 
birefringence, ∆n, as a function of the sample 
temperature, T, in Figs. 8(a) and (b). We also 

show the re-plotted graphs T
n
−

∆

1
, in Figs. 8(c) 

and (d), which correspond to Figs. 8(a) and (b), 
respectively. The experimental data under a 
fixed magnetic field strength falls on the straight 
line. In addition, the bundle of lines for different 
field strengths cross at one point in 

T
n
−

∆

1
graph. These are mathematically 

expressed by: 

( )
( )Hf

T
T

Hfn
n

+−

∆
=∆

1
1

1 ,                                      (4) 

where T1 and ∆n1 are positive constants denoting 
the coordinates of the crossing point of lines in 
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Figs. 8(c) and (d). The function f(H) is an 
increasing function of H. Formula (4) is the same 
form as the Curie-Weiss law. This implies that 
the MF’s magnetic birefringence is a typical 
cooperative phenomenon, leading to the 
conclusion that the magnetic colloidal particles 
strongly interact with each other. 

3.  Scaling Law 

The last interesting property of the MF’s 
magnetic birefringence is an existence of scaling 
law [41]. The ∆n − H graphs of different MFs 
converge to one universal function fu by scaling 
both ∆n and H. Fig. 9(a) shows the experimental 
∆n − H graph for four different MFs, Samples, 
A, B, E and F, respectively, whose solvents, 
colloidal particles and particles’ concentrations 
differed from each other. 

 

Their characteristics are tabulated in Table I. 
The scaled ∆n−H graphs of those in Fig. 9(a) are 
shown in Fig. 9(b). Here, the scaling means that 
∆n and H are divided by ∆n0 and H0, 

respectively, and 
00 H

H
n
n
−

∆
∆ graph is the scaled 

graph. The values, ∆n0 and H0, for each Sample 
are tabulated in Table III. Fig. 9(b) shows that 
four different ∆n − H graphs converged to one 
universal function fu fairly well. We will discuss 
it in §V Discussion. 
 
TABLE III. Scaling constants 0n∆ and Ho 
MF Sample A B E F 

0n∆ 1.39 1 1.6 1.7 
Ho (kA/m) 0.21 1 0.0696 0.85 

 

(a)  (b) 

FIG. 9. Scaling law of ∆n − H graphs [41]. (a): ordinary ∆n − H graphs, (b): scaled 
00 H

H
n
n

−
∆

∆
graphs.           

○: Sample A, ∆: Sample B, □: Sample E, ◊: Sample F. 
 
4.  Origin of the Magnetic Fluid Magneto-

Optical Effect 

Mainly three hypotheses were proposed to 
explain the MF’s magneto-optical effect when it 
was found [42]. The first hypothesis tried to 
explain the MF’s magneto-optical effect 
assuming that there was anisotropy in electric 
susceptibility with respect to the permanent 
magnetic moment’s direction in the colloidal 
particles in the MF. If there was no external 
magnetic filed, the permanent magnetic moment 

of the particles in the MF oriented randomly and 
the averaged electric susceptibility of all the 
colloidal particles in the MF was isotropic. 
However, if an external magnetic field is applied 
to the MF, the permanent magnetic moment of 
the colloidal particle was oriented to the external 
field and accordingly the electric susceptibility 
of the particles had anisotropy in the direction. 
This induced an anisotropy in permittivity of the 
MF in that direction. This is the origin of the 
MF’s magnetic birefringence. 

The second hypothesis assumed shape 
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anisotropy in the magnetic colloidal particles in 
the MF. For example, if the magnetic colloidal 
particle was elongated along the magnetic 
moment’s axis and had a rugby ball shape, the 
particle had different electric polarizabilities in 
the long axis direction and the short axis 
direction due to different depolarization factors. 
If the colloidal particles’ directions were 
randomly oriented in the MF, there was no 
anisotropy in the permittivity of the MF. 
However, if the external magnetic field was 
applied to the MF, the direction of each 
particle’s magnetic moment was oriented along 
the field, and the particles’ long axis directions 
were oriented to the field direction. Accordingly, 
there occurred an anisotropy in the MF’s 
permittivity. If a few particles coagulated and 
made a rigid stick-like cluster, the particles need 
not be of elongated shape but be spherical [43]. 
The rigid stick-like clusters in the MF played the 
same role of the elongated particles. In 
conclusion, the shape anisotropy or the rigid 
stick-like cluster formation is the origin of the 
MF’s magnetic birefringence. 

The third hypothesis assumed the needle-like 
cluster formation of the magnetic colloidal 
particles in the MF when the external field is 
applied to the MF and the needle-like clusters 
were oriented in the field direction [41]. As the 
same manner in the second hypothesis, the 
electric polarizability of the needle-like cluster 
differs in the cluster axis direction and in the 
perpendicular direction, there occurred an 
anisotropy in the permittivity of the MF and that 
was the origin of the magnetic birefringence. 
The difference between the second and the third 
hypotheses is that the elongated particles or the 
stick-like clusters in the former theory made the 
Brownian rotation even under the external field, 
while the needle-like clusters in the latter theory 
did not make Brownian rotation but was just 
oriented to the field direction. Therefore, the 
Langevin function, L(x), appeared in the 
mathematical formula of the magneto-optical 
properties in the second hypothesis model while 
L(x) did not appear in the formula in the third 
hypothesis model [41, 43]. Here, L(x) is 
expressed by: 

( )
x

xxL 1coth −=             (5) 

The first hypothesis was denied by Abu-Safia 
et al.’s magnetic birefringence experiment at low 
temperature of the MF [39]. They measured the 

MF’s magnetic birefringence with decreasing the 
MF’s temperature. The birefringence suddenly 
plunged near the MF’s melting point with 
decreasing the temperature (See Fig. 7(b)). This 
was due to the fact that the colloidal particles 
could neither move nor rotate once the solvent 
froze. If the first hypothesis were correct, as the 
magnetic moment of the colloidal particle could 
freely rotate even if the particle was fixed by the 
frozen solvent, the birefringence plunge could 
not occur. 

The second hypothesis was proposed to 
explain the Majorana effect [30] which was 
discovered well before the MF’s magnetic 
birefringence was discovered [33]. However, it 
had a serious contradiction when applied to 
explain the MF’s magnetic birefringence. The 
mathematical expression of the birefringence, 
∆n, derived from this hypothesis, contains a 
factor [43, 44], 

1
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where υ  and MS are the colloidal particle’s 
volume and the saturation magnetization, 
respectively. H, T and kB are the external field 
strength, temperature and the Boltsmann’s 
constant, respectively. Langevin’s function, L(x), 
is expressed by: 

( ) .1for
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If we use Eq. (6), the birefringence, ∆n, 
satisfies in a weak external field region 
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This is contradictory to the experimental 
result that the MF’s ∆n is proportional to H in a 
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weak field region: 

.n H∆ ∝  

Once again, we stress that the relation ∆n ∝ 
H for the MF is important, because for almost all 
the materials, the relation 2n H∆ ∝ holds. This 
relation can be generally derived by linear 
response theory [45]. When the linear response 
theory is applicable, the diagonal components of 
the ordinary material’s permittivity tensor, ε

rr , 
can be expanded by: 

εxx = ε1 + a2H2 + a4H4 + ... 

εyy = ε1 + b2H2 + b4H4 + ...,                               (8) 

where, εxx is the x, x components of ε
rr  in a 

Cartesian coordinate system (x, y, z). ε1, a2, a4, b2 
and b4 are constants. Refer to the Appendix for 
deriving the relation of the ∆n’s H2 dependence. 
Eq. (8) holds for the ordinary material’s ordinary 
state. However, it does not hold for the MF’s 
magnetic birefringence: it implies that the MF is 
in an unstable state when it shows the magnetic 
birefringence. The condition that Eq. (8) holds is 
that the fluctuation of a physical quantity in a 
physical system is expressed by a linear 
combination of the physical quantities in that 
physical system [46]. It means that the 
fluctuation is small enough to be expressed by 
the linear combination of the physical quantities. 
However, if the fluctuation becomes large, it 
does not hold and consequently Eq. (8) does not 
hold. Therefore, the MF’s magneto-optical effect 
is induced in the state in which large fluctuation 
exists or in a so-called critical state. 

From the above discussion, it follows that the 
third hypothesis is the true physical picture. In 
the following, we prove that the MF’s magneto-
optical effect is a critical phenomenon of a 
second order phase transition. 

The third hypothesis assumed that all the 
aggregates in the MF were the sufficiently 
elongated needle-like clusters the axes of which 
are all directed to the field direction. 
Accordingly, we can assume that the 
depolarization factor, N, of the needle-like 
cluster in the axis direction is zero. On the other 
hand, there still remains a considerable number 
of colloidal particles monodispersed in the 
solvent. As the particles are almost spherical, the 
depolarization factor, N, of these monodispersed 

particles is 
3
1 . Accordingly, with weighing the 

volume fraction, the average depolarization 
factor, < N >, is expressed by: 

⎪
⎪
⎪

⎭

⎪⎪
⎪

⎬

⎫

⋅=

⋅+⋅⎟
⎠
⎞

⎜
⎝
⎛

=><

φ
φ

φ

φφ

mon

aggmon

N

3
1

0
3
1

                          (9) 

where monφ  is the volume fraction of the 
colloidal particles which are monodispersed in 
the MF and aggφ  is the volume fraction of the 
colloidal particles which aggregate and φ  is the 
volume fraction of all the particles in the MF, 
satisfying: 

.φφφ =+ aggmon                                               (10) 
From Eqs. (9) and (10): 

1 1
3

aggN
φ
φ

⎡ ⎤
< >= ⋅ −⎢ ⎥

⎣ ⎦
                                    (11) 

is obtained. On the other hand, though in this 
paper we do not explain [41, 47, 48], the MF’s 
magnetic birefringence, ∆n, is expressed by the 
average depolarization factor, < N >, as: 

∆n = ∆n0(1 − 3 < N >),                                  (12) 

where ∆n0 is a positive constant. Inserting Eq. 
(11) into Eq. (12) yields: 

0 .aggn n
φ
φ

∆ = ∆ ⋅                                              (13) 

Here, we heuristically introduce an order 
parameter, ∆, defined by: 

.
φ

φagg≡∆                                         (14) 

The physical meaning of the order parameter, 
∆, is that if all the colloidal particles in the MF 
are monodispersed, ∆ = 0; a completely 
disordered state. If all the particles make the 
needle-like clusters, ∆ = 1; a completely ordered 
state. 

Now, we assume that the phase transition 
with regard to this order parameter, ∆, is of 
second order and prove that this assumption is 
consistent with the experimental result. The 
Gibbs energy, G, of the MF under the external 
magnetic field is Taylor-expanded with regard to 
∆, under an external field, H, by: 
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Here, there is no ∆3 term due to the phase 
transition of second order, G0 (T, H) is the Gibbs 
free energy, if there is no aggregation in the MF, 
a, b, c and Ta are positive constants, f(H) is the 
monotonous increasing function of H [41, 47, 
48]. Be careful that a and b in Eq. (15) are 
different from those in Eq. (8). The minimum 
condition of the free energy leads to: 

( ), ,
0.

G T H∂ ∆
=

∂∆
                                          (16) 

Inserting Eq. (15) into Eq. (16), we obtain: 
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Now, Eq. (17) is equivalent with the 
empirical formula Eq. (4) if Eqs. (13) and (14) 
are taken into account. Thus we see that the 
peculiar MF’s magnetic birefringence is 
consistently explained if we assume the third 
hypothesis physical model, the order parameter, 
∆, defined by Eq. (14) and the phase transition of 
second order. 

However, there remain two important 
contradictions with respect to the above 
interpretation. The first one is the contradiction 
to the Landau criterion [49]. If a phase transition 
of second order occurs, the two phases before 
and after the transition should belong to the same 
space symmetry group. As a typical example, the 
phase transition of nematic liquid crystal is of 
first order [50]. The nematic liquid crystal 
consists of stick-like molecules. In high 
temperature region, the direction of the stick-like 
molecule’s axis is randomly oriented and it is an 
isotropic phase. With temperature decrease, all 
the axes of the molecules are suddenly oriented 
to one direction at temperature, TC, which is the 
nematic phase. The two phases evidently belong 
to different space symmetry groups and 
consequently this phase transition is a first order 
transition. In the same way, as the MF’s 
monodispersed phase and the needle-like cluster 
formed phase belong to the different space 
symmetry groups, this transition should not be a 
second order transition. 

The second contradiction is related to the 
very definition of the MF; the MF is the colloidal 
solution in which the magnetic colloidal particles 
are stably dispersed in the solvent and they 
would not aggregate to make clusters. In fact, if 
they really make clusters, the clusters would not 
dissolve due to a short-distance molecular force 
and the MF should be no longer the stable 
colloidal solution. In truth, both contradictions 
are closely connected and they are solved in the 
last section, §V Discussion. 

IV. Experimental Study of Cluster 
Formation in a Magnetic Fluid 

In the previous sections, we argued the 
cluster micrographs in the MF and the several 
experiments which cannot be interpreted without 
assuming the existence of the clusters in the MF. 
In this section, we argue the direct experimental 
studies on the clusters in the MF. 

A. Local Field in Magnetic Fluid (NMR 
Experiment) 

When one studies the magnetic colloidal 
particle behavior in the MF, it is necessary to 
know how strong the magnetic field is at the 
particle position. The so-called local magnetic 
field at the particle position is different from an 
external field, H0, which is applied to the MF. 
For example, let us consider the local field, Hloc, 
at a certain particle location. In addition to H0, 
there are magnetic fields generated by the 
permanent magnetic moments of all the 
magnetic colloidal particles surrounding this 
particle. If the colloidal particles are uniformly 
distributed, the problem is not so difficult, but 
the existence of many clusters in the MF 
together with the magnetic colloidal particles in 
the MF make the problem more complicated. 
The local field, Hloc, inside the cluster should be 
much stronger than that at the rest of the system. 
However, as the cluster is micron size, as is 
shown in the micrograph of Fig. 1, it is difficult 
to measure Hloc with ordinary equipment 
although some researchers have tried to measure 
the local field of the MF [51]. We can make such 
measurement with the nuclear magnetic 
resonance (NMR) method. The following is the 
concrete technique [52]. We look upon one 
nucleus of hydrogen atom which composes a 
water molecule which belongs to the solvent of 
water-solvent MF. The magnetic spin of the 
hydrogen nucleus, or proton, makes a precession 
of angular frequency, ω0, under the local field, 
Hloc, satisfying: 
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FIG. 10. Experimental setup of NMR measurement of 

water-solvent MF [52]. 

ω0 = γHloc,                                                 (18) (18) 

where γ = 3.36 × 104 sec−1 (A/m)−1 for proton. 
Fig. 10 shows the experimental set up. In this 
experiment, a water-solvent MF, Sample G, was 
used. Its characteristics are tabulated in Table I. 
A static external field, H0, is applied to a glass 
tube which is filled with the MF Sample G 
perpendicular to the glass tube axis. An ac 
magnetic field, Hac, of angular frequency, ω, is 
also applied to the sample in the direction 
perpendicular to H0 and parallel to the glass tube 
axis. When the strength of H0 is increased from 
zero, the local field strength, Hloc, also increases 
from zero. With the increase of Hloc, when ω0 
derived from Eq. (18) satisfies: 

ω0 = ω, 

the hydrogen nucleus of the water molecule in 
the MF solvent begins a resonance with the ac 
field, Hac, which induces huge energy absorption 
from the ac field generator. In real experiment, 
the resonance is detected by the AC field 
generating coil in Fig. 10 with an abrupt huge 
increase in the imaginary part, χ ′′ , of the 
complex magnetic susceptibility, *χ , of the 
sample. Here, the complex magnetic 
susceptibility, *χ  is expressed by: 

χχχ ′′−′= i* , 

where χ′  and χ ′′  are the real part and imaginary 
part of *χ , respectively. Modulating coils in Fig. 

10 amplifies the signal of 
dH
dχ ′′ . The local field, 

Hloc, consists of three terms: the external field, 
H0, the demagnetizing field, Hd, and the Lorentz 

field, HL, expressed by: 

Hloc = H0 + Hd + HL.                                  (19)  

The Lorentz field which a certain hydrogen 
nucleus feels is the sum of the magnetic fields 
induced by all the magnetic colloidal particles’ 
permanent magnetic moments surrounding the 
nucleus. Here, the hydrogen nucleus is in a water 
solvent molecule in the MF. A simple 
approximation is as follows. We assume a virtual 
spherical cavity of radius a centered at the 
hydrogen nucleus, or proton. (See Fig. 11.) The 
radius a is a couple of nanometers, and there is 
no magnetic colloidal particle in this virtual 
cavity. 

 
FIG. 11: The schematic figure to explain the local 

field, Hloc. The scale of the virtual cavity is in the 
order of a couple of nanometers, while the 
diameter of the glass test tube is a couple of 
centimeters. 

Assuming the MF surrounding the cavity a 
continuum, there is a magnetic charge generated 
on the inner surface of the cavity, which induces 
the Lorentz field, HL, given by: 

3
MH L = , 

where M is the MF’s magnetization [53]. On the 
other hand, the MF sample fills the cylindrical 
glass test tube and H0 is applied perpendicular to 
the cylindrical axis, the demagnetizing field, Hd, 
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is 
2
M

− . Inserting these values into Eq. (19), we 

obtain: 

632 00
MHMMHH loc −=+−=                   (20) 

Fig. 12 shows the experimental result 
obtained from the experimental setup in Fig. 10. 

 
 (a) 

 
(b) 
FIG. 12. The experimental differential derivative, 

0dH
xd ′′

, as a function of the external field, H0. (a): 

the increasing sweep of the H0, (b): the returning 
sweep, or decreasing sweep, of the H0. 

 

The experimental differential derivative, 

0dH
xd ′′

, is shown as a function of the external 

field, H0, in Fig. 12. 
0dH

xd ′′
 in Fig. 12(a) was 

obtained with the increasing sweep of H0; while 

that in Fig. 2(b) was obtained with the returning 
sweep, or decreasing sweep of H0. The 
frequency of the ac field, Hac, was 17.063 MHz. 
The corresponding resonant field, HF, of the free 
proton is 318.915 kA/m. However, the 
experimental resonant field, HM, was 319.046 
kA/m, which was greater than HF by 0.131 
kA/m. It was due to the second term at the right 
hand side of Eq. (20). When H0 amounts to as 
high as 300 kA/m, the MF’s magnetization, M, is 
almost saturated and it can be replaced with the 
saturation magnetization, MS =0.90 kA/m. Then, 
Eq. (20) is written as: 

6
S

FM
M

HH =− .                                         (21) 

Inserting MS = 0.90 kA/m into the right hand 
side of Eq. (21), the theoretical value of (HM − 
HF) is estimated to be 0.15 kA/m, which is in fair 
agreement with the experimental value, 0.131 
kA/m. In conclusion, the magnetic field which is 
applied to the proton in the water-solvent MF, is 

not only the external field, H0, but also (−
6

SM ). 

Accordingly, the external field should be 

increased greater than HF by (
6

SM ), then the 

protons in the MF make the resonance. 

The more important problem is other resonant 
fields’ existence in Fig. 12. There are two very 
small resonant fields, one is less than HM by 
0.358 kA/m, and the other one whose resonance 
is much less than the former one, is greater than 
HM by 0.064 kA/m. Hereafter, we call these 
resonant fields, HS1 and HS2, respectively. By the 
way, there are many peaks between HS1 and HM 
in Fig. 12(b). It is, however, due to wiggle which 
is the delayed resonant signal generated when 
the external field, H0, passes through HM in the 
increasing field sweep [54]. The resonance at HS1 
corresponds to the proton’s precession resonance 
in the MF region, in which the magnetization is 
greater than that in the rest of the region. It 
means that the region was the cluster, i. e., the 
HS1 resonance corresponded the resonance of the 
protons in the clusters. Let the cluster’s 
magnetization be M1, and the relation between 
HF and HS1 be expressed by: 

sSF MMHH
2
1

3
1

11 −+= .                            (22) 

If the cluster is of a needle-like shape and the 
demagnetizing field in the cluster is negligible, 
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then, from Eqs. (21) and (22): 

( ) 113
1

SMS HHMM −=− ,                            (23) 

holds and consequently, M1 = 1.97 kA/m is 
obtained. Assuming the colloidal particles’ 
volume fraction to be proportional to the 
magnetization of the MF, the volume fraction of 
the particles in the cluster was 0.66 %. In the 
same manner, the magnetization and the 
particles’ volume concentration of the area in the 
MF corresponding to HS2 were 0.71 kA/m and 
0.24 %, respectively. This area corresponds to 
the white stripes accompanying the clusters in 
Fig. 1(a). By the way, the initial volume fraction 
is 0.30 %. 

In conclusion, by NMR experiment, not only 
the local fields of the MF were measured, but 
also the magnetization and particle concentration 
in the cluster can be obtained. We also 
confirmed that not only the cluster formation but 
also the thinner particles’ concentration area 
existed accompanying with the clusters in the 
MF. Accordingly, the cluster is not simply a 
closely connected aggregate of the colloidal 
particles, but a group in which the particles have 
some distance from each other. 

B. Nature of the Magnetic Fluid Phase 
Transition (Latent Heat Measurement) 

In the previous section, we interpreted the 
MF’s magneto-optical effect as the phase 
transition between the colloidal particles’ 
monodispersed phase and the phase in which the 
clusters were formed. In addition, the experiment 
showed that this transition was a second order 
phase transition. However, from a theoretical 
viewpoint, this phase transition should be a first 
order phase transition. If two phases belong to 
different symmetry groups, the phase transition 
from one phase to the other should be a first 
order phase transition [49]. In fact, the colloidal 
particles’ monodispersed phase and the phase in 
which the needle-like clusters were formed and 
directed to the external field, apparently belong 
to different space symmetry groups. Therefore, 
the phase transition of the MF accompanying the 
magneto-optical effect should be the phase 
transition of first order from the theoretical 
viewpoint. However, the theoretical conjecture 
sometimes implicitly assumes a physical system 
too simplified and misleads to an incorrect 
conclusion. This contradiction is easily solved by 
an experiment. If this phase transition is 

accompanied with a latent heat or heat discharge, 
the phase transition should be of first order, and 
if not, it is not a first order phase transition. We 
performed an experiment to test whether or not 
the phase transition of the MF was accompanied 
with heat charge or discharge. 

Differential Scanning Calorimeter (DSC) 

We used a differential scanning calorimeter 
(DSC) to carry out this experiment [55]. The 
measuring method is as follows. Fig. 13 shows 
the schematic construction of the DSC. We used 
two completely similar sample holders made of 
aluminum [48]. The first holder was filled with 
the MF and hermetically sealed with an 
aluminum lid. The other one was also sealed 
with the same lid leaving the inside empty (See 
Fig. 13(a)).  

 
FIG. 13. Schematic construction of Differential 

Scanning Calorimeter (DSC). 

We put these two sample holders in the 
adiabatically isolated two furnices of a DSC; a 
sample furnace and a reference furnace, 
respectively. Heat flows, qs and qr, were supplied 
to the sample holder in which the MF was filled 
and the empty holder from the heat source of the 
DSC so that both holders increased their 
temperature at the same rate of β (K/sec). Of 
course, the two heat flows, qs and qr, were 
carefully controlled to keep the two sample 
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holders’ temperature rise rate, β, constant. For 
example, if there occurs a heat discharge from 
the MF at temperature, T, qs should be decreased 
so that both samples’ temperature rise rate, β, is 
constant. In fact, if there is a heat discharge from 
the MF sample, there should be a new difference 
between qs and qr, in order to keep the two 
sample holders’ temperature increase rates 
constant. If we measure the heat flow difference, 
q = qs - qr, as a function of the sample 
temperature, T, we can learn whether or not there 
occurs a heat discharge or absorption from the 
sample, together with the sample’s heat capacity 
which can be estimated from the gradient of q as 
a function of T. In this experiment, we measured 
the heat flow difference, q, in the temperature 
region from T = 295K to T = 423K by increasing 
T. Three different MF Samples, A, B and E, 
were used. Their characteristics are tabulated in 
Table I. The thin solid curves in Figs. 14(a), (b) 
and (c) are the experimental Tq −  curves for the 
samples, A, B and E, respectively. Here, 

( )m
qq β= , where, m is the MF’s mass in the 

holder. In the present experiment, the most 
important issue was whether or not there were 
any traces of a peak in the Tq − curves. If there 
was a phase transition of first order for the MF 
sample at a certain temperature, T, and 
consequently there was a heat discharge or heat 
absorption, there should be a peak in the Tq −  
curve around the temperature T. The upward 
peaks and the downward peak indicate the heat 
discharge and absorption of the sample, 
respectively. The peak area is equal to the heat 
amount. Although the DSC’s principle is simple, 
it can detect very small heat discharge or heat 
absorption. For example, a virtual Tq − curve 
with a small triangle peak at around T = 400K is 
shown in every figure, (a), (b) and (c) in Fig. 14. 
The triangle area is equal to the absorbed heat of 
334 J/kg which is just 10−3 times as large as the 
latent heat between water and ice. In fact, from 
this prominent peak area, one can detect a very 
weak heat absorption, the amount of which is 10
−3 times as large as the water latent heat. There is 
no peak in every Tq − curve in Figs. 14(a), (b) 
and (c). This implies that there was no phase 
transition of first order in the MF samples in the 
temperature region 295K < T < 423K. 

 

 

We also performed the experiment under a 
magnetic field. In this experimental setup, it was 
not possible to apply the external field to the 
sample by electromagnets. Instead, we put a 
fragment of a strong permanent magnet together 
with the MF in the sample holder, when we 
performed the calorimetric experiment. In order 
to remove the calorimetric contribution by the 
magnet fragment, we put only the magnet 
fragment in the sample holder and made the 
measurement to obtain Tq −1 curve (Fig. 14(b)). 
Then, filling the MF in the sample holder and 
hermetically sealing the MF and the magnet 
fragment with the lid, the same measurement 
was made to obtain Tq −2 curve (Fig. 14(c)). 
The difference ( )12 qqq −=  is the true heat flow 
due to the MF. A non-uniform magnetic field 
was applied to the MF samples in this 
experiment. The average fields for three MF 
samples, A, B and E, were 8.0, 8.0 and 9.5 
kA/m, respectively. The maximum fields for 
these samples were 16.0, 18.0 and 19.0 kA/m, 
respectively. As the applied field was not 
uniform, if a phase transition of first order 
occurred, there was a considerable width in 
transition temperature from point to point in the 
MF. However, if there was a phase transition of 
first order, there should be a peak with a wide 
width in the Tq − curve instead of a sharp peak 
as there would be under the uniform magnetic 
field. The Tq − curves obtained by this method 
are shown with thick solid lines in Figs. 14(a), 
(b) and (c). Evidently, there was no peak in the 
three curves. On the other hand, as was 
mentioned in §II A Direct Observation of 
Macro-Clusters by Optical Microscope, in the 
MF Sample A, the so-called macro-clusters 
which can be observed by an optical microscope 
disappeared with the temperature increase in the 
same temperature region as the present 
experiment under the external field. In 
conclusion, the phase transition from the phase 
in which the macro-clusters were observed to the 
phase in which the macro-clusters were not 
observed, was not a first order phase transition. 
This experimental conclusion contradicts the 
theoretical conclusion that the phase transition 
with the formation of shape anisotropic 
coagulation with the same direction should be a 
first order phase transition. This contradiction is 
to be solved in the last section, §V Discussion. 
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(a) 

 
(b) 

 
(c) 
FIG. 14: The heat flow difference, q , as a function of 

temperature, T, for the unit volume of the MF 
samples: (a), (b) and (c) for the Samples A, B and 
E, respectively. The thin solid lines are under no 
field. The thick solid lines are under a magnetic 
field [48]. 

C. Mutual Interaction between Magnetic 
Colloidal Particles in a Magnetic Fluid 

The origin of the cluster formation in the MF 
is believed to be the attractive force between the 

magnetic colloidal particles. At room 
temperature, the two particles in the MF cannot 
be closer than a certain distance due to the steric 
hindrance of the surfactant molecules which 
cover the surface of the particles [56]. 
Furthermore, the magnetic attractive energy 
between the two particles is much less than the 
particle’s thermal energy. In fact, the calculation 
of the magnetic attractive energy and the thermal 
energy also leads to the same conclusion. We 
tested whether or not the mutual magnetic 
attractive interaction between the magnetic 
colloidal particles in the MF is really negligible. 
The experimental method is as follows. The 
three MFs: A, B and E in Table I were used as 
mother MFs. By diluting these mother MFs with 
each of their solvents, we obtained about 1000 
fold diluted MF samples, H, I and J, 
respectively. Their characteristics are tabulated 
in Table I. We measured the M − H curves, the 
temperature dependence of the initial complex 
magnetic susceptibilities and the frozen MF’s 
magnetic aftereffect of both the mother MFs and 
the diluted MFs. If the MF is diluted 1000 times, 
the average distance between the nearest 
neighbor’s particles increases 10 times as large 
as that of the mother MF. Of course, this 
argument implies an implicit assumption that the 
particles do not make clusters, or the particles 
distribution is uniform. As the magnetic dipole-
dipole interaction energy between the two 
colloidal particles is proportional to the inverse 
cube of their distance, the magnetic dipole-
dipole energy between the particles in the diluted 
MF is 10−3 times as large as that of the mother 
MF. Accordingly, if there is a mutual interaction 
between the particles in the mother MF, that 
interaction is negligible in the 1000 fold diluted 
MF. It follows that even if there is a mutual 
interaction in the mother MF, there is no 
interaction in the highly diluted MF, and their M 
− H curves, the temperature dependent curve of 
the initial complex magnetic susceptibility and 
time dependent curve of the frozen MFs’ 
remanent magnetization should be different in 
shape even if the concentration compensation is 
given. Conversely, if there is no interaction in 
the mother MF, the graph of the mother MF and 
that of the diluted one should coincide after 
concentration compensation. In the following, 
we show the three different experimental results 
successively. 
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1.  M − H Curve under Static Magnetic Field  
Conventional Theory 

Conventionally, researchers in this field 
believe that the MF’s magnetization curve is 
theoretically obtained assuming no interaction 
between the magnetic colloidal particles. When 
an external field, H, is applied to the MF, the 
average magnetic moment of the magnetic 
colloidal particle of volume υ  in the field 
direction, ( )m Hυ , is given by: 

( ) S
S

B

M Hm H M L
k Tυ

υ
υ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
                         (24) 

where the Langevin function L(x) was expressed 
by Eq. (5) and MS, υ , T and kB are magnetic 
colloidal particle’s saturation magnetization, 
volume, temperature and Boltzmann constant, 
respectively. As the colloidal particle’s volume 
in MF is distributed widely, the MF’s 
magnetization, M (H), is given by the integration 
of ( )m Hυ with weighting function, fdst (υ ), 
with respect to the particle volume,υ , given by: 

( ) ( )
0

S
S dst

B

M HM H M L f d
k T

υ
φ υ υ

∞ ⎛ ⎞
= ⎜ ⎟

⎝ ⎠
∫ .       (25) 

Here, fdst (υ ) is the distribution function of the 
magnetic particles in the MF with respect to their 
volume,υ  and φ  is the volume fraction of the 
particles. As fdst (υ ) dυ  is the fraction of 
particles the volume of which falls in (υ ,υ + 
dυ ), 

( )
0

1dstf dυ υ
∞

≡∫ ,                                         (26) 

holds. Chantrell et al. [57] assumed the colloidal 
particle distribution in the MF as a log-normal 
distribution and assumed fdst (υ ) as: 

( )
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22dstf

υ
υ

υ
σπσυ
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⎪ ⎪⎢ ⎥⎝ ⎠⎣ ⎦= −⎨ ⎬
⎪ ⎪
⎪ ⎪
⎩ ⎭

,          (27) 

where σ and 0υ  are positive constants. Inserting 
Eq. (27) into Eq. (25) and choosing suitable 
values of σ and 0υ , they tried to fit the     M−H 
curve calculated from Eq. (25) to the 
experimentally obtained M−H curve. 
“Unfortunately”, the agreement between the two 
curves was excellent. Since then almost all the 
researchers were convinced of the validity of Eq. 
(25) and naturally convinced with the no 

interaction between the magnetic particles in the 
MF. Even if there was a small deviation between 
the two curves, it was ascribed to the deviation 
of the particle distribution from the log-normal 
distribution. 
Experiment Whether or Not the Interaction 

Exists 
In the following, we show the existence of the 

small interaction between the particles in the MF 
by comparing the M − H curves of the mother 
MF and its highly diluted MF[58, 59]. If the 
magnetic interaction between the magnetic 
colloidal particles in the mother MF is 
negligible, Eq. (25) holds. In addition, if we 
denote the mother MF’s M (H) and the diluted 
MF’s M (H) as Mmoth (H) and Mdil (H), 
respectively, Mmoth (H) is expressed after Eq. 
(25) as: 

( )
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where mothφ  and dilφ  are the particles volume 
fractions of the mother MF and the diluted MF, 
respectively. If we define a dilution factor, r, 
by ( )dilmothr φφ= , Eq. (28) leads to 

( ) ( )HM
r

HM mothdil
1

= . Here, we used the 

important property that fdst (υ ) was invariant 
even after a high dilution. Therefore, by 
comparing both the experimental Mdil − H curve 

and the ( )HM
r moth
1  − H curve, if they coincide, 

it is concluded that there is no interaction in the 
mother MF. 

We used three different mother MF samples, 
A, B, E and their diluted samples, H, I, J, 
respectively. We measured their magnetization 
at magnetic fields from H = 0 to as large as H = 
750 kA/m at room temperature. The values of 
the dilution factor, r, were 2450, 1300 and 1230, 
for the couples, (A, H), (B, I) and (E, J), 
respectively. The MF samples’ characteristics 
are tabulated in Table I. Hereafter, we compare 
the experimental diluted MF’s magnetization, 
Mdil (H), and the mother MF’s ( )HM

r moth
1 . 
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(a) 

 
(b) 

 
(c) 

(d) 

(e) 
 

(f) 
FIG. 15: The M − H curves of the diluted MFs and the mother MFs [58, 59]. The mother MF’s magnetization M 

is divided by the dilution factor r. ○: raw magnetization of the diluted MF, ∆: magnetization of the MF’s 
solvent, •: revised magnetization of the diluted MF, Mdil(H), solid line: the magnetization of the mother MFs 

divided by the dilution factor, r, i.e., ( )HM
r moth
1 , (a): MF samples, A and H and paraffine (solvent), (b): 

magnified graphs of (a), (c): MF samples, B and I and alkylnaphthalene (solvent), (d): magnified graphs of 
(c), (e): MF samples, E and J and water (solvent), (f): magnified graphs of (e). The three solvents were all 

diamagnetic, and in (b), (d) and (f), only Mdil(H) and ( )HM
r moth
1  are shown. 
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Figs. 15(a), (c) and (e) show the M − H 
curves of the MF couples, (A, H), (B, I) and (E, 
J), respectively [48]. The empty circles show the 
raw measured magnetization of the diluted MFs, 
H, I and J, respectively. The magnetization 
decreased in the high field region. This is due to 
the solvent’s magnetization. The magnetization 
due to the magnetic colloidal particles was so 
small, that the magnetization of the solvent was 
no longer negligible. The empty triangles in (a), 
(c) and (e) are the solvents’ magnetization. The 
three solvents: paraffine, alkylnaphthalene and 
water were all diamagnetic materials. The solid 
circles show the revised magnetization of the 
diluted MFs, Mdil (H), or the raw magnetization 
reduced by the solvent’s magnetization. The 
solid curve shows the magnetization of the 
mother MFs divided by the dilution factor, r, or 

( )HM
r moth
1 . The solid circles and the solid lines 

coincide fairly well in the three figures (a), (c) 
and (e). Figs. 15(b), (d) and (f) are the magnified 
graphs of (a), (c) and (e), respectively, in the 
weak field region. The solid circles and solid 
lines are the same as those in (a), (c) and (e). The 
solid circles evidently deviate from the solid 
curve in each graph of (b) and (f). The gradient 
of the solid circles is greater than that of the 
solid curve in the weak field region in each 
figure. On the contrary, the solid circles and the 
solid curve coincide still in the weak field region 
in (d). This is not simply due to the existence of 
the interaction between the particles in MF 
samples A and E and no interaction in the MF 
sample B. Perhaps, it is due to the spontaneous 
coagulation in the MF samples A and E under no 
external field. In fact, if there is a magnetic 
interaction between the particles, the particles’ 
magnetic moments are easier to orient in the 
same direction, and accordingly, the gradient of 
the solid curve should be greater than that of the 
solid circles in the weak field region. The 
experimental result was, however, opposite. In 
the MFs of paraffin or water solvents, there 
should exist clusters of the colloidal particles 
even under no external field, and the magnetic 
moments of the particles in the same cluster 
naturally make a closed magnetic circuit. It 
follows that the magnetic moment of the cluster 
is zero and it does not contribute to the MF’s 
magnetization. When the external field is applied 
to the cluster and the field strength is gradually 
increased, the magnetic moment of each particle 
in the cluster is gradually oriented to the field 
direction, and at the same time, the cluster 

changes its form to a chain orienting along the 
field direction. In such a case, the MF’s 
magnetization is less than the magnetization of 
the MF in which the particles are monodispersed 
and each particle’s magnetic moment 
independently interacts with the external field. It 
is the reason for the disagreement between the 
solid circles and the solid curves in the weak 
field region of (b) and (f). 

Such an interpretation was shown to be 
correct in another MF by Chantrell et al. via 
computer simulation of a two-dimensional 
system [60, 61]. They showed that if there is an 
interaction amongst the magnetic colloidal 
particles in the two-dimensional case, they form 
closed chains under zero applied field. These 
closed chains collapse and gradually line up in 
the applied field direction with field increase. 
Therefore, the initial susceptibility of the system 
with interaction is less than that without 
interaction. 

The fact that the colloidal particles in the 
water or paraffin solvent MFs are easier to 
coagulate than that in the alkylnaphthalene 
solvent MF was confirmed by the optical mi- 
croscope observation. On the contrary, the solid 
circles and the solid line coincide even in the 
weak field region (d). It follows that there is no 
magnetic interaction between the magnetic 
colloidal particles in the alkylnaphthalene 
solvent MF only from this experimental fact. 
However, the next AC field experiment gives the 
opposite conclusion. 
2.  Initial Complex Magnetic Susceptibility 

We also performed the following experiment 
on the MF samples A, B, E and I [62]. Filling the 
MF in the hermetically sealed nonmagnetic 
capsule, we put the capsule in the cryostat and 
cooled it to 4.2 K. Increasing the MF sample’s 
temperature up to room temperature, we 
measured its initial complex magnetic 
susceptibility at temperature, T, with a constant 
temperature interval. Applying an AC magnetic 
field of amplitude, 79.6 A/m, to the sample at 
constant temperature, T, we measured the initial 
complex magnetic susceptibility, χχχ ′′−′= i*  
for five different AC frequencies, f = 0.1, 1, 10, 
100 and 1000 Hz, respectively. Here χ′  and χ ′′  
are the real and imaginary parts of the complex 
magnetic susceptibility, *χ , respectively. Fig. 
16(a) and (b) show the temperature dependence 
of χ′  and χ ′′ , for the AC frequency f = 1000 
Hz, respectively. They were normalized by the 
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colloid volume fraction φ . The MF sample B, 
the mother alkylnaphthalene solvent MF and its 
highly diluted MF sample I showed evidently 
different T−′ φχ and T−′′ φχ curves. We can 
apply the same argument of the agreement of M 
− H curves of the mother and the highly diluted 
MFs in the T−′ φχ and T−′′ φχ curves [59]. 
It implies that there was magnetic interaction 
between the magnetic colloidal particles in the 
mother MF. However, in the static field 
experiment, or M − H curve coincidence, it was 
concluded that there is no interaction between 
the particles in the mother alkylnaphthalene 
solvent MF. Therefore, it is concluded that the 
interaction was very weak. 

 
(a) 

 
(b) 
FIG. 16: (a) real part, φχ ′ , and (b) imaginary part, 

φχ ′′ , of the initial complex magnetic 
susceptibility divided by the colloid volume 
fraction, φ , at 1000 Hz for the MF Samples, 
A(∆), B(•), E(∇ ) and I(○) [62]. 

The existence of a peak of χ′  and χ ′′ with 
respect to the temperature, T, for the highly 
diluted MF sample, I, is explained as follows. As 
the magnetic interaction between the particles in 
the highly diluted MF is negligible, the MF is 
assumed to be superparamagnetic. Accordingly, 
MF Sample I’s magnetic susceptibility, χ, should 
be proportional to the inverse of T, or χ increases 
with the decrease of T [63]. On the other hand, 
while the magnetic moment of the magnetic 
colloidal particle can rotate freely in the particle 
at the temperature higher than the temperature, 
TB, which satisfies: 

1
B B

K
k T

υ
= ,                                                     (29) 

the magnetic moment is fixed in the particles at 
the temperature lower than TB [64]. Here, K is 
the magnetic anisotropy constant and υ  is the 
colloidal particle’s volume. Hereafter, we call TB 
a blocking temperature. Accordingly, when the 
MF’s temperature is lower than TB and also the 
solvent is frozen, the colloidal particles were 
imbedded in the solid solvent so that the 
magnetic moment is fixed in the MF. Therefore, 
in the low temperature region, when the AC field 
is applied to the MF, the fixed magnetic moment 
in the particle does not contribute to χ′ . As the 
particle’s volume, υ , is widely distributed in the 
MF, the blocking temperature, TB, is also widely 
distributed. In conclusion, the particles in which 
the magnetic moments are fixed increase with 
the temperature decrease, to cause χ′  to 
decrease with the temperature decrease. The two 
competing factors, χ′  decrease due to the 
magnetic moment blocking and χ′  increase due 
to that χ′  is proportional to 1/T with decreasing 
temperature, create the peak in χ′  with respect 
to the temperature. The same scenario explains 
the peak in χ ′′ . The small peak in χ ′′  at around 
T = 110 K must be ascribed to the Verwey 
transition [65]. 

On the other hand, the peak in χ′  and χ ′′  of 
the mother MF is perhaps due to the spinglass 
interaction between the magnetic colloidal 
particles in the mother MF. It is well known that 
if the interaction of the magnetic spin of atoms is 
not strong enough to create a ferromagnetic state 
or antiferromagnetic state, but strong enough 
compared with that of paramagnetic atoms, the 
material shows a spin-glass state. Some metallic 
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alloys diluted with ferrous ions show typical spin 
glass state. This magnetic susceptibility, χ, 
shows a cusp as a function of temperature [66]. 
In the present MF Sample B’s case, χ shows the 
cusp as a function of temperature and it also 
shows the weak interaction between the 
magnetic colloidal particles. Accordingly, it 
makes sense that the origin of the MF Sample 
B’s cusp in χ in Fig. 16 is the spin glass state. 
Chantrell and Wolfath discussed the magnetic 
fine particle system’s spin glass state and they 
suggested that the Vogel-Fulcher law holds in 
such a system [67]. If we assume τ as the 
transition time between the ground state of the 
magnetic spin in the spin glass state and the 
nearest excited state, τ obeys the Vogel-Fulcher 
law: 

( )⎥⎦
⎤

⎢
⎣

⎡
−

=
0

0 exp
TTk

E

B
ττ ,                                (30) 

where τ0, E and T0 are positive constants. Let’s 
denote fr ≡ (1/τ) as the resonant frequency of the 
transition. The imaginary part of the magnetic 
susceptibility, χ ′′ , is proportional to the sample’s 
dissipation energy when the AC magnetic field is 
applied to the sample. Accordingly, when the 
χ ′′  is maximum at the temperature, Tp, the AC 
field’s frequency, f, and the resonant frequency, 
fp, should be equal and be in a resonant state. As 
fr = f at T = Tp, Eq. (30) is transformed to: 

( ) ( )ffk
ETT
B

P lnln
1

0
0 −
=−  ,                       (31) 

where f0 ≡ (1/τ0). Eq. (31) is the typical criterion 
whether or not the magnetic material is in a spin 
glass state. Zhang, Boyd and Luo experimentally 
first found that Eq. (31) holds in dense MF [68]. 
Fig. 17 shows our experimental results whether 
or not Eq. (31) holds [62]. Besides the MF 
samples, B and I, we used other differently 
diluted samples, K (φ = 0.0484), L (φ  = 
0.00792) and M (φ  = 0.00066). Each sample’s 
experiment was made at different AC field 
frequencies, f = 10−1, 100, 101, 102 and 103 sec−1, 
respectively, and the temperature, Tp, at which 
the χ ′′  was maximum, was determined. While 

( ) ( )ff lnln
1

0 −
 is scaled in the abscissa, Tp is 

scaled in the ordinate in Fig. 17 [62]. Here, f0 = 1 
× 109 sec−1 was adopted. If Eq. (31) holds, the 
experimental points in Fig. 17 for each sample 
should fall on the same straight line. The 

experimental data, Tp, fall almost on the same 
straight lines in Fig. 17 for samples B, K, L and 
M; while those of sample I evidently deviate 
from a straight line. This means that the Vogel-
Furcher law holds for the MF sample when the 
colloid’s volume fraction, φ , is equal to or 
larger than 0.00066, while it no longer holds for 
the MF sample whose φ  is equal to or less than 
0.000080. In other words, the magnetic colloidal 
particles in the dense MF make a spin glass state; 
while they no longer make it when φ  of the MF 
becomes as small as 0.000080. However, as 
mentioned many times, there should be no 
interaction between the magnetic colloidal 
particles in the MF from the theoretical 
viewpoint. This contradiction is to be solved in 
the last section, §V Discussion. 

 
FIG. 17. Tp vs (ln fo − ln f)−1 relations. (ln fo − ln f)−1 is 

scaled in the abscissa; while Tp is scaled in the 
ordinate [62]. 

fo = 1 × 109 sec−1 
○: Sample B, φ  = 0.1044. ∆: Sample K, φ  = 0.0484. 
∇ :Sample L, φ =0.00792. □:Sample M, φ =0.00066. 
• : Sample I, φ  = 0.000080. 

There are no peaks in χ′  or χ ′′ with respect 
to temperature, T, for the paraffin-solvent MF 
(sample A) and the water-solvent MF (sample E) 
in Fig. 16. This can be explained as follows. 
There are spontaneous agglomerates or clusters 
of the magnetic particles in these MFs even 
under no external magnetic field. The 
spontaneous cluster’s magnetic moment is so 
gigantic that the resonant frequency is very low 
which is far less than the ac frequency range 
which was used in the experiment. That was the 
reason why the peak did not appear in Fig. 16 for 
these MF samples, A and E. 
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3.  Frozen Magnetic Fluid’s Magnetic 
Aftereffect 

The magnetic aftereffect experiments also 
give much interesting knowledge with respect to 
the magnetic particles’ mutual interaction in the 
MF. After cooling the MF to the frozen state 
under zero magnetic field, we applied a strong 
magnetic field to the MF and made the magnetic 
moment’s direction of all the MF’s magnetic 
colloid to the applied field direction. After 
removing the external magnetic field, we 
measured the time dependence of the frozen 
MF’s residual magnetization. This tells us 
whether or not there is an interaction between 
the magnetic colloidal particles in the MF by 
measuring the residual magnetization’s time 
dependence. If there is no mutual interaction, the 
remanent magnetization converges rapidly to a 
half value of the MF’s saturation magnetization. 
It is because each particle’s magnetic moment’s 
direction converges to its easy axis direction in 
the applied field direction’s hemisphere by 
rotational thermal fluctuation, and the easy axis 
directions of the particles were randomly 
distributed. But, if there is a magnetic mutual 
interaction between the particles, the rotational 
thermal fluctuation should be prevented by the 
interaction and the residual magnetic moment 
converges slowly or does not converge to a 
constant magnetization. Measuring the 
converging rate of the residual magnetization, 
one can know whether or not the mutual 
interaction exists, and if it exists, how strong the 
interaction is. The experimental result was far 
from our expectation [69, 70]. The experimental 
procedure was as follows. We made a sample by 
filling a glass tube with the MF followed by 
hermetically closing it with a glass lid and epoxy 
glue. We set the sample in a cryostat followed by 
evacuating the cryostat under vacuum. Then, the 
sample was cooled to 10 K and we applied an 
external magnetic field of 2.86 MA/m to the 
sample with a superconducting magnet for 300 
sec. Quenching the superconducting magnet, we 
removed the field from the sample and measured 
the frozen MF’s residual magnetization in the 
sample as a function of time. The reason why 
quenching was adopted instead of stopping the 
current in the superconducting magnet was that 
if quenching was not made, there remained 
magnetic fluxons in the super- conducting 
magnet even when the current was zero and 
there still remained a residual field applied to the 
sample. 

 
(a) 

 
(b) 

 
(c) 
FIG. 18. Residual magnetization, Mr, as a function of 

time, t, for the MF sample B [69, 70]. (a) for 
cycles 1 through 6, (b) magnified for cycle 1 and 
cycle 2 (reduced by 2.1 Am2/kg) and (c) 
magnified for cycles 3 through 6. 
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The most important procedure in our 
experiment was that we conducted the same 
experiment many times with the same samples. 
We obtained a different experimental result for 
each experiment. Figs. 18(a), (b) and (c) show 
the experimental result of the frozen MF’s 
residual magnetization, Mr(t), as a function of 
time, t, for the MF Sample B. Its characteristics 
are tabulated in Table I. Hereafter, we show the 
residual magnetization, Mr(t), for unit mass 
(Am2/kg) instead of unit volume (A/m). We do 
this because we measured the sample’s magnetic 
moment but did not measure the sample’s 
volume change. We performed the same 
experiment with the same sample six times. We 
designate the first experiment, the second 
experiment,..., as the first cycle, the second 
cycle,…, and so on, respectively. The average 
Mr(t), increased with the cycles and Mr(t) − t 
curves converged to a certain universal curve in 
Fig. 18. The other important point is that Mr(t) 
increased with time in a certain time region in 
the early cycle experiment.  

Therefore, we performed a different 
experiment. We left the MF sample B under a 
vacuum (0.133Pa) for one hour, we call this MF 
sample as MF sample N. Its characteristics are 
tabulated in Table I. We performed the similar 
experiment with the MF sample N. The 
experimental result is shown in Fig. 19. Mr(t) − t 
curves almost coincide with the universal curve 
from the first cycle in this experiment. 

 
FIG. 19. Residual magnetization, Mr, as a function of 

time, t, for the MF sample N and MF-epoxi 
composite sample O [69]. 

In order to examine the resembling frozen 
MF’s case, we prepared the following sample. 
Mixing the MF sample B and epoxy glue 
fiercely, we left the mixture until it solidified. In 
this case, the alkylnaphthalene solvent dissolved 
in the epoxy matrix and the composite itself was 
solidified. We call this solidified composite 
Sample O. 

Fig. 20 is the scanning-electron micrograph 
of the Sample O’s cross section. The dark area is 
the epoxy matrix. The brighter regions are the 
magnetic fluid dispersed in the expoxy matrix. 
As the alkylnaphthalene solvent was dissolved in 
the epoxy glue, the black circles were also 
solidified. Accordingly, the magnetic colloids in 
the MF were also embedded in the epoxy matrix. 
We performed the same experiments with the 
composites. The experimental result is shown in 
Fig. 19. The Mr(t) − t curves precisely coincide 
with the universal curve. 

 
FIG. 20. The scanning-electron micrograph of the 

magnetic fluid-epoxi composite’s cross section 
[71]. 

Fig. 21 shows the experimental results for the 
extremely diluted MF, the MF sample I. For 
convenience, we multiplied the true residual 
magnetization by the dilution factor, 819.7, with 
respect to the unit mass of the MF. The dilution 
factor, 1300, in Table I was with respect to the 
unit volume of the MF. To our surprise, it shows 
results similar to that for the mother MF, the MF 
sample B. In conclusion, the experimental results 
for the frozen MF’s magnetic aftereffect suggest 
that it occurs due to some structural or organized 
change in the MF during the freezing process. In 
the next section, we propose a special micelle 
formation model to explain the present peculiar 
experimental results. 
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(a) 

 
(b) 
FIG. 21. Residual magnetization, Mr, as a function of 

time, t, for the diluted MF, sample I, (a) for cycles 
1, 2 and 3 (reduced by 2.3 Am2/kg), and (b) for 
cycles 4 through 9. Mr is the measured residual 
magnetization multiplied with the dilution factor, 
819.7. The temperatures, T(K), and field 
application times, tH (s), (T, tH), for the individual 
cycles are as follows: 1st cycle-(5, 0), 2nd cycle-
(6, 0), 3rd cycle-(4.2, 0), 4th cycle-(4.2, 0), 5th 
cycle-(6, 0), 6th cycle- (5, 0), 7th cycle-(4.2, 300), 
8th cycle-(5, 300) and 9th cycle-(5,300) [70]. 

V. Discussion  
A. Micelle Model 

In practice, when an MF is prepared, a very 
little excess amount of surfactant over that 
theoretically needed remains in the MF so that 
there is a minimal chance for coagulation of 
colloidal magnetic particles. Theoretically, the 
required amount of surfactant is that amount 

which is needed to exactly cover the surface of 
all the colloidal particles with one-molecular 
layer. Accordingly, though the excess amount is 
small, there are a considerable number of excess 
surfactant molecules (isolated and 
monodispersed in the solvent) in a conventional 
MF (Fig. 22). 

 
FIG. 22. Schematic figure of the magnetic fluid 

structure showing the magnetic colloid’s 
monodispersed phase. There are not only attached 
surfactant molecules on the colloid surface, but 
also isolated surfactant molecules in the solvent. 

We feel that these isolated and 
monodispersed extra surfactant molecules play 
an important role. In order to interpret the 
paradox of the so-called MFs’ temporary 
agglomeration which has confused many 
researchers for many decades, we propose the 
following physical model which takes the extra 
surfactant molecules into account. 

The MF’s magnetic colloidal particles are 
monodispersed and the excess surfactant 
molecules are also dispersed in the solvent at 
room temperature as shown in Fig. 22. However, 
when the temperature of the MF is decreased, the 
isolated surfactant molecules trigger the 
generation of special surfactant micelles. In 
addition, because of their mutual interaction, a 
considerable amount of the colloidal magnetic 
particles sticks to the surface of the micelles. 
These particle-coated micelles somewhat 
resemble aggregates of particles. 

In other words, with a temperature decrease, 
there occurs a phase transition from a phase of 
monodispersed magnetic colloids to a magnetic 
colloid micelle phase. Fig. 23 shows the 
schematic construction of the micelle covered 
with the magnetic colloidal particles whose 
magnetic dipoles make a closed magnetic circuit. 
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FIG. 23. Schematic figure of the special micelle made 

of the isolated surfactant molecules covered with 
the magnetic colloidal particles whose magnetic 
moments make a closed magnetic circuit. 

When the MF’s temperature is decreased 
lower than a critical temperature, the isolated 
surfactant molecules in the solvent spontaneously 
make special micelles on the surface to which the 
magnetic colloidal particles are stuck. 

This micelle possesses a spherical shape 
though the micelle in Fig. 23 looks like a circle. 
This process is reversible, i.e., when the 
temperature is increased, the micelles collapse 
and the particles are once again monodispersed 
in the solvent together with the isolated excess 
monodispersed surfactant molecules. This phase 
transition or the special micelle formation is 
induced not only by temperature decrease, but 
also by the application of an external magnetic 
field. The special micelle formation occurs with 
the application of the external field forming 
elongated micelles along the field direction. It 
will be discussed later. 

B. Frozen Magnetic Fluid’s Magnetic 
Aftereffect 

The peculiar phenomena of the frozen MF’s 
magnetic aftereffect in §IV. C. 3 are explained 
by this physical model. In fact, this physical 
model was obtained by the analysis of the frozen 
MF’s magnetic aftereffect [69, 70]. In order to 
conduct the frozen MF’s magnetic aftereffect 
experiment, the sample MF’s temperature is 
decreased from room temperature. The special 
micelles are formed in the MF at a certain 
temperature. With the further temperature 
decrease, the solvent freezes and the micelles 
themselves are embedded in the frozen solvent 
and they are fixed in the solvent. Fig. 24(a) 
shows the micelle together with the magnetic 
colloids’ ring which makes the closed magnetic 
circuit on the micelle surface. 

 
FIG. 24. Change of the micelle with the colloids’ 

magnetic moment before and after the application 
of the external magnetic field. (a) Special 
spherical micelle on the surface to which the 
magnetic colloidal particles are attached and their 
magnetic moments forming a closed magnetic 
circuit. (b) Shape distorted micelle under a strong 
external magnetic field. The particles’ magnetic 
moments are directed parallel to the field 
direction. (c) After removal of the external field, 
the magnetic moments once again form a closed 
magnetic circuit. (d) After a certain time, the 
micelle gets broken spontaneously due to the 
distorted energy and a non-zero magnetic moment 
is generated for the micelle. 

When a strong external magnetic field is 
applied to the MF for a certain duration, the field 
makes the direction of the magnetic moments of 
all the particles which make the ring on the 
micelle in the field direction together with 
distorting the micelle shape by the magnetic 
force (Fig. 24(b)). After the removal of the 
external field, the magnetic particles’ magnetic 
moments once again make the closed magnetic 
circuit, however, with the distorted shape left 
(Fig. 24(c)). This is the reason why the residual 
magnetization was anomalously small compared 
with the theoretical value in Fig. 18. If all the 
magnetic particles were monodispersed in the 
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frozen solvent, the residual magnetization should 
amount to 7Am2/kg. However, the experimental 
value of the residual magnetization was as small 
as 3 Am2/kg. The fact that the residual 
magnetization was not zero means that not all 
the magnetic particles contributed to form the 
micelle but a considerable amount of the 
particles remained monodispersed in the frozen 
solvent. After the removal of the external field, 
the distorted micelle held its shape with the 
distorted energy for some time, but after some 
duration, the micelle breaks by discharging the 
distorted energy. The particles’ ring which made 
the closed magnetic circuit also breaks the circle 
and a finite magnetic moment is generated in the 
broken micelle (Fig. 24(d)). The duration time of 
the micelle breaking is distributed widely from 
micelle to micelle, and the apparent increase of 
the residual magnetization with time appears in a 
certain time range. 

When the same magnetic aftereffect 
experiment was carried out many cycles with the 
same MF sample, the MF sample was exposed 
under a vacuum for a long time. Though the MF 
was encapsulated in a glass tube with a glass lid 
hermetically sealed with epoxy glue, the isolated 
surfactant molecules in the MF gradually 
evaporated from the MF sample under vacuum at 
room temperature. The decrease in the isolated 
surfactant molecules in the MF decreases the 
formation of the micelles in the MF when the 
temperature is decreased. This implies that after 
many cycles of magnetic aftereffect experiments, 
there remained more monodispersed magnetic 
colloids in the MF than in the MF of the first 
cycle experiment under low temperature. This is 
the reason why the residual magnetization of the 
MF in the magnetic aftereffect experiment 
increased with the experimental cycles. After 
many cycles of the experiment, there are few 
isolated surfactant molecules and no micelles are 
formed cuasing the residual magnetization curve 
with time to converge to a universal function. 
Hereafter, it will be mentioned how the micelle 
model can explain the MF’s other peculiar 
physical phenomena. 

C. Macro-Cluster Formation under the 
External Magnetic Field 

The micelles generated by the temperature 
decrease are spherical in shape and contain 
magnetic dipoles of the colloidal particles which 
form a closed magnetic circuit (Fig. 23), while 
the micelles induced by the application of an 

external field are elongated in shape and the 
particles’ magnetic dipoles do not form a closed 
circuit in accordance with lowering the magnetic 
energy. In addition, if there are many isolated 
surfactant molecules in the MF under no external 
field, many elongated micelles are generated 
when the external field is applied and these 
elongated micelles make a bundle. Fig. 25 shows 
the schematic structure of the bundle made of the 
elongated micelles. 

 
FIG. 25. Schematic structure of the bundle which is 

made of many elongated micelles under the 
external magnetic field. This bundle is the so-
called macro-cluster which can be observed by an 
optical microscope as is shown in Fig. 1. 

This bundle is the so-called macro-cluster 
which is large enough to be observed by an 
optical microscope as shown in Fig. 1. The 
macro-cluster in the MF is not really the 
agglomeration of the magnetic colloids, but the 
bundle of the elongated special micelles. 
Therefore, it easily appears and disappears with 
the application and removal of the external 
magnetic field because it is due to the micelle 
formation but not due to the agglomeration. 

D. Anomalous Burst Pressure of the Magnetic 
Fluid’s Shaft Seal 

In §III. A, we assumed that once the magnetic 
colloidal particles in the MF entered into the area 
where the magnetic field was maximum in the 
sealing area of the MF shaft seal, they were 
trapped in this area, and the number density of 
the particles increased with time in this area. 
However, the true answer is that it is not the 
particles but instead the special micelles that 
were trapped in this area. In fact, when the gas 
pressure was applied to the seal from the left side 
in Fig. 3, the MF shifted to the right side (See 
Figs. 3(a), (b)). If the particles were simply 
trapped in the top of the projection area before 
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the pressure was applied, they would be shifted 
to the right side by the movement of the MF’s 
solvent when the pressure was applied. As the 
particles were trapped in the highest field region 
as the special micelles, the micelles themselves 
clung to the projection’s top area even when the 
MF was shifted to the right side. 

E. Acoustic Properties, Magneto-Optical 
Effects, Latent Heat Measurement, Scaling 
Law and Satellite Peak in Nmr 

Previously, we ascribed the spatial 
anisotropies of the MF’s acoustic and magneto-
optical properties under the magnetic field to the 
formation of the magnetic colloids’ elongated 
agglomeration, or the so-called micro-clusters 
and macro-clusters. However, here we obtained 
the correct answer that the micro-clusters and 
macro-clusters are replaced with the special 
micelles and the huge bundles of the special 
micelles, respectively. 

The contradiction of the Landau criterion 
which annoyed us for a long time is also clearly 
solved. Landau criterion claims that if phase 
transition occurs from one phase to the other 
with two phases belonging to different space 
symmetry groups in a physical system, the phase 
transition is of first order. On the other hand, the 
MF’s magneto-optical effects were thought to be 
due to the formation of the elongated colloids’ 
clusters by the applied magnetic field. This 
means that the MF’s magneto-optical effects 
were induced by the phase transition from the 
phase in which the colloidal particles were 
monodispersed to the other phase in which there 
were clusters elongated parallel to the external 
field direction. Apparently, the two phases 
belong to the different space symmetry groups 
and accordingly this phase transition should be 
first order phase transition from Landau 
criterion. On the contrary, the phase transition of 
the MF’s magneto-optics is apparently a second 
order phase transition as mentioned in §III. C. 4. 
This contradiction is now clearly solved. The 
origin of the MF’s magneto-optical effect is not 
due to the elongated agglomeration of the 
magnetic colloidal particles, but due to the 
formation of the elongated special micelles 
which not only the colloidal particles but also the 
excess surfactant molecules construct. Therefore, 
the Landau criterion cannot be applicable to the 
MF’s magneto-optical phenomena. 

 

The different field dependences of the 
magnetic birefringence, ∆n, in a weak magnetic 
field region mentioned in §III. C. 1, is also 
clearly explained. The fresh MF’s ∆n was 
proportional to H, while it was proportional to 
H2 after the MF was under vacuum for several 
minutes before the magneto-optical experiment. 
The origin of the magneto-optical effect of the 
fresh MF was mainly due to the formation of the 
special micelles and, accordingly, ∆n was 
proportional to H. However, when the MF was 
under vacuum, the excess surfactant molecules 
in the MF were removed from the MF, and the 
magneto-optical effect was induced not by the 
special micelle formation but by the shape 
anisotropy of the colloidal particles of the MF. 
That was the reason why the field dependence of 
the ∆n was proportional to H2, which was known 
as Majorana effect a long time ago. 

The origin of the scaling law is perhaps due 
to the following reason. When an external 
magnetic field, H, is applied to the MF, some of 
the magnetic colloids make the special micelles 
in the MF. Increasing H, as strong as Hm, all the 
magnetic colloids make the special micelles and 
there are no monodispersed colloids in the MF. 
We say that the MF is in a critical state at 0 < H 
< Hm. In general, when the scaling law holds for 
a physical quantity, A, in the critical state, the 
physical quantity, A, is a function of one 
parameter, ξ, which is usually a typical length 
representing the critical state [72]. For example, 
the average Cooper pair length is ξ for the 
critical region between the superconducting state 
and the normal state [73]. Another example is 
the phase transition between the paramagnetic 
phase and the ferromagnetic phase. The average 
size of the germs of ferromagnetic phase in the 
paramagnetic phase, is ξ for the critical region 
between the ferromagnetic state and the 
paramagnetic state. Therefore, A is expressed by: 

A = fA(ξ),                                                      (32) 

where fA(x) is the function of x, and ξ represents 
a typical size which represents the special 
micelles’ length. Now, we assume for any MFs, 
that ξ is generally expressed by: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

0H
Hgξξ ,                                                 (33) 

where gξ (x) is a function of x, and H0 is a 
constant which is characteristic to each MF. 
From Eq. (32) and Eq. (33), one obtains:  
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which is equivalent with the scaling law. 

In §IV. A, we assumed that the satellite peaks 
in the water-solvent MF’s NMR experiment 
were due to the formation of the macrocluster. 
However, the true answer is that it was due to the 
special micelle formation which made the 
magnetization greater than in the rest of the area. 

F. M − H Curves for the Static Magnetic Field 

In §IV. C. 1, we showed the deviation 
between the normalized M − H curve of the 
mother MF and that of the highly diluted 
solution for the static magnetic field in the weak 
field region. This deviation was found for the 
water solvent and paraffin solvent MFs but not 
for the alkylnaphthalene solvent MF. We 
ascribed this deviation to the spontaneous 
agglomeration of the magnetic colloids under no 
magnetic field. However, the correct answer is 
not the agglomeration but the spontaneous 
special micelle formation even under no 
magnetic field. 

G. Initial Complex Magnetic Susceptibility 

In §IV. C. 2, we showed that the frozen MF’s 
initial complex magnetic susceptibility, 

χχ ′′−′ i , possessed a spin-glass-like 
temperature dependence. Especially, the ac 
magnetic field’s frequency, f, and the peak 
temperature, Tp, at which the off-time magnetic 
susceptibility, χ ′′ , obeyed the Vogel-Fulcher 
law, formed the decisive evidence that the frozen 
MF possessed a spin-glass nature. When we 
performed this experiment, we made a vague 
conclusion that the magnetic colloids in the 
frozen MF had a spin-glass-like configuration. 
However, we now realize that the correct 
interpretation is that the spin-glass nature was 
due to the special micelle formation. However, 
we still do not yet have a reason for the Vogel-
Fulcher law behaviour. We can speculate that 
this effect is due to the similar mechanism of 
glass viscosity, η, which also typically obeys the 
Vogel-Fulcher law in temperature dependence. 
When the glass temperature is increased over the 
temperature, Tg, it begins to posses fluidity and 
its viscosity, η, is expressed by:  

0 exp
( )B g

E
k T T

η η
⎡ ⎤

= ⎢ ⎥
−⎢ ⎥⎣ ⎦

,                               (35) 

where η0 and E are positive constants. The origin 
of the Vogel-Fulcher law in this case is ascribed 
to the generation of the voids around the glass 
molecules. The void sizes are widely distributed 
and the free volume space which the voids make 
is thought to be the origin of the Vogel-Fulcher 
law [74]. In the frozen MF’s case, the special 
micelle’s inner space can possibly play the role 
of the voids. However, this problem is also open 
to questions at the present stage as the spin-glass 
nature of the frozen MF. 

VI. Conclusions 
Magnetic fluid (MF) is a colloidal solution of 

stably dispersed ferromagnetic or ferrimagnetic 
colloidal particles in a solvent. Soon after the 
invention of the MF, needle-like agglomeration 
of about 1 micron thickness was found in some 
MFs under an external magnetic field by optical 
microscope observation. We call these 
agglomerate-like objects macro-clusters. The 
macro-cluster was not a simple precipitation of 
the colloidal particles because it disappeared 
when the external field was removed. This paper 
reviewed not only the macro-cluster’s nature but 
also its composing elements, special micelles 
which are much more fundamental in the MFs 
nature. In §2, the macro-cluster’s observation by 
the optical microscope and its nature was 
explained. In §3, MF shaft seal’s burst pressure 
experiment, MF’s acoustic anisotropy in an 
external field and MF’s magneto-optical effect 
were explained. These peculiar phenomena 
appeared not only in the MF in which the macro-
clusters were observed, but also in the MF in 
which the macro-clusters were not observed. 
Therefore, in order to explain these peculiar 
phenomena, it was necessary that we should 
assume the formation of sub-micron 
agglomerations in all the MFs under external 
field. We call these sub-micron agglomerations 
micro-clusters. The fresh MF showed that its 
birefringence, ∆n, was proportional to the 
applied field, H, while the MF which was under 
vacuum for a few minutes before the magneto-
optical experiment showed that its ∆n was 
proportional to H2 in a weak field region. In 
addition, the temperature dependence of ∆n 
experiment revealed that the origin of the MF’s 
magneto-optical effect was ascribed to the 
generation of the elongated micro-clusters in the 
MF, and the generation of the microclusters in 
the MF was a second order phase transition from 
the monodispersed phase of the colloidal 
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particles to the phase which contained the micro-
clusters which were directed along the external 
field. However, if we took only the colloidal 
particles dispersing status into account, the two 
phases belonged to different symmetry groups 
with respect to the colloidal particles, leading to 
the conclusion that, from the theoretical 
viewpoint, the phase transition should be a first 
order transition, which apparently contradicted 
the experimental conclusion. In §4, proton-NMR 
experiment for water-solvent MF revealed that 
though the local magnetization in the cluster was 
higher than that of the rest of the area, it was less 
than twice that of the rest of the area. Therefore, 
it is denied that the macro-cluster was the 
precipitation of the magnetic colloidal particles. 
There was neither heat discharge nor heat 
absorption accompanying the MF’s phase 
transition which was confirmed by Differential 
Scanning Calorimetry (DSC). Therefore, it was 
confirmed that the MF’s phase transition was of 
second order. In order to determine whether or 
not there was an interaction among the magnetic 
colloidal particles in the MF, we prepared the 
conventional MF (mother MF) and 
approximately 1000 fold diluted MF from the 
mother MF. We measured both MF’s M − H 
curves, the temperature and AC magnetic field 
frequency dependences of the initial complex 
magnetic susceptibility, and the magnetic 
aftereffect. By comparing both MF’s 
experimental results, we determined whether or 
not there was an interaction among the magnetic 
particles. It was found from the M − H curve 
experiment, that there were already spontaneous 
micro-clusters even under zero external field in 
the MF in which the macro-clusters were found 
by optical microscope. There was a cusp present 
in the temperature dependence of the complex 
magnetic susceptibility graph for the MF which 
showed no interaction between the particles from 
the M – H curve experiment. The Vogel-Furcher 
law was also found between the peak 
temperature of the cusp and the AC magnetic 
field frequency. It meant that this frozen MF was 
under spin-glass state due to very weak magnetic 
interactions among the magnetic colloidal 
particles. Cooling the same MF down to as low 
as 10K, and keeping this temperature during the 
experiment, we performed the following 
experiment. First, a strong external magnetic 
field was applied to the frozen MF sample for a 
certain time. Then, after removing the external 
field, the MF’s residual magnetization, Mr(t), 
was measured as a function of the elapsed time, 

t, from the removal of the external field. We 
performed the same experiment many cycles for 
the same sample. The Mr(0)’s values at t = 0 in 
the initial few cycles experiment were very small 
compared with the theoretically expected value. 
In addition, in some time region, Mr(t) increased 
with t. However, after many cycles, not only the 
Mr(0)’s values converged to the theoretically 
expected value, but also the whole Mr − t curves 
converged to a certain universal curve. In §5, we 
proposed a special micelle model and proved 
that with this physical model all the MF’s 
mysterious experimental results were interpreted. 
In the conventional MF, there were not only the 
surfactant molecules which cover the magnetic 
colloidal particles to prevent the particles’ 
coagulation, but also extra isolated surfactant 
molecules dispersed in the solvent. With the 
decrease of the MF temperature, the isolated 
surfactant molecules suddenly formed special 
spherical micelles at a transition temperature. 
The magnetic colloidal particles attached to the 
surface of this special micelle and particles on 
the surface made a ring. The magnetic moment 
of the particles which construct the ring also 
made a closed magnetic circuit. With further 
temperature decrease, the special micelles were 
embedded in the solidified frozen solvent. When 
a strong external magnetic field was applied to 
the micelle, the magnetic moments of the 
particles on the micelle were all directed to the 
field direction together with the micelle shape’s 
deformation by the magnetic force. After 
removal of the external field, the particles’ 
magnetic moment once again made the closed 
magnetic circuit leaving the micelle’s shape 
deformed. Since the magnetic moments of the 
colloidal particles which construct the ring made 
a closed magnetic circuit, they did not contribute 
to the MF’s residual magnetization, Mr(t). The 
magnetic moment of the colloidal particles 
which did not attached to the micelles only 
contributed to Mr(t). That was the reason why 
Mr(0) in the initial few cycles’ experiment was 
very small compared with the theoretically 
expected value. With the time elapsed, the 
deformation energy in the micelle was suddenly 
released at time t with the breaking of the 
micelle. The breaking of the micelle induced the 
breaking of the particles’ ring and consequently 
the breaking of the closed magnetic circuit. 
Accordingly, a finite non-zero magnetic moment 
was generated in the broken micelle. The 
micelle’s breaking time was widely distributed. 
That is the reason why Mr(t) increased with time 
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in a certain time region. When the magnetic 
aftereffect experiments were conducted many 
cycles for the same MF sample, the MF sample 
in a capsule was exposed under vacuum in the 
room-temperature’s cryostat for a long time. The 
isolated free surfactant molecules in the MF of 
the sample evaporated gradually through the 
sample capsule even though it hermetically 
sealed the MF. The decrease of the free 
surfactant in the MF meant the decrease of the 
micelle when the temperature decreased. It 
implies that the increase of the monodispersed 
magnetic colloidal particles in the MF and Mr(0) 
also increased and Mr(t) curves converged to the 
universal curve after many experimental cycles. 
The special micelles are generated not only with 
the temperature decrease but also when an 
external magnetic field is applied to the MF. 
However, in this case, the magnetic moments of 
the colloidal particles attached to the micelle are 
directed along the field, and in order to decrease 
a static magnetic energy, the micelle itself is 
elongated to the field direction. In fact, this 
elongated micelle is equivalent with the micro-
cluster assumed in the preceding sections. The 
elongated micro-cluster is a complex physical 
system consisting of not only the colloidal 
particles but also of the surfactant molecules 
which were not attached to the surface of the 
particles in advance. Therefore, the Landau’s 
phase transition argument that as the colloidal 
particles’ monodispersed phase and the phase in 
which particles make elongated agglomerates in 
the field’s direction belong to different space 
symmetry groups implying that the phase 
transition should be of first order, is no longer 
applicable to the present MF phase transition. 
Accordingly, it is not contradictory that the MF 
phase transition is a second order phase 
transition. The origin of the fresh MF’s magnetic 
birefringence was due to the elongated micelles 
and accordingly ∆n was proportional to H. On 
the contrary, after leaving the MF under vacuum, 
there were no excess free surfactant molecules in 
the solvent of the MF and no elongated micelles 
were formed in that MF under the external field. 
That was the reason why the MF which was once 
under vacuum did not show ∆n proportional to 
H, instead proportional to H2, which was caused 
by the shape anisotropy of the colloidal particles 
themselves. The macro-cluster shown in Figs. 
1(a) and (b) was the bundle of the many 
elongated micro-clusters directed parallel to the 
external field. 

Appendix: Derivation of H2 
Dependence of ∆n for Ordinary 
Material and Theory’s Limit 

In ordinary magnetooptical materials, ∆n due 
to Cotton-Mouton effect is proportional to H2. 
But this Appendix shows that it does not hold for 
magnetooptics of the MF. The starting theory for 
the ordinary mangetootical material is: 

εij(H) = εji(−H),                                             (A1) 

where εij(H) is the (i, j) component of the 
permittivity matrix under a magnetic field H 
[46]. It leads to: 

εii(H) = εii(−H),                                              (A2) 

and εxx(H) and εyy(H) can be expressed, 
respectively, as: 

εxx(H) = ε1 + a2H2 + a4H4 +...,                        (A3) 

εyy(H) = ε1 + b2H2 + b4H4 +...,                      (A4) 

where ε1, a2, a4, b2 and b4 are positive constants. 
As the birefringence ∆n is expressed by: 
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              (A5) 

where εo and µo are permittivity and magnetic 
permeability in vacuum, respectively, and  a2H2, 
b2H2 <<  ε1 was used. This condition seems to be 
a strong condition. But it does not hold for all 
cases. The condition Eq. (A1) is derived from 
the so called linear response theory or Kubo 
formula [45, 46]. In a physical system, if some 
field, h, is applied to a physical system, there is a 
generated response, g. Here, concretely 
speaking, h is an electric field, E, a magnetic 
field, H, a force, f, ... etc. The corresponding 
responses are an electric polarization, P, a 
magnetization, M, a displacement x, ... etc. If: 

g = χh                                                          (A6) 

holds, the linear response theory is applicable 
and Eq. (A1) holds. Consequently, Eq. (A5) 
holds. Here, χ is the generalized susceptibility 
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corresponding to the electric susceptibility χe, 
magnetic susceptibility χm, stiffness, G, and etc. 
But χ diverges ∞ as the system approaches a 
critical state. So, in the critical state and in the 
vicinity of the critical state, the linear response 
theory cannot be applicable and Eq. (A5) no 
longer holds in this region. The magneto-optics 

of the magnetic fluids in the vicinity of H = 0 is 
some kind of critical phenomena. The 
spontaneous microcluster generation at zero 
field, mentioned in §IV C 1, sugests this relation. 
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Introduction 
 

 

The study of singular Lagrangians with linear 
velocity has been dealt with within the past 50 
years by Dirac’s Hamiltonian formalism [1, 2]. 
In this formalism, Dirac distinguishes between 
the two types of constraints: first-class and 
second-class constraints. The first-class 
constraints are those that have zero Poisson 
brackets with all other constraints in the 
subspace of phase space in which constraints 
hold; constraints which are not first-class are by 
definition second-class ones. 

Despite the success of Dirac's approach in 
studying singular systems, which is 
demonstrated by the wide number of physical 
systems to which this formalism has been 
applied, it is always instructive to study singular 
systems through other formalisms; since 
different procedures will provide different views 
for the same problem, even for nonsingular 
systems. 

Lagrangians that are linear in velocity are 
important in physics because their Euler-
Lagrange equations become systems of first-
order differential equations, appearing as 
constraints, instead of systems of second-order 
as it would happen with regular Lagrangians. So, 
they will play a relevant role in many cases, not 

only in physics, where many equations are of 
first order as in Dirac equation, but also in other 
fields as in biology dynamics and chemistry. 
There are various methods for treating this kind 
of Lagrangians [3-7]. Some authors [8, 9] 
investigated this problem using Dirac's method. 
Furthermore, a general treatment of singular 
Lagrangians with linear velocities is given 
elsewhere [10, 11]. 

Another model for solving mechanical 
problems of singular Lagrangian with linear 
velocities using the Hamilton-Jacobi formulation 
has been proposed in reference [12]. The authors 
have obtained the integrable action directly 
without considering the total variation of 
constraints. This new method of analysis has 
been successfully used by several authors [13-
16], and is by now a standard technique to deal 
with Lagrangians linear in velocities. 

The aim of this work is to analyze the motion 
of a charged particle in a strong magnetic field 
by using the concepts of the above-mentioned 
model [12]. 
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Review of the Model 
Now, a brief discussion for recovering the 

action integral from Lagarngians that are linear 
in velocities is introduced. Considering the 
following linear Lagrangian: 

,)()( jiji qVqqaL −= &            (1) 

the generalized momenta corresponding to this 
Lagrangian read: 

.iii Hap −≡=             (2) 

From the above equation it is possible to 
obtain the primary constraints as: 

.0=−=′ iii apH            (3) 

The canonical Hamiltonian H0 is given by: 

.)(0 jii qVLpqH =−= &            (4) 

The corresponding Hamilton-Jacobi partial 
differential equations are: 
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The principal Hamilton function S can be 
found from the above equations as:  
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Assuming that the functions ai(q) and V(q) 
satisfy the following conditions: 
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we finally obtain: 
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However, in order for S to be an integrable 
function, the terms inside the brackets must be 
zero; 
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In fact, Eq. (10) is the main result in this 
formalism. It represents the equation of motion 
of the jth generalized coordinate, qj. Accordingly, 
Eq. (9) reduces to: 

.
2
1 constqaS ii +=          (11) 

Motion of a Charged Particle in a 
Strong Magnetic Field 

The well-known example in classical 
mechanics is a particle with charge q and mass m 
moving in the x-y plane subject to a constant 
homogeneous magnetic field in the z-direction 
with strength B0. The Lagrangian of the system 
is: 
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where V is some external potential, and we set: 
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Then the Lagrangian becomes:  
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Now, consider the limit where 10 >>
mc
qB

; 

which corresponds to a very large magnetic 
field. In such a case, one can neglect the usual 
kinetic energy term in the Lagrangian and 
obtains a Lagrangian that is linear in velocities: 
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The first order Euler's Lagrange-equations of 
motion will be as follows: 
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Following the Hamiltonian procedure, the 
canonical momenta associated with the linear 
Lagrangian are: 
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which are unusual in that they are not invertible 
to the velocities. A Legendre transformation 
produces the Hamiltonian: 

.),(0 yxVLpypxH yx ≡−+= &&         (19) 

Note that this Hamiltonian has no dependence 
on the momenta; which means that equations of 
motion from Hamilton's equations are 
inconsistent. Thus, the Hamiltonian procedure 
has broken down. 

Let us now analyze the dynamics of the 
constraint system by using the method illustrated 
previously. Choose q1 = x and   q2 = y, then from 
Equations (1) and (15), one obtains: 
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Making use of Eq. (10), the equations of 
motion for the generalized coordinates x and y 
can be respectively determined as: 
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This set of equations can easily be written as: 

⎪
⎪
⎭

⎪⎪
⎬

⎫

∂
∂

−=

∂
∂

=

.

,

0

0

y
V

qB
cx

x
V

qB
cy

&

&

         (22) 

These results are in exact agreement with 
those obtained from Euler's equations of motion 
(16). 

Finally, one can use equations (11) and (20) 
to get the action function as: 

.constS =           (23) 

Conclusion 
In this work, a brief review of the basic 

concepts and results of the Hamilton-Jacobi 
method for Lagrangian systems with linear 
velocities is presented. Then, the method is 
applied to analyze the motion of a charged 
particle in a uniform magnetic field. The 
equations of motion are recovered as a result of 
applying the integrability conditions on the 
action integral. It is shown that the results are 
found to be in exact agreement with those 
obtained by Euler-Lagrange equations of motion. 
Indeed, the solutions of the investigated example 
are restricted to the limit mcqB >>0  which 
corresponds to a very large magnetic field. In 
such a case, the Lagrangian is linear in 
velocities. 

The advantage of using the method presented 
in this paper, is that it is easy to obtain the action 
function which plays an important role for 
obtaining the WKB or path integral quantization 
for any mechanical Lagrangian system. The 
action is obtained directly as an integration over 
the independent dynamic variables without any 
need to use functions as given in the Faddeev 
and Jackiw method [4]. This topic is now 
undergoing further investigation.  
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application of the electric pulse. We assume that there is an irregular distribution of Ca2+ 

and K+ channels on both segments. 
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distribution channels and swimming reversal time of the Paramecium. It is found that the 
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Introduction 

Paramecium is covered with cilia which form 
an integral part of the cell and are enclosed 
within the cell membrane. Paramecium 
ordinarily swims in a forward left-handed spiral 
path. It has an ability to turn smoothly and swim 
towards the cathode when an electric current is 
passed through the cell suspension 
(galvanotaxis) [1-6]. 

The electric properties of Paramecium have 
become of interest because of the emerging role 
of membrane potential and conductance in the 
control of ciliary activity [7-9]. Experiments 
indicate that ciliary responses are coupled to a 
membrane potential by membrane regulated 
calcium fluxes, and ciliary reversal is associated 
with depolarization of the membrane [10-14]. 

The experimental results described in 
previous work [15] need to be interpreted in 
terms of a physiological model of the cell 

membrane. The model outlined by Hook and 
Hildebrand [16, 17] is ideally suited for this 
purpose. It describes ion flow across the ciliary 
membrane of Paramecium in terms of potassium 
and calcium channels whose conductivities 
depend upon the instantaneous membrane 
potential, and also takes into account the effects 
of changes in the surface charge on the ciliary 
membrane as external cation concentrations (e.g. 
of K+) are varied; this is excluded in the 
following analysis, however, since the ionic 
concentrations in the electric field experiments 
were always kept constant. 

One immediate deduction, which may be 
made from experimental results on Paramecium, 
is that the membrane is not functionally the same 
over the whole cell surface. Since the response 
depends on whether the cell is facing the cathode 
or the anode during the pulse, it follows that the 
front and rear halves of the cell are 
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physiologically different. It is therefore desirable 
to modify Hook and Hildebrand's model to 
incorporate, if possible, the functional 
differences between the cell membrane at the 
front and rear sides of the cell.  

In this paper, the modifications of Hook and 
Hildebrand's model will be discussed. Account is 
given of how a membrane asymmetry can be 
incorporated into the model leaving the whole 
body responses unchanged whilst permitting 
different responses to asymmetric stimulation to 
occur.  

Outlines of Hook and Hildebrand's 
Model 

In this section, we review some equations of 
Hook and Hildebrand’s model [16, 17] because 
of their importance as a basis for our two-
segment model.  

The Hook and Hildebrand’s model is based 
on Ca2+ influx mechanism. It assumed that Ca2+ 

channels are built up by subunits extending 
through the lipid phase of the membrane. Both 
subunit ends contain a twice negatively charged 
binding site. The degree of cation binding (of 
Ca2+ and K+) to these negative sites is supposed 
to be high. There are four possible states of 
cation binding which may be denoted X1 to X4. 

The subunit X1 can undergo a conformational 
change to an active state, *

1X , at a rate which 
depends exponentially on the transmembrane 
potential. A single Ca++ channel is assumed to 
require some number of subunits N in an active 
state *

1X  in order to open.  

The conservation of subunit molecule gives: 
4

*
1 0

1
 constanti

i
X X X

=

+ = =∑                          (1) 

This may be normalized with respect to the 
overall concentration 0X . 

∑
=

+
4

1

*
1

i
i xx ,            (2) 

where x i ≡ 0iX X    i = 1, 2, 3, 4. 

The quantity *
1x  may be considered to be the 

probability of a subunit being in the active state, 
*
1X . Because each subunit is independent of its 

neighbors, the probability that N such units will 

come together to form an open Ca2+ - channel is 
therefore ( *

1X ) N. 

 If the potential-dependent conformational 
changes are rapid compared with the binding rate 
of the cations, then *

11 XX → can be treated as a 
quasi steady – state process: 

1
* XcX i ⋅= ,             (3)  

where:  

c = co . exp (ε . Vm),            (4)  

ε = εo . F / RT ,            (5) 

where co is a constant, εo is the effective valency 
of the gating charge; F is Faraday's constant = 
96485.34 C/mol of electrons (i.e., electric charge 
carried on one mole of electrons); R is the gas 
constant = 8.314 J.K–1.mol-1; and T is the 
absolute temperature. 

Eq. (2) can be written in the form: 

           (6)  

The calcium current can be introduced as: 

( )( ) ( ) CaCa
*
1CaCa PEVtxgi m

N
+−⋅⋅= ,          (7)  

where iCa is the Ca2+ current (ions / s); Cag  is the 
maximum possible Ca2+ - conductivity per 
cilium (1 / mV.s); Vm  is the membrane potential 
(mV); ECa is the Nernst potential of Ca2+ given 
by: 

2

0
Ca 2

Ca
ln

2 Ca
i

RTE
F

+

+

⎡ ⎤⎣ ⎦=
⎡ ⎤⎣ ⎦

 

PCa is the rate of active Ca2+ - extrusion (Ca2+ - 
pump), ions / s.  

The calcium current is taken to be positive 
outward; thus the calcium pump is positive. 

Because Ca2+ – channels are known to be 
located in the cilia, it is suggested that the Ca2+ - 
pump is also located in the vicinity of the cilia 
[16]. The membrane is considered to be a 
potential barrier for Ca2+ - carrying proteins, 
with the potential peak placed halfway across the 
lipid matrix, and the following simplified 
substrate kinetic for active Ca2+ - transport: 

++ +⎯⎯⎯⎯ →⎯⎯⎯←
⎯→⎯+ 2/exp

Ca
2 CaCa oPPP RTFV
i

mγ

β

α
 (8) 
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So, Ca2+ - extrusion depends on the 
membrane potential. CaP  is an intermediate 
complex formed by Ca2+ bound to the ligand P 
(an ion, a molecule or a molecular group that 
binds to another chemical entity to form a larger 
complex). The binding reaction of P and +2Ca i  is 
treated as fast as compared with actual Ca2+ 
transport across the membrane, so the 
association of Ca2+ and P is a quasi steady – state 
reaction. The conservation law is given by: 

0 constantCaP P P−+ = = .          (9) 

The overall electric current (in amperes) is 
then given by: 

ICa = z n iCa ,          (10) 

where z is the cation valency (being 2 for 
calcium). 

Turning next to the case of potassium ions, 
the transmembrane flux of K+ (K+ - current) is 
given by: 

( ) KKKKK PEXgI +−⋅= mV ,         (11) 

where Kg  is the effective K+ - conductance (1 / 
mV. s);  XK is the ratio of the open – channels; 
PK is the pump rate of K+ PK < 0 (1 / s).  

It is assumed that [K+]i is independent of time, 
as it is highly compared with [K+]o. 

([K+]i = 20 mmol dm–3). At steady – state, IK 
= 0, Vm = Vm; thus from Eq. (11):  

KmK

KK

EVP
Xg

−
−=

⋅ 1 .         (12) 

The complete K+ - current is: 

( ) ∑
=

+⋅−⋅=
3

1i
KKiKmkK PXEVgI .       (13) 

The total current across the Paramecium 
membrane is: 

KCa II
dt
dVCI ++⋅= ,           (14)  

where 
dt
dVC ⋅  is the capacitive current and C is 

the overall capacitance of the membrane (in e / 
mV). 

The model describes ciliary reversal on a 
short-time scale. In order to make the model 
describe long-lasting changes in the Ca2+ - influx 
system, the reaction scheme of Ca2+ - channel 

was extended by assuming an additional slow 
reaction coupled to the conformation X4 [17].  

54 XX
f

d

⎯⎯←
⎯→⎯           (15) 

where d and  f  are the rates of reaction on a long 
time scale (>10 sec.). So, Eq. 1 is no longer 
valid, and it must be written in a new form: 

∑
=

=≡+
5

1

~*
1 constant 

i
i XXX o          (16) 

and then normalized with respect to ~
0X . 

Hook and Hildebrand (1979) estimated the 
parameters of their model for Paramecium in the 
following way. 

As a fixed point, the steady-state membrane 
potential Vm is -30 mV, and the ionic 
concentrations are as follows: The intracellular 
Ca2+ - concentration is 10–8 mol. dm-3, [K]i is 20 
x 10–3 mol.dm–3, at given external Ca+2 and K+ - 
concentrations [Ca2+]o is 10–8 mol.dm–3 and [K+]o 
is 2 x 10-3 mol.dm-3. 

The overall membrane capacitance of 1 
µF/cm2 together with an estimated total area of 
ciliary and intraciliary membrane of about 10–3 

cm2, yield a value of membrane capacitance, C, 
of 6.5 x 106 (e/mV). 

For the probability of Ca - channel being 
open ( *

1X )N, it was found that the steepness of 
the current-voltage relationship requires a value 
of N = 10. The effective valency of the gating 
charge is εo = 2. 

The number of cilia is n = 104, with a 
respective volume of ∆i = 3 x 10–13 cm3 (area of 
cilia Ai = 3 x10-10 cm2, length = 10 µm) and an 
effective volume of the Paramecium body ∆c = 
10–5 cm3. The choice of effective K+ and Ca2+ 
channel conductivity is as follow: 

( )s.mV/1105.2 8×=Kg , 

( ) 10s.mV/11075.3 5 ==⋅×= NCgCa o . 

With respect to the extended reaction system 
(Eq. 15), f  was chosen to be equal to 5 x 10–4 s-1. 
The relaxation from a high adapted state (high 
X5) to a normal excitability is: 

~
5

~
5 XfX

dt
d

⋅−≅  .         (17)  
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The relaxation time tr = 1 / f, so that tr lies in 
the range of 30 min. d was estimated to be 0.1   
s–1. 

In Hook and Hildebrand’s model, the 
simulated membrane responses to depolarizing 
and hyperpolarizing current pulses were in good 
agreement with the measured response [16-18]. 

So, the advantage of Hook and Hildebrand’s 
model is that it has the ability to fit any cell 
response expression, because there are enough 
arbitrary constants from which values can be 
chosen to make the model to provide a 
satisfactory fit. 

A Two–Segment Ionic Model 
When a membrane covered cell, which is 

freely swimming, is exposed to an external 
electric field, that part of the cell facing the 
cathode becomes depolarized (resulting in ciliary 
reversal), while the part facing the anode 
becomes hyperpolarized (making the cilia 
increase their beating in the normal direction; 
i.e., toward the cell’s rear side). A middle area 
between these two regions is unaffected and the 
cilia are partially inactivated [3]. 

In order to solve the Hook and Hildebrand’s 
equations in these circumstances, it is necessary 
to divide the organism into several segments, the 
membrane potential perturbation within each 
segment being constant. Faced with the problem 
of inordinately long computation times, 
however, it was decided to utilize a two–segment 
model, the membrane perturbation in each 
segment being constant over its surface, and 
being equal and opposite in the two segments. 
Thus, no degree of inaccuracy is being tolerated 
in the interest of obtaining realistic execution 
times on the computer.  

Both segments are assumed to obey the Hook 
and Hildebrand’s equations, the linking 
conditions being (a) the algebraic sum of the 
membrane currents entering and leaving each 
segment is zero (Kirchhoff’s first law), and (b) 
the electrical potentials inside each segment are 
always equal.  

The total currents through each membrane 
segment, if leakage currents are ignored, are 
given by: 

I1 = ICa1 + IK1 + C1 . dV/dt ,        (18)  

I2 = ICa2 + IK2 + C2 . dV/dt  ,        (19) 

where ICa and IK are outward calcium and 
potassium currents (in amperes) through each 
membrane segment, and C1 and C2 are the 
membrane capacitances (in Farad). 

The two linking conditions then yield: 

( )
C

IIII
dt
dV

KKCaCa
1

2121 ⋅+++= ,       (20) 

where C = C1 + C2 is the total membrane 
capacitance. 

In these calculations, the electric potentials in 
various regions are given relative to a point just 
outside the cell, in the external medium and 
lying in the mid-plane of the cell. 

During a pulse, the potentials outside the two 
segments are taken to be Vp and –Vp, 
respectively, while before and after the pulse 
these potentials are taken to be zero. Eq. 20 
permits the change in internal potential dV to be 
calculated during time dt once the various ionic 
currents are given.  

The membrane potential Vm during the pulse 
is given by: 

Vm = Vin - Vp ,          (21) 

where Vin is the potential inside the cell. In a 
resting cell, Vin = -30 mV. 

It is clear from the experimental results that 
the membranes at the front and rear sides of the 
organism are different. A two-segment 
asymmetric model is therefore required to 
interpret the experimental results. Such an 
asymmetry may be reduced in two different 
ways. First, the ionic channels (Ca2+ and K+) 
may be non-uniformly distributed over the cell. 
Second, the characteristics of the ionic channels 
(e.g. ionic conductance, gCa and gK or ionic pump 
rates) may be different in the two halves of the 
cell. 

It is found that the mutant of Paramecium is 
defective in the stimulus response pathway [20]. 
The “pawn” mutant; i.e., the cell which cannot 
swim backward, does not deflect the passive 
electrical properties (resting potential and input 
impedance) of the membrane and it also shows 
no change in delayed rectifying active electrical 
properties. The important result is that the 
“Pawns” are defective in their inward current 
mechanism; i.e., affect Ca2+ - channels’ 
mechanism, since they show a different degree 
of ciliary reversal [20-22].This means that the 
membrane is not depolarized enough to induce a 
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reversal. Such evidence of an existence of a 
difference in the ionic channels’ mechanisms in 
any part of the wild type is not available. So, it is 
suggested that the only relevant reason so far to 
cause asymmetry in the two-segment model is to 
assume that the ionic channels are non-uniformly 
distributed over the cell’s membrane. 

One of the observations made in the present 
study is that ciliates never reverse when 
swimming towards the cathode, but usually do 

when swimming initially towards the anode. The 
present two-segment model was used to find out 
whether or not a non-uniform distribution of ion 
channels could account for this phenomenon. 
Cells were deemed to reverse if the intraciliary 
calcium concentration exceeded 5 x 10–7 mol. 
dm–3. The table below (Table 1) shows the effect 
on reversal time of redistributing the Ca2+ and K+ 
channels between the two segments such that the 
total number of channels remains constant. 

TABLE 1. The distribution ratio of Ca2+ and K+ channels and ciliary reversal time 
Y1 Ratio of Ca 2 channels Y2 Ratio of K + channels T SR ciliary reversal time (ms) 

0.735 0.265 10 
0.745 0.255 120 
0.746 0.254 135 
0.747 0.253 220 
0.748 0.252 450 
0.750 0.250 H > 20 s 
0.850 0.150 H > 20 s 

 
Y1 and Y2 are the distribution ratios of the 

Ca2+ and K+ channels, respectively, over the 
posterior segment and vice versa for the anterior 
segment. The total number of Ca2+ and K+ 
channels for the cell is assumed to be 104. TSR is 
the ciliary reversal time in ms. H signifies a 
ciliary reversal time of more than 20s. The pulse 
duration is 0.6 ms and its voltage is 100 mV with 
the anterior segment towards the anode. No 
reversal occurs when the polarity of the pulse is 
reversed. −

5X  is 0.1449. 

The reversal time is clearly very dependent 
on the precise channel distribution. For the 
purposes of this study, it was found that the 
value of −

5X  affects the period of ciliary 
reversal, if −

5X  increases or decreases, the 
ciliary reversal time decreases or increases, 
respectively. The optimum ionic channels’ 
distribution was found to be 74.8% and 25.2% 
for K+ and Ca2+ channels, respectively over the 
cell’s anterior and vice versa for posterior. The 
reasons for this choice are: First, it is found that 
the longest relevant period of ciliary reversal is 
450 ms, at −

5X  = 0.1449, 74.8% and 25.2% of 
ionic channels’ distribution. This ciliary reversal 
time is followed by a predictable return to a 
normal ciliary beating. Second, the symbol H in 
the above table means that the reversal time 
produced by the model of 75% and 25% or that 
of 85% and 15% of ionic channels is more than 
20 s. At this situation, the model predicts no 

return to normal beating, and the reason for this 
is unknown. So, for that reason, this ciliary 
reversal time, H, is considered as an irrelevant 
time and is excluded as a criterion for choosing 
the ratio of ionic channel distribution. Third, 
there were no significant differences in the 
values of these ratios; i.e., 74.8% and 25.2%, as 

−
5X  changed; for example, if −

5X  = 0.1842, the 
ratios of ionic channels’ distribution, Y1 and Y2, 
are 71.6% and 28.4%, which also produced a 
ciliary reversal time of about 400 ms as the 
longest relevant time. This model exhibits 
reversal when the posterior segment is 
depolarized, but not when the anterior segment is 
depolarized. Thus, a non-uniform ion channel 
distribution can account for the asymmetry of the 
electric pulse response if the correct channel 
distribution is chosen. With this choice of 
channel distribution, the two- segment model can 
now be characterized by the following equations. 
The calcium and potassium currents through the 
posterior segment are given by: 

ICa1 = 0.748 ICa  ,         (22) 

IK1 = 0.252 IK  ,         (23) 

where ICa and IK are the total calcium and 
potassium currents, respectively, through the 
whole cell (Eq.18 and Eq. 19). Similarly, the 
currents through the anterior segment are given 
by: 

ICa2 = 0.252 ICa ,              (24) 

IK2 = 0.748 IK .          (25) 
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The diffusion of cytoplasmic calcium within 
the two segments is given by: 

[ ] [ ] [ ] [ ]( )ciic CaCaCaCa
dt
d ++++ −+⋅′= 2

2
2

1
22 2υ ,        

           (26) 
where [Ca2+]i1 and [Ca2+]i2 are the intraciliary 
Ca2+ in cilia over posterior and anterior 
segments, respectively. 

It is assumed that Ca2+ ions can diffuse freely 
from one segment to the other, so the 
intracellular calcium concentration is always 
equal in the two segments.  

The one other parameter which needs 
adjustment in the two-segment model is the 
degree of long-term adaptation of the individual 
cell represented by the parameter −

5X .  

Hook and Hildebrand’s (1980) estimates for 
the rate constants were d = 0.1 s–1 and f  = 5 x 
10–4 s-1, corresponding to −

5X  = 0.2315. This 
value of −

5X  produces no reversal at all in the 
two-segment model, and presumably 
corresponds to cells in a state of high adaptation 
as voltage clamped specimens would be. By 
adapting the new values of f = 7.6 x 10–4 s–1 with 
d unchanged, the value of −

5X  becomes about 
0.145 and corresponds more closely to cells 
which have not reversed for some time.  

The computer program for the two-segment 
model is designed to solve, as a function of time, 
the change in Paramecium membrane 
parameters (e.g.; Vm, [Ca2+]I, ICa, IK, … etc.), 
when the cell is exposed to an external electric 
field. The program consists of a subroutine loop, 
inside which are all the membrane parameters, 
which, apart from the membrane potential and 
cytoplasmic calcium concentration, are solved 
with respect to whether the segment is an 
anterior or a posterior segment.  

Discussion 
Hook and Hildebrand’s model has been 

adapted to deal with asymmetrical excitation, 
due to external electric pulses, for the freely 
swimming paramecia, according to their 
swimming direction before the pulse. This 
adaption has been achieved by dividing the cell 
into two segments and by assuming that the ionic 
channels are non-uniformly distributed over the 
cell.  

 

The two-segment model is based on the 
assumption that all the cells are identical, but this 
seems likely to be not true, because the 
experimental results show an opposite finding to 
this assumption. It is found for a given electric 
pulse, that some cells swimming in the direction 
of the cathode do reverse, while others do not. 
This asymmetrical response may be caused by 
one or more of the following suggestions: (1) 
Larger cells may have more ionic elements 
(especially Ca2+ - levels) than smaller cells, so 
the effect of a pulse will depend upon the cell 
size; thus the probability of reversing may 
depend upon cell size; (2) Cells of an identical 
size, but having differences in the lengths of 
cilia, may also have different numbers of ionic 
channels, lending to asymmetric responses; (3) 
The other possibility which may lead to an 
asymmetrical response is that the ionic 
conductance values are different among the cell 
population, so those cells which have a high 
ionic conductance, especially calcium 
conductance, before the pulse may reverse due to 
a given pulse are more readily than those which 
have low calcium conductance; (4) It is found 
that the steady–state value of −

5X  (the slow 
reaction) has affected the ciliary reversal time 
when the two-segment model is simulated. As 

−
5X  is low, the cell reverses for longer than one 

which has high −
5X , and as −

5X  is higher, there 
is no reversal produced by the model. Since there 
is no evidence to support the suggestions in 
points 1, 2 and 3, I considered that the difference 
in the steady–state values of −

5X  among cell 
population is a reasonable cause to make the 
two–segment model explain the percentage of 
cell reversing. Not enough is known about the 
percentage reversal, but my analysis is a first 
attempt to address the problem.  

Many researchers proposed dynamic and 
physical models for Paramecium cells, to 
analyze their swimming behavior, geotaxis, 
thigmotaxis and gravikinesis, and their responses 
to different stimuli to utilize microorganisms as 
micro-robots in many applications [5, 6, 23, 24, 
25, 26, 27, 28].  

In a future work, I will try to make a 
comparison of experimental results and 
computer predictions of the two-segment model.  
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Summary 
In this paper, I proposed a two-segment 

physical model of Paramecium based on Hook 
and Hildebrand’s model (1979, 1980). This two-

segment model is the first attempt to investigate 
the behavior of free-swimming Paramecium due 
to electrical stimulation.  
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Abstract: In this paper, the interacting boson model (IBM-1) is discussed and employed 
for calculating the energy levels and the electromagnetic transition probabilities B(E2) of 
the even – even "174-180Hf isotopes". These isotopes have been investigated based on two 
different arrangements; i.e., the dynamical symmetry of "176-180Hf isotopes", SU(3) 
(deformed nuclei) and the dynamical symmetry of "174Hf isotope" in transition region 
SU(3)-O(6). The determined values using the IBM-1 Hamiltonian showed significant 
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Introduction 

The nucleus consists of many nucleons 
(protons and neutrons). Each nucleon is 
interacting with all others and moving within a 
complex structure. This structure could be 
described by the analytical solution of their wave 
function. As a consequence, the excitation 
energies of collective quadrupole excitations in 
nuclei near a closed shell are strongly dependent 
on the number of nucleons outside the closed 
shell. The interacting boson model of Arima and 
Iachello [1-6] has become widely accepted as a 
tractable theoretical scheme of correlating, 
describing and predicting low-energy collective 
properties of complex nuclei. In this model, it 
was assumed that low-lying collective states of 
even-even nuclei could be described as states of 
a given (fixed) number N of bosons. Each boson 
could occupy two levels; one with angular 
momentum L = 0 (s-boson) and the other, 
usually with higher energy, with L = 2 (d-
boson). In the original form of the model known 
as the Interacting Boson Model (IBM-1), proton- 
and neutron-boson degrees of freedom are not 
distinguished. The model has an inherent group 

structure, which is associated with it in terms of 
s- and d- boson operators. 

The even-mass Hafnium "174-180Hf isotopes" 
have been extensively investigated 
experimentally using a wide variety of reactions. 
From these studies, the excited states in the    
"174-180Hf isotopes" have been investigated from 
(γ,γ'), (d,p), (α,2nγ), (α,4nγ), (n,γ), (n,n'γ) and 
coulomb excitation reactions which gave 
information about the experimental energy levels 
and the electromagnetic transition probabilities 
B(E2) in these isotopes [7-16].  

The aim of the present work is to investigate 
the dynamical symmetry of "176-180Hf isotopes" 
and study the energy levels and the 
electromagnetic transition probabilities B(E2) of 
these isotopes (proton number 72) within the 
framework of the (IBM-1) model. 

Theoretical Basics of Interacting 
Boson Model (IBM-1)  

The IBM-1 Hamiltonian can be expressed as 
[5, 17]:  
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⎪

+ + ⎪
⎭

∑

                                                                      (1) 

This Hamiltonian contains 2 terms of one-
body interactions, ( sε and dε ), and 7 terms of 
two-body interactions [ Lc (L = 0,2,4), Lv (L = 
0,2), Lu (L = 0,2)], where sε and dε are the 
single-boson energies, and Lc , Lv  and Lu  
describe the two-boson interactions. However, it 
turns out that for a fixed boson number N, only 
one of the one-body terms and five of the two-
body terms are independent, as it can be seen by 
noting ds nnN += .  

The IBM-1 Hamiltonian equation (1) can be 
written in general form as [3,18,19,,20,21]: 

1

42 3 3 3 4 4

( ) . .

ˆ. . .

dsH n n a P P a L L

a Q Q a T T a T T

οε
∧ ∧ ∧ ∧ ∧ ∧ ∧
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⎫
= + + + ⎪

⎬
⎪+ + + ⎭

      (2) 

where  is the bosons energy, and the operators 
are: 

(1)

(2) (2)

(3)

3

(4)

4

ˆˆ ˆˆ ˆ ˆ. , .
1 1ˆ ˆˆ ˆ ˆ( . ) ( . )
2 2

ˆˆˆ 10

ˆ ˆˆ ˆ ˆˆ ˆ5 ( ) ( )

ˆˆˆ

ˆˆˆ

s dn s s n d d

P d d s s

L d d

Q d s s d d d

T d d

T d d

χ

+ +

+

+ + +

+

+

⎫= = ⎪
⎪

= − ⎪
⎪
⎪⎡ ⎤= × ⎪⎢ ⎥⎣ ⎦ ⎪
⎬⎡ ⎤ ⎡ ⎤= × + × + × ⎪⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎪
⎪⎡ ⎤= × ⎪⎢ ⎥⎣ ⎦ ⎪
⎪⎡ ⎤= × ⎪⎢ ⎥⎣ ⎦ ⎭

%%

% %

%

% %%

%
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              (3) 

The phenomenological parameters a0, a1, 
(a2, ), a3, a4, represent the strengths of the 
pairing, angular momentum, quadrupole, 

octoupole and hexadecoupole interaction 
between bosons, respectively. 

The Hamiltonian equations (1, 2) can be 
rewritten in terms of the Casimir operators of 
U(6) group. In that case, one says that the 
Hamiltonian H has three dynamical symmetries. 
These symmetries are called SU(5) vibrational, 
SU(3) rotational and O(6) γ-unstable. The three 
dynamical symmetries of IBM-1 are: 

Group Chin I: The Vibrational Symmetry 
SU(5) 

This dynamical symmetry group describes the 
vibrational nuclei which have a spherical shape. 
The Hamiltonian of this symmetry can be written 
as [18, 20]: 

( )

1 3 3 3 4 4 4

ˆ ( )
ˆ ˆ ˆ ˆ ˆ ˆ. . .

I
dsH n n

a L L a T T a T T

ε
∧ ∧ ⎫⎪= +

⎬
⎪+ + + ⎭

          (4) 

( )dsn nε
∧ ∧

+  is the energy of s and d boson, 
a1 is the angular momentum, a3 is the octoupole 
and a4 the hexadecoupole parameters.  

Group Chin II: The Rotational Symmetry 
SU(3) 

This symmetry is used to describe the 
rotational spectra of nuclei that possess axial 
symmetrical rotor. The Hamiltonian of this 
symmetry used the angular momentum and the 
quadrupole parameters (a1, a2). This Hamiltonian 
is given by [18, 20]:  

( )
1 2

ˆ ˆˆ ˆ ˆ. .IIH a L L a Q Q= +             (5) 

Group Chin III: The Γ – Unstable Symmetry 
O(6)  

This symmetry is used to describe the 
asymmetric (γ -soft) deformed rotor of nuclei. 
The Hamiltonian parameters of this symmetry 
are the strengths of the pairing a0, angular 
momentum a1 and octoupole a3. The 
Hamiltonian equation of this symmetry is 
[18,20]:  

( )
0 1 3 3 3

ˆ ˆ ˆ ˆ ˆ ˆ ˆ. . .IIIH a P P a L L a T T+= + +               (6) 

Table 1 shows the typical conditions of the 
energy ratios for these three dynamical 
symmetries. 
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TABLE 1.The typical conditions of the energy 
ratios for three dynamical symmetries in 
IBM-1 [18, 20]  

symmetry 1

1

4( )
2

E
+

+
  1

1

6( )
2

E
+

+   1

1

8( )
2

E
+

+  

SU(5)  
O(6) 
SU(3)  

2 
2.5 

3.33 

3 
4.5 
7 

4 
7 

12 

The interferences between these three 
dynamical symmetries give three transitional 
regions. These regions are as follows SU(3) - 
SU(5): This transitional region can be treated by 
breaking SU(3) symmetry in the direction of 

SU(5) by adding 3 3 3 4 4 4
ˆ ˆ ˆ ˆ( ), . , .dsn n a T T a T Tε

∧ ∧

+  
terms. The Hamiltonian of this region can be 
written as [18, 20]:  

1

2 3 3 3 4 4 4

ˆ ˆ ˆ( ) .

ˆ ˆ ˆ ˆ ˆ ˆ. . .

dsH n n a L L

a Q Q a T T a T T

ε
∧ ∧ ⎫

= + + ⎪
⎬
⎪+ + + ⎭

          (7) 

SU(3) - O(6): The nuclei in this transitional 
region can be treated by breaking SU(3) 
symmetry in the direction of O(6) by adding 

0 3 3 3
ˆ ˆ ˆ ˆ. , .a P P a T T+  terms. The Hamiltonian of 

this region can be written as [18, 20]:  

0 1 2 3 3 3
ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ. . . .H a P P a L L a Q Q a T T+= + + +   (8) 

O(6) - SU(5): The nuclei in this transitional 
region can be treated by a Hamiltonian 

containing ( )dsn nε
∧ ∧

+ and 0
ˆ ˆ.a P P+

 terms as 
[18, 20]:  

0

1 3 3 3 4 4 4

ˆ ˆ ˆ( ) .
ˆ ˆ ˆ ˆ ˆ ˆ. . .

dsH n n a P P

a L L a T T a T T

ε
∧ ∧

+ ⎫⎪= + +
⎬
⎪+ + + ⎭

          (9) 

The Electromagnetic Transitions’ Operator 

The general form of the electromagnetic 
transitions’ operator in IBM-1is [18, 20, 21]:  

(0)( )
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⎪⎡ ⎤+ × ⎪⎢ ⎥⎣ ⎦ ⎭

%

%%

%

         (10) 

where γ0, α2 and βL (L = 0, 1, 2, 3, 4) are 
parameters specifying the various terms in the 
corresponding operators. Equation (10) yields 
transition operators for E0, M1, E2, M3 and E4 
transitions with appropriate values of the 
corresponding parameters. The electric 
quadrupole operator E2 has a widespread 
application in the analysis of γ-ray transitions 
and it is deduced from equation (10) as [18, 20, 
21]:  

(2)
( 2)

2

(2)

2

ˆˆˆ ˆˆ

ˆˆ

ET d S S d

d d

α

β

+ +

+

⎫⎡ ⎤= × + × ⎪⎢ ⎥⎣ ⎦ ⎪
⎬
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%
        (11)  

It is clear that, for the E2 polarity, two 
parameters, α2 and β2, are needed in addition to 
the wave functions of initial and final states.  

The electric transition probabilities’ B(E2) 
values are defined in terms of reduced matrix 
elements by Iachello and Arima (1987) as [20, 
21]: 

2
( 2) 2

( 2; )
1 ˆ ( )

2 1

i f

E
f i

i

B E L L

L T L eb
L

→ = ⎫
⎪
⎬
⎪+ ⎭

        (12)  

Results and Discussion  
The obtained results can be discussed 

separately for both energy levels and the electric 
transition probabilities B(E2) as follows: 

Energy Levels 

The IBM-1 model has been used in the 
calculation of the energy levels of the "174-180Hf 
isotopes", using the experimental energy ratios:  

1

1

4( )
2

E
+

+

 
= 3.3, 3.29, 3.3, 3.3,  

1

1

6( )
2

E
+

+

 
= 6.76, 6.77, 7, 6.88 and  

1

1

8( )
2

E
+

+

 
= 11.21, 11.33, 11.67, 11.645, 

respectively. It has been found that the "176-180Hf 
isotopes" are rotational (deformed nuclei) and 
that they have a dynamical symmetry SU(3) and 
the "174Hf isotope" is found in the transitional 
region SU(3)-O(6) respecting to IBM-1. 
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According to the Hamiltonian of the IBM-1 
model, the energy levels of the "174Hf isotope" 
(total number of bosons 15 in the transitional 
region SU(3) - O(6), Eq. 8) and the "174-180Hf 
isotopes" (total number of bosons 16, 15 and 14, 
respectively, in dynamical symmetry SU(3), Eq. 
5) have been calculated using the angular 
momentum, quadrupole and octoupole 
parameters [a1, (a2, χ) and a3]. The best fit values 
of these parameters are given in Table 2, which 
shows the values of the relevant parameters. 
These values are obtained by fitting to get results 
of the energy levels that match with the 
experimentally reported data [22-25], whereas, 
the first two terms and the last term in Eq. 2 have 
now been included because they are irrelevant to 
the case of fully and weakly deformed nuclei 
(rotational nuclei). 

TABLE 2. The best fit values of the Hamiltonian 
parameters for "174-180Hf isotopes" 

Isotopes a1 a2 a3 χ MeV MeV MeV 
174Hf 0.0450 -0.0105 0.0640 -0.06 
176Hf 0.0097 -0.1130 0.000 -0.6 
178Hf 0.0960 -0.0146 0.000 -0.11 
180Hf 0.0100 -0.0140 0.000 -0.26 

The obtained results by this process are given 
in Table 3; this table shows the ground state, β 
and γ bands of the experimental and the IBM-1 
calculations energy levels of "174-180Hf isotopes". 
It shown that there is a good agreement between 
experimental energy values and the IBM-1 
calculations. 

TABLE 3. The experimental and calculated energy levels of 174-180Hf isotopes  
  174Hf Isotope
γ- band β band g-band 
E (Mev)E (Mev)E (Mev) 

IBM-1 Exp LπIBM-1ExpLπIBM-1 Exp Lπ 
1.220 1.226 2+ 0.808 0.828 +00 0 +0 

1.343 1.336 3+ 0.903 0.900 +2 0.090 0.090 +2 
1.478 1.448 4+ 1.110 1.062 +4 0.294 0.297 +4 
1.667 1.658 5+ 1.419 1.307 +6 0.602 0.608 +6 

      1.004 1.009 +8 
      1.492 1.485 +10 

 

  176Hf Isotope 
γ band β band g-band 

E (Mev) E (Mev)E (Mev) 
IBM-1 Exp LπIBM-1ExpLπ IBM-1 ExpLπ

 

1.331 1.341 2+ 1.152 1.149 +00 0 +0 

1.415 1.445 3+ 1.237 1.226 +2 0.085 0.088 +2 
1.528 1.54 4+ 1.435 1.39 +4 0.283 0.29 +4 
1.67 1.727 5+ 1.747 1.628 +6 0.595 0.596 +6 

      1.02 0.997 +8 
      1.558 1.481 +10 

 

  178Hf Isotope 
β band γ band g-band 

E (Mev) E (Mev)E (Mev) 
IBM-1 Exp LπIBM-1ExpLπ IBM-1 Exp Lπ

 

1.18 1.19 +01.18 1.17 2+ 0 0 +0 

1.27 1.27 +2 1.27 1.26 3+ 0.09 0.09 +2 
1.48 1.45 +4 1.39 1.38 4+ 0.30 0.30 +4 
1.82 1.73 +6 1.54 1.53 5+ 0.63 0.63 +6 

      1.08 1.05 +8 
      1.65 1.57 +10 
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 180Hf Isotope 

γ -bandβ band g-band 
E (Mev)E (Mev)E (Mev) 

IBM-1 Exp LπIBM-1ExpLπ IBM-1 ExpLπ 

1.193 1.199 2+1.102 1.102 +00 0 +0 
1.260 1.291 3+ 1.169 1.183 +2 0.090 0.093 +2 
1.405 1.409 4+ 1.381 1.369 +4 0.302 0.308 +4 
1.533 1.557 5+ 1.715 1.703 +6 0.632 0.640 +6 

    1.089 1.083 +8 
 1.664 1.630+10 

 
 

 
FIG.1. Variation of energy levels with the angular momentum for "174-180Hf isotopes". 
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The root mean square deviation [26] 
1
2

21 ( )cal ExpRMSD E E
N
⎡ ⎤

= −⎢ ⎥⎣ ⎦
∑  is used to 

compare experimental and calculated energy 
levels (N is the number of levels), Table 4. In the 
ground state bands the best agreement was found 
in 174Hf where the smallest value of RMSD is 
equal to 0.0045 and equal to 0.01 for γ-bands in 
178Hf. However, RMSD = 0.011 for β-bands in 
180Hf. 

TABLE 4. The root mean square deviation 
RMSD between experimental and calculated 
energy levels 

Isotopes RMSD 
g- band β- band γ-band 

174Hf 0.0045 0.062 0.016 
176Hf 0.033 0.064 0.033 
178Hf 0.035 0.048 0.010 
180Hf 0.015 0.011 0.020 

A very good agreement has been obtained 
between the experimentally reported and the 
calculated energy level variations with the 
angular momentum as depicted in Fig.1. This 
figure shows that the experimental and the 
theoritical energy levels of the ground state, β 
and γ bands in "174-180Hf isotopes" increase with 
increasing angular momentum. The very good 
agreement was also found between the 
experimental and the theoritical energy levels of 
the ground state bands in all studied isotopes, 
and good agreement was achieved in energy 
levels of β and γ bands. In general, the 
experimental and the IBM-1 calculated energy 
levels in "174-180Hf isotopes" increase with 
angular momentum as I(I+1) because these 
isotopes are of rotational nuclei (deformed 
nuclei). Comparison between the ground state, β 
and γ bands of the experimentally determined 
energy levels and the IBM-1 calculations is 
shown in Fig. 2. 

 

 
FIG. 2. The ground state, β and γ bands of the experimental and calculated energy levels of "174-180Hf 

isotopes". 
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Electric Transition Probabilities B(E2)  

Once the wave functions have been fixed by 
fitting the energy levels, one could determine the 
electric transition probabilities B(E2) between 
these levels. The calculated B(E2) values for 
transitions in "174-180Hf isotopes" were obtained 
by employing Eq. 12. The used T(E2) parameters 
of "174-180Hf isotopes" are given in Table 5. 

TABLE 5. The used T(E2) parameters α2 and β2 
for "174-180Hf isotopes"  

Isotopes α2 (eb) β2 (eb) 
174Hf 0.043 -0.3000 
176Hf 0.128 -0.0560 
178Hf 0.129 -0.0381 
180Hf 0.140 -0.0352 

A comparison between the experimentally 
determined values of B(E2) [22-25] and those 
calculated by the IBM-1 model is given in Table 
6, which shows that the B(E2) transitions 
between β-band and g-band and between γ-band 
and g-band are smaller than the B(E2) transitions 
between  g-band and g-band, and this table 
shows also that, in general, there is a good 
agreement between the experimentally reported 
and calculated B(E2) values in ground state 
bands in "174-180Hf isotopes" except the transition 

6g
+ to 4g

+  in "178-180Hf isotopes", where the 
experimental and calculated B(E2) values of this 
transition are weak in agreement. The 
experimental and calculated B(E2) transitions 
between β-band and g-band and between γ-band 
and g-band in general are weakly in agreement 
except the transitions 2β

+

 to 0g
+

 in 176Hf isotope 

and 2γ
+

 to 0g
+

 in 178Hf isotope which gave a very 
good agreement. The weak agreement between 
the experimental and calculated values in some 
B(E2) in those isotopes can be explained by the 
fact that many small components of the initial 
and final wave functions contribute coherently to 
the value of this reduced E2 transition 
probability, since these small components are not 
stable enough against small changes in the model 
parameters [17]. There is no available 
experimental transition data to many transitions 
in Table 6; therefore, it has been predicted by 
using IBM-1. 

Table 6 shows that in general there is a good 
agreement between the experimentally reported 
B(E2) values and the theoretically calculated 
ones. 

 

TABLE 6. Experimental and calculated B(E2) values of g-band to g-band, β-band to g-band and         
γ-band to g-band transitions in "174-180Hf isotopes" 

Ii If 

174Hf 
B(E2)(e2b2) 

176Hf 
B(E2)(e2b2) 

178Hf 
B(E2)(e2b2) 

180Hf 
B(E2)(e2b2) 

 Exp     IBM-1  Exp     IBM-1  Exp     IBM-1  Exp  IBM-1 

2g
+  0g

+  0.877     0.870 1.07     1.06 0.95     0.95 0.936  0,939 

4g
+  2g

+
 -   1.218 -     1.50 -     1.34 1.38  1.33 

6g
+  4g

+

 -  1.290 -     1.63 1.30     1.45 1.32  1.43 

8g
+  6g

+  -  1.750 -     1.66 1.41     1.48 1.50  1.45 

10g
+  8g

+  -  1.215 -     1.65 1.51        1.48 1.44  1.43 

2β
+  0g

+  0.012    0.0013 0.00057    0.00057 0.0043        0.002 -  0.0073 

2β
+  2g

+  -   0.018 -     0.0091 -      0.0031 -  0.04 

2γ
+  0g

+  0.027   0.104 0.023     0.012 0.023     0.023 0.023  0.0033 

2γ
+  2g

+

 0.042   0.113 -     0.019 0.026     0.037 0.031  0.006 
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Conclusions 
Theoretical calculations using IBM-1 model 

were performed for "174-180Hf isotopes" with 
proton number of 72. The "174Hf isotope" has a 
total number of 15 bosons and is considered as 
weakly rotational (weakly deformed). This 
nucleus is located within the transitional region 
SU(3) - O(6) with respect to the IBM-1 model. 
The "176-180Hf isotopes" have bosons’ total 
numbers of 16, 15 and 14, and are considered 
fully rotational (fully deformed) nuclei, and the 
dynamical symmetry of these isotopes is SU(3). 
The low-lying positive parity states (energy 
levels) and the theoretically obtained values of 

electric transition probabilities B(E2) for these 
isotopes using IBM-1 model are compared with 
the experimentally reported values. A very good 
agreement was obvious. Therefore, it is possible 
to describe the energy levels of "176-180Hf 
isotopes" by using the IBM-1 model. Moreover, 
it is worth mentioning that more experimental 
investigation on "176-180Hf isotopes" B(E2) values 
is required in order to identify the strength of E2 
transitions within the ground state band, from β-
band to ground band and from γ-band to ground 
band. 
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