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Abstract: Caputo fractional derivatives for classical fielgstems are investigated using
the fractional Hamiltonian formalism. Two contingowexamples are worked out to
demonstrate the application of the formalism. Témuliing equations of motion are found
to be in exact agreement with those obtained hygusie ordinary Hamiltonian formalism.
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1. Introduction

The fractional derivatives are of significant They presented generalized Euler-Lagrange
importance in various disciplines such as€guations and the transversality conditions for
science, engineering, and applied mathematicBactional variational problems that were defined
[1-5]. A new approach in mechanics that allowsin terms of both the Riemann-Louville and
one to obtain the equations for non-conservativé-aputo fractional derivatives.

systems using fractional derivatives is presented Recent investigations have shown that the
elsewhere[6, 7]. Lagrangian and Hamiltonian formulation can be
This approach is used by others to construcéPplied to fractional fields [15-19]. The
the Lagrangian and Hamiltonian for non- Hamilton’s equations of motion are obtained in a
conservative systems [8, 9]. They obtainegsimilar manner to the.usual mechanics; the
potentials through Laplace transform operatorgesults are found to be in exact agreement with
for fractional derivatives and demonstrated thathe formalism available in references [11-13].
the Hamiltonian equations of motion are in However, the fractional Hamiltonian systems
agreement with Euler-Lagrange equation for the¥ith  linearly dependent constraints  within
non-conservative systems. fractional Riemann-Liouville derivatives have

been investigated in addition to a review of some

Based on the Caputo fractional derivative, aye trends in the fractional variational principles
fractional ~derivative operator for arbitrary greay14).

fraction of ordera is defined. The Schrodinger . ]
wave equation by quantization of the classical N this paper we develop the fractional
nonrelativistic Hamiltonian is derived generating Hamiltonian equations of motion for discrete and
free particle solutions which are confined to aclassical fields in terms of Caputo fractional
certain region of space. Therefore, confinemenflérivatives. The present paper is organized as

is a natural consequence of the use of théollows: In section 2 the Caputo fractional
fractional wave equation[10]. Lagrangian mechanics is discussed briefly.

Section 3 is devoted to the Caputo fractional

An investigation using a different approach of Hamiltonian of continuous systems. The
the traditional calculus of variations for systemsconclusion is presented in section 4.

containing Riemann-Louville fractional
derivatives was carried out in references [11-14].

Corresponding Author: Khaled I. NawaflehEmail: knawafleh@mutah.edu.jo



Article Nawafleh and Hijjawi

2. Caputo Fractional Lagrangian a—L+°D” oL cmp  OL

. + +
Mechanics dgp ' " aSDfp ' 0SDfe @
The left Caputo fractional derivative reads as cya_ 0L cop 0L  _
1 *TroiDlp "7 oDip
SDF (x) = ————x : -
r(n-a) It is worth mentioning that fora, -1,
X Y @ Eq.(7) reduces to the usual Euler-Lagrange
j(x -7) (E) f(r)dr equation for classical fields [22].
which is denoted as the LCFD and the right>: Caputo Fractional Hamiltonian of
Caputo fractional derivative reads as Continuous Systems
e 1 The Lagrangian of classical fields which
<Dpf (X)=mx contains fractional partial derivatives is a
) STV ) function of the form
o [S]t@ar]  L=L@DretDiaDin Do, @®
" We introduce the conjugate momenta as

which is denoted as the RCFD. Heme is the
oL oL

order of the derivative such that-1<a<n 7. = © T = . (9)
i is an | “ 9,09 ¥ 0,Df
and is not equal to zero. & is an integer, these abe @ %
derivatives are defined in the usual sense, i.e., Thus, the Hamiltonian reads as
D4 (x) =(dij f(x): H =7, D p+m, Dfp-L . (10)
X
4\ Taking the total differential of both sides, we
°DJf (x)=(—d—) f(x); a=12,... (3) obtain
X
dH =77, dS Dp+dm, S D g+ 11, dS D o+
Consider now the action integral ada ¢ oL a8 Df'¢(;L ;i Do
cnB,,_ Y4, c —
S(9)=[UaS ¥ qS Of g ydt. (@) 7 D05, 5epagpta P
The corresponding Euler-Lagrange equations oL d °Dfg- oL dDig- (11)
i CnA t~b Cha a ~x
are obtained as 0;Dfp 0,Djg
oL oL
Lrepg-Lovpp-Loc0. @ seprt g
aq <D/q 0Dfq xDp @
ca_d Substituting the values of the conjugate
@ d
‘DS = T and Eq.(5) reduces to the standardgH = dm, €D g+ dzz, c Df(”‘g—; dp
Euler-Lagrange equation.
| - _goprg-— 2 _qcprl12)
The Euler-Lagrange equation has been aSD% * X7 aDfp |
extended to classical field systems [20, 21]. The az * *
action of the classical field containing fractional - = dt
partial derivatives takes the form ot
S = jL(ca,iD:’ca,fcha,inca,SDﬁca,t)d“X(6) Using the Euler-Lagrange equation (7), we

obtain

The extremization of this action leads to the
fractional Euler-Lagrange equation of the form
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- CRHa CRA
dH =dr, CD¢g+ dr, £ Df s R
oDfm; + Dy m; + ¢ N 2?1 (19)
cpa_ 0L L cpp 0L dg +SD£6CD‘?¢
a xangw X baC;Dxﬂ(D a—~ x
aL e aL cp As a first example of continuous systems let
- 9D * " 9= P ch¢d x Do @ us consider the following Lagrangian
a—x x~b
oL L=ihy Dy
at . hz cna,yCnya,,t + (20)
T an‘// an‘// -V (X)I,W/
(13) 2m
But the Hamiltonian is a function of the form The conjugate momenta are calculated as
H=H(gm m, D, _ oL
S N T
xDb ﬂﬂ’an¢ixDb¢vt) a—t
. oL
Thus, the total differential of the Hamiltonian 72, =—7 5 == 0; (21)
takes the form Dy
oH oH oH __ oL o _ oL
dH =—d@+—dm, +—dr, Mg=—=—5-=0, m=—c—7-=0. (22
og ¢ om, ° om, 7’ 7 oiDfy 7 oDy
+ oH 4D+ oH d D’y Thus, the Hamiltonian reads as
Cha a X CH A X —b
PO 0D H o=, Dy +r, SOy + .
CnRa CRHA « .
+mdanﬂa+mdebﬂﬁ 1, S + 1 DLyt - L
+aidt Substituting the Lagrangian, we get
x H =—i—h°D"’z//°D"’7T —i—V Y (24)
(15) 2m a X a X" ta h a "
Comparing Eq. (13) and Eq. (15), we get Using Eqgs.(16) and Eq.(18) we obtain
oH _ oL, n?
ot ot DY =V g+ oD DY, (25)
oH oH
;DS + =°D{p; 16a) and
X b(angna) om, ° g (162) 2
DYy =V g+ Dy Dy, (26)
‘;Df(acaHﬂ )+§H =SDfy; (16b) 2m
<D 7l 7T If a goesto 1, Eq. (25) and Eq. (26) lead to
the Schrodinger equation and its complex
oH oL he Schrodi i d i [
6°D”¢: _6 CD”¢); conjugate [22].
o o As a second example of continuous systems
oH _ oL | (17) consider the Lagrangian
aSDf¢ aSD€¢, Cna CPHa i
L=2D/o.Dio -
aH 2CD(7 CDa ¥, 2.2 * [ " (27)
a_¢:(a:1Dtﬂ”ﬁ+ct:Dl?”a+ C Ly L@ —ILC @
oL [ (18) The conjugate momenta are given by
(;Df C +§<: f C C a,x. .
9Dy 03Dy 7, =.Dg; 7, =0; (28)

By using Eg. (17), Eq. (18) can be written as
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7, = th"gp; ;T; =0. (29) a -1, Eq. (33) and Eq. (34) lead to the Klein-
Gordon equation and its complex conjugate.
Then the Hamiltonian is obtained as

4. Conclusion
In this paper we have constructed the

H =77, +c* SD @ D3¢ + tpC’@p . (30)

The equations of motion are Hamiltonian formulation of classical fields by
o oH _ using Caputo fractional derivatives. We
m, = ,D{y, . =0; (31)  observed that both fractional Euler-Lagrange
£ equations and fractional Hamiltonian equations
dH give the same results.
—CNa . —-N-
ﬂa_aDt¢7 ~ Y (32) . . .
anﬂ In special cases, when the derivatives are of

e . s mege . integral order & - 1), the approach presented
Dy D¢ =i’y +c* D) SDY¢ .,  (33) here and the resulting equations of motion are
very similar to those obtained for ordinary
calculus. This case is demonstrated by applying
beﬂ 2Df’(0=u§c2(0+ cszf Can(g_ (34) the approach for two continuous fields that lead
to the Schrédinger and Klein-Gordon equations.
Again one may obtain the same result using
the Euler-Lagrange Equation given by Eq.(7). If

and
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