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Abstract: We reformulated the fractional free electromagnetic Lagrangian density using
the radiation (Coulomb) gauge and Lorentz gauge. We also obtained fractional Euler-
Lagrange (E-L) equations resulting from these Lagrangian densities. Then we found
fractional Hamiltonian density in general form and used Dirac algebraic method to
determine the creation and annihilation operators to construct the Canonical Commutation

Relations (CCRs).
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Introduction

The theory of derivatives of non integer
order goes back to Leibniz, Liouville,
Riemann and Letnikov [1-9]. Fractional
calculus generalizes the classical calculus
and has many applications in various fields

of physics. These applications include
classical and quantum mechanics, field
theory and  electromagnetic  theory

formulated mostly in terms of left Riemann-
Liouville fractional derivative [10-15].

The fractional variational principle
represents an important part of fractional
calculus and is deeply related to the
fractional quantization procedure by
obtaining the fractional Euler-Lagrange
equation and the corresponding fractional
Hamiltonian. The quantization of systems
with fractional derivatives is an important
area in the applications of fractional
differential and integral calculus.

Canonical quantization is the procedure
by which a classical theory, formulated by
using the Lagrangian-Hamilton formalism,
can be made into a quantum theory. The
process of quantizing the Hamiltonian starts

with changing the coordinates and the
conjugate momentum into operators, those
satisfying commutation relations which
correspond to the Poisson bracket relation of
classical theory [16].

In the usual approach to the quantization
of the free electromagnetic field, the gauge
of the electromagnetic potentials is first
fixed in either the radiation (Coulomb)
gauge or the Lorentz gauge. If the radiation
gauge is used, then a Fourier expansion of
the transverse vector potential is made.
When the Hamiltonian is expressed in terms
of the vector potential, it reduces to a sum of
uncoupled harmonic oscillator
Hamiltonians. The harmonic oscillators are
then canonically quantized. If the Lorentz
gauge is used for quantization, subsidiary
conditions must be imposed and an
indefinite =~ metric used to  avoid
contradictions. It must then be shown that
the two procedures yield the same results, so
that gauge invariance is ensured [17-19].

The main aim of this paper is to quantize
the electromagnetic Lagrangian density with
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Radiation and Lorentz gauge using left
Riemann-Liouville fractional derivative and
to obtain the fractional canonical
commutation relations and compare them
with the standard CCRs in classical calculus.

The plan of this paper is as follows: in
the following section Riemann-Liouville
fractional derivatives are briefly reviewed.
Then, the fractional electromagnetic
Lagrangian density and the canonical
quantization in radiation gauge are dealt
with. Then, the electromagnetic Lagrangian
density and its canonical quantization in
Lorentz gauge are presented. An appendix is
inserted to show that the electromagnetic
Lagrangian density is invariant under gauge
transformation. Finally some concluding
remarks are given.

Basic Definitions

Several definitions of a fractional
derivative have been proposed. These
definitions  include  Riemann-Liouville,
Caputo, Marchaud and Riesz fractional
derivatives [4-5]. In the following part of the
paper, we briefly present some fundamental
definitions used in this work. The left and
right Riemann-Liouville fractional
derivatives are defined as follows:

The left Riemann-Liouville fractional
derivative

DI ()=

el oo
(1)

The right Riemann-Liouville fractional
derivative

Dyf (t)=

2

where o represents the order of the
derivative such that n-1< a < n and I”
represents the Euler's gamma function. If a
is an integer, these derivatives are defined in
the usual sense; i.e.,
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27 0-(5]

Df (Q:(i)a a=12,..

Riemann-Liouville fractional derivatives
have many properties. One of these
properties is that the R-L derivative of a
constant is not zero, namely:

Y (t—a)”
DA =4-——— (3)
r(l-a)
Another property is that the R-L

derivative of a power t has the following
form:

D = I'(a+1) - @
I(7-a+1)
a>-1,1n1=0

Finally, the fractional product rule is
given below:

@ 4l
aDta (f g)=2(0[J aDta_J f—g (5)

j=0 dt

Fractional Canonical Quantization
in Radiation (Coulomb) Gauge

Canonical quantization procedure
amounts to the imposition of canonical
commutation relations for the field variables
and their canonically conjugate momenta.
To quantize the free EM Lagrangian density
in radiation (Coulomb) gauge, we will start
to reformulate this Lagrangian density in
fractional form using LRLFD procedure.

S(:29)(.029)

L=\ +5(,Dr4)(,Dr4”) ©)

~B*+(,D2g)(, D14’

where
B’= D AY(,Df A=, Df A
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aD:,. @, an,.A"
gradient of scalar potential and vector
potential, respectively.

are the fractional

Using radiation (Coulomb) gauge
D5A"=0,9=0,we get
1, ... Y
£=§(HD, 4’)(,Dr4’)
(7

1 a i a i
_E(”Dx/A )(”Dx”A )

From this definition of Lagrangian
density, we obtain the fractional (E-L)
equation by applying the general formula
given by Agrawal [8] as:

Then
A'(t,x)=
S i (P
o2 Tew o IR

where 82 is the polarization vector which
has the following properties:

kiel =0 (13)

(14)

i i+

E,6, =0,

Here A =1, 2 is the polarization state and
a,, a” are the creation and annihilation

operators.

To start the quantization process of the
free EM Lagrangian density, we have to

D. 6—3
oL ’ ax# Dh ¢p
— =0 8)
ﬁ(pp oL
tu aan‘“ ?,

For field variables A4',4’ we get the
equation:

0= _aDza {_aD:/¢_ aDzaA j}

+,D%{,D44" = DA )
Since ¢p=0, we gt

-, D {- D4’}

+,D {aDj,A" —aDj,,A"} (10)

=0

Equation (9) represents the second non-

homogeneous Maxwell's equation in
fractional form, where
(-.D%¢- D) and

(an,Ai - ana/Ai ) are the fractional
electric and magnetic fields, respectively.

Equation (10) can be represented as wave
equation:
(aD:jaD:f_aDtaaDta)Aj:O (11)

where 4 is the vector potential which takes
the plane wave solution.

introduce the Hamiltonian density in
fractional form using LRLFD as:
H=xn DA +n’ DA’ —L (15)
. . or’ .
But, 7' =0, 7/ =—— = DA’
0,DA’

Then
1

ﬂ:E[(aDgAf)u(aD;,Aﬂ (16)

Using the definitionz’ = D47, we

get:

#=2] () +(D2A") |

(17

We can generalize this formulation in
fractional form in terms of ), y as:

H.,

ny

where 77, 7

(D Ay (7 ]

noninteger numbers.

(18)

Using algebraic method in quantum

mechanics:

H =

n.y

sl &i-

(D, 4" +i()

(D' =i()

r
2

7
2

(19)
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a, &, :%{(GDWA )"+z( )g} (20)

ar & =%[(GD”,A" )2 —i(’ )g} Q1)

We construct the canonical commutation
relations CCRs in fractional form:

|

+i i
Calcha'e ] =
(22)
gelalal’ —g'elala,

Using the definitions in equations (20)
and (21), we obtain:

gelalal’ =
}[ﬂ»y—i_é{(ﬁj )g’(“Dfo[)Z} )
elelala, =

; N4 N (24)
H,, _é[(ﬂj )2 ’(an/Al )2}

Substituting these results in equation
(22), we get:

[ak ghal'e) ] =

N4 N
[ (o 00)
[ak gha'el! } =

(0,4 .

(25)

As a special case, taking 1 =y = 2, the l

CCRs reduce to the original relations like
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Since (72'] )2 is the canonical momentum

n
conjugate to the (A’ )2 coordinate, we can

7
write it as [3, 4] (ﬂ'j )2 _|h_0

n
Sk
Then, the CCRs become like:

+i 4
[aletae) ]=
7
2

. 27)

" o4

Rearranging this equation, we get:

[akgi,a;’gf]F =

This means that

[aA gl,a;’g;’]F =

042
Using Leibniz rule to rewrite the second

term in the square brackets, we obtain as in
[ref. 20]:

v 4

4 2 n
02 2 1%] o ; 0
S F- S 2 (A’)Z _F
202 )5 rq2
624 r)s27 42 o' 4

+i +i
atehar'er ]=

W[t
04 04 04

i



Fractional Canonical Quantization of the Free Electromagnetic Lagrangian Density

[ak g a el } =hVF

Finally, let us write the Hamiltonian
density in terms of creation and annihilation
operators.

Since

=5l ) (o) |

Using these definitions we get

VP4 (t,x)=,DlA" =]

Then

1 +i i i _+i i
H,, = 2[515/1 a,a +&, €a; aA] (30)

Also, we can obtain other CCRs like:
[af 82,7‘[] =¢ela [a, gha’el }

+i +i +i i +i +i +i
[ak g, ,}[} £, &,a, [ak g, ,ang

[aj'g;,a,’; g;] [ak &lale; ] 0

Fractional Canonical Quantization
in Lorentz Gauge

As in the previous section, let us rewrite
the electromagnetic Lagrangian density in
Lorentz gauge , D7 A* =0. Here, we need

u

a term containing the time derivative of ¢ in
order to insure the existence of the

canonically conjugate field 7° . Fermi added
this term to the electromagnetic Lagrangian
density, so the electromagnetic Lagrangian
density can be written in fractional form
using LRLFD as:

| DA, DA’ — DA, D¢
1|+, D¢, D¢~ Dl ¢, DIA
2| +,Df4, DA
~,D*4, D" A’

1 a a a a
—55[01), $,D ¢+ ,D54' DA
(31

d’k

A'(t,x)=
d3k Cl, é‘;e—lkr
o=
1,2 (272') 20, tar gre™"
wl(t,x)=
d3k a,ié‘;e_ik'x

+l +l

T 1;2'[(272')3@{1@(} Car g,e™T

a}i g;e—ik.x
Ak gy L
i=l2 (272’)3‘/2(0,( +(—1)'Bc+u ;ieikx

where £ is a freely chosen parameter.

The Euler- Lagrange equation for this
Lagrangian formulation can be obtained
using equation (8).

For field variable ¢, (E-L) equation takes
the form:

gaDta aDta¢+ aD: (_aD:"¢_ aDtaAj )
=0
(32)
This is similar to the first non-
homogeneous Maxwell's equation in free
field except that there is an additional term

coming from the added term to the EM
Lagrangian density.

Now, for the fields 4', 4, we obtain the
other equation by the same method. Then we
get:

_aDta (_anai ¢ - aDtaA g )
+,D%{, D44, - D" A, }

‘ X (33)
+&,D% DA’

=0

This equation is similar to the second
Maxwell's equation in free field, and the
only difference is the added term coming
from the added term to the Lagrangian
density.
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After the preparations given above, the
stage now is set for fractional quantization
of this Lagrangian density.

Using Feynmann gaugeé =1, the EM
Lagrangian density takes the form:
1
L:—Ean“ A4, aD:‘ﬂAV (34)
Now, wusing the definition of the
Hamiltonian

H=r" DA"-L
we obtain

— 1 ¥y DO!AV DO!AV
o=, 2" +,Di4" DIA"] (9)

This formulation can be generalized in
fractional form as:

=) +( 020 )) a6
A, =§{(0D;Z,Av)n +(7r#)7} (37)

Using the algebraic method in quantum
mechanics, we get:

A, =%{(aD;’,.AV)Z - i(ﬂ'ﬂ)g}x
n

(3%)

+i_+i

Let Sﬂak, &, a, be the creation and

annihilation operators:

. PR .
gal :ﬁ{anj (AV)27+1'(7Z”)§} (39)

i i 1 7 7 z
e = D} (4,)2 —i(7,)> | (40)

52

Jaradat et al.

Now construct the canonical
commutation relations as:
+l +l l +l l +l l +l l
[54% €, a, ] g€, a, ak —&, &,a, a,

Using the same procedure as in the
previous section, we get:

[glak &r'a)” ] = iLD}/ (Av)% ,(7[”)}2/:|

(41)
[gla, ,ez’ak“] i an%. [(AV)Z,(@);}
(42)

v
Slnce(ﬂ ) is the canonical conjugate to

n
the (A J ) we can write:

NN
(') = -
o4

n
2

+i 4|
[lal.e)'a)’ |=

IR

NS 43)
2 -

Rearranging this equation, we get:

+i 4+ _
[ga, €, a, ]F =

(44)

Using Leibniz rule, we obtain this

T equation as in [20]

o4, )
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As a special case 7 =y =2, then
| clale;'a]’ |F =—hVF

Finally, to obtain the Hamiltonian density
in terms of creation and annihilation
operators, we start with the definition of

A,

be expanded into plane waves as:

7, » where the vector potential A" can

A*(t,x) =

3 a; (k)e'e e

+ M
\/ 27T 20) * N +a*(k)e,e™™

The canonically conjugate variable takes
the form:

(46)

7h(t,x )=
Ik s |af(k)gte™
i |
(27) 20, O —a*(k)e, ™
(47)
where @, =k =|k|, 2 = 0, 1, 2, 3

(polarization state), gf’ is a set of 4 linearly

independent vectors which may assume real.

Then we get:
3
H = z_gu a’y, a, (48)
A=0
where g ,, =1, -1,-1,-1
We also found other commutation

relations like:
i i i i +i _+i
[giak ,7—[] =¢&a, [giak ,E, a, ]

+i_+i

+i _+i +i _+i
[5/1 a ,}[] £, a, [54 a, ,g/lak}

+i_+i +i_+i

[N e
[@a“gﬂak]—[sﬂ a,.€; a; }—0

Appendix

Gauge Invariance of Lagrangian
Density

The Lagrangian density for the fractional
electromagnetic field L is given by
equation (6). Variation of £ with respect to

the fractional potential 4 . ylelds the

fractional Maxwell's

equations.

inhomogeneous
The potential A, is not uniquely
determined. A change of the potential of the
type A, =4,+0,A
electromagnetic  field unchanged and

therefore is called a gauge invariant £ — £
[21].

We can rewrite equation (6) using the
definition of the vector potential in 4
dimensions as:

A" =¢4’.08,=,D =D, DI, A

scalar function

leaves the

_1| DA, DAY
L=— g ’ (A-1)
2|-,Di4, DoA™

[.Dra; DEA”

g— (A-2)
2 -.D? A D A

where A" =AY +0"A, A" =A"+0"A

M, V, A space-time dimension
i,j,k space dimension

Dy (4, +0,A)x
4| D5 (4" +0"A)
2|-,Df (4,+0,A), %

| D (4" +0"A)

Then
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(024, DoAY)

D4, D aVA)

.
(2
| +(.D0f aADaV)
(.
~(.0s
(.
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That is the Lagrangian density. It is
invariant under gauge transformation, which
is the current (charge) is conserved.

Conclusion

The fractional quantization of field
theory is not an easy task, especially when
the fractional Hamiltonian is complicated.
Here, we have quantized the free EM
Lagrangian density in both radiation
(Coulomb) gauge and Lorentz gauge. For
the two cases, we obtained the Hamiltonian
in terms of vector potential and also in terms
of creation and annihilation operators, then
we constructed the fractional canonical
commutation relations. We have shown that
the two gauges yield the same results, since
the Hamiltonian reduces into a sum of
uncoupled harmonic oscillator Hamiltonians
for two cases.

L'=— (A-3)
2 Df4, D’ A”)
D° O”A)
D! d,A D“VA”)
(D o,A DO A
which can be simplified into
1|.Di4, DoAY
L'=— (A-4)
2 - D? 1AV aDXVA“
So £'=¢
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