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Abstract: The Hamilton-Jacobi theory is used to obtain the Hamilton function for
nonholonomic constraints in addition to the equations of motion. The technique of
separation of variables and canonical transformation is applied here to solve the Hamilton-
Jacobi partial differential equation for nonholonomic systems. The Hamilton-Jacobi
function is then used to construct the wave function and to quantize these systems using the

WKB approximation.
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Introduction

Nonholonomic systems are [1] mechanical
systems with constraints on their velocity that
are not derivable from position constraints. The
construction of  Hamilton-Jacobi  partial
differential equations (HJPDE:S) for
nonholonomic constrained system is of prime
importance. The Hamilton-Jacobi  theory
provides a bridge between classical and quantum
mechanics; it implies that quantum mechanics
should reduce to classical mechanics in the
limit72 — 0. The principal interest in this theory
is based on the hope that it might provide some
guidance concerning the form of a Schrodinger-
type quantum theory for constrained fields. The
fact that [2-4] solving the Hamilton-Jacobi
equation gives a generating function for the
family of canonical transformation of the
dynamics is the theoretical basis for the powerful
technique of exact integration of Hamilton's
equations that are often employed with the
technique of separation of variables. In addition
[5, 6], calculating the Hamilton-Jacobi function
enables us to construct the wave function of
constrained systems, for which the constraints
become conditions on it in the semiclassical
limit. This limit also is known as the WKB
approximation and it is named after physicists

Wentzel, Kramers and Brillouin who all
developed it in 1962. The WKB method is a
powerful tool to obtain solutions for many
physical problems and it is generally applicable
to problems of wave propagation in which the
frequency of the wave is very high or
equivalently, the wave length of the wave is very
short, so that the motivation of this work is
furnished by the desire to understand the
quantization of nonholonomic constrained
systems within the framework of the WKB
approximation.

Generalized Lagrange and Hamilton
Equation for Nonholonomic System

Nonholonomic system [7] originated in the
Lagrange-d'Alembert principles. Ferrers by
adding constraints in the form of Euler-Lagrange
equations derived nonholonomic system of
equations of motion. We assume that the
Lagrange function for nonholonomic system has
the following form:

L=1(q.9), (1)

and the nonholonmic constraints
independent and linear in the velocities:

are time
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ijfj(qﬂq.i):O (2)

The Hamiltonian equations of motion are
derived below [8]; we start from the correct
equation of state:

d| oL oL 19/
— = |z =* f 3)
dr\oq; ) oq; aq ;

J

This equation is called the constrained Euler-
Lagrange equation.

With
a

pj_&)j

, “4)

the Hamiltonian is defined in the usual way as:

HO(qoq:t) :piq‘i _L(q9q9t) (5)

Theory for Determining Hamilton-
Jacobi Function for Nonholonomic
Constraints

In classical mechanics [2, 9], the Hamilton-
Jacobi equation is first introduced as a partial

differential equation that the action integral
satisfies:

S=|(pg—H,)dt. (6)

[SY SN

By taking variation of the endpoints, one
obtains a partial differential equation satisfied

by:

oS

—+H,=0. 7

o o (7
This is the Hamilton-Jacobi equation (HJE).

If S(g,f)is a solution of the Hamilton-Jacobi

equation, then S(¢,?) is the generating function

for the family of canonical transformations that
describe the dynamic defined by Hamilton's
equations.

When the Hamiltonian does not depend on
time explicitly, the time t can be separated. In

oS
this case, the time derivative —— in the HIE

ot
must be a constant, usually denoted by
—FE giving the separated solution:

S(q,E,t)=W(q,E)—Et . (8)

Eq. 7 can then be written as:
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ow
HO(qiﬁpi :a_j E. )

i

For our purposes, we write the solution of
Hamilton-Jacobi (H-J) as:

S:S(ql’ ...... ,qn,Otl, ...... ,O(,n,l). (10)

The transformation equations for S give:

s

D ” (11)
oS

B _8_05[' (12)

B;can be thus found from the initial
conditions.

Following [10-13], the corresponding set of
the HJPDEs for constrained systems can be
written as:

as os
H, Yo == sPoa =% :0
q{qﬁ Qas Py " p an (13)

a,f=0,N-R+1,......N.

For nonholonomic systems, this reduces to:

, oS oS
H; =p, +H, :E"'HO(Q,B’qaspa :@j =0.
(14)
Quantization of Nonholonomic
Constraints Using the WKB
Approximation

The WKB method is a formal % expansion
for the wave function that expresses its rapid
oscillations in the semi - classical limit. Using
this expansion, combined with an approximate
quantization condition, we start from the
Schrodinger equation for a single particle in a

potential V(q):

AP SRR P W
5 V@ o Q) |w(g.t) . (15)
We can rewrite this equation by using [14]:
iS(g,t
w(q,t)=exp{(7‘“} (16)
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as

2 2
-aS 1 (aS ih| 0
—vy=—|—=| —|— | S+V
ot v Zm[GqJ Zm[ﬁqj voan

Assuming y # 0, this leads to an equation:

2 2
—as_[fasy mfayo ]
ot 2m\ Oq 2m\ Og

Now, taking the formal limitZ—>0, we
obtain the classical Hamilton-Jacobi equation:

2
-0S 1(aS
— == +V]. (19)
ot 2m\ og
One can use this equation and consider an
expansion:
S(q,0) =Sy +hS, +1*Sy +......... (20)

This is an expansion inZ. Plugging in the
expansion into Eq. 18 and collecting the powers
of %, we find:

2
—aS, 1 (@S
C=—| 2| 4V, 1)
ot 2m\ Oq

2
-as 1| [0 aSy \( &S
Lo — ] = | Sp+2{ =2 || =], (22)
o  2m oq oq )\ og

and similarly for the higher in 7. The leading

equation has only Sy, and it is exactly the same
as Hamilton-Jacobi equation. Once you solve
these equations starting from S§,S),..efc. you
have solved the wave function v in a systematic
expansion in .

The WKB approximation is used mostly for
the time-independent case. Then, the wave

function has the ordinary time

dependence exp( — ;Et

j . For one-dimensional

problem, the Hamilton-Jacobi function S takes
the form:

S(g,0)=S(q)—Et . (23)

Therefore, only S, has the time dependence
So(g,t) =S,(q)—Et, while higher-order terms

do not depend on time. The lowest term S, in
Eq. 21 satisfies the Hamilton-Jacobi equation

2
1(0S

E=—|=2| +V. (24)
2\ og
This differential equation can be solved

immediately to yield:

Sy(9) =%[\2r[E-V(q"ldq' = [ p(¢)dg' .(25)

Once we have known S, we can solve for S;
starting from Eqs. 21 and 22, and using

as,

RS 0 2
o (26)

we find:

&, \(a)_ @5,
2( o j( aq]_’( o ] er

which has the solution

S (q9)= %I dg = %ln p(gq)+ Constant

(28)

Now, the general solution of Schrodinger
equation becomes:

So(q)
h

w(g,t) = eXP[i +iS (q)} GXP(%BJ (29)

=C \/% exp[i % [y2(E- V(q')) dq’} exp( — ;Etj

where C is constant. The present approximation
breaks down when p(q) goes to zero.

However, the semi - classical expansion
(WKB approximation) of the Hamilton-Jacobi
function of unconstrained systems has been
studied [15]. This expansion leads to the
following wave function:

iS(ql-,t)}
/]

w(g;,t)= [_ﬁlw (q,-)}eXp[ (30)

where The above wave

1
Voi(g;)= .
’ \Vr(q)

function satisfies the condition:
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Hyy=0 (31)
in the semi - classical limit # — 0.

This condition is obtained when the
dynamical coordinates and momenta are turned
into their corresponding operators:

9, >4
NP

Pi = D; iﬁq,-’
5 N0

Po = Do Lo

Ilustrative Examples
1. The Sliding of a Balanced Skate

Let us consider as an illustrating example the
problem of a balanced skate on horizontal ice.
One can choose units of length, time and mass so
that the Lagrangian would take the following
form:

L:%(ic2+y2+z'2), (32)

Here, x and y are the coordinates of the point
of contact, z is the angle of rotation of the skate.
The constraint equation is:

f =xsinz—ycosz=0, (33)
Eq. 33 can be rewritten as:
y=xtanz. (34)

According to Eq. 3, we obtain:

§=M\sinz 35)
y=-Acosz (36)
=0, (37)

From Egs. 34 and 35, we find:

. —X
y= . (38)
tanz

Differentiating constraint Eq. 34 with respect
to time to eliminate A, we find:

j=3itanz+zisec’ z . (39)

Inserting Eq. 38 into Eq. 39 and multiplying
the result by (— tan(l)) lead to:

¥ =—¥tan’® z— ztsec’ ztanz. (40)
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By using the identity:
l+tan’ z=sec’ z,
Eq. 40 becomes:
X=-zxtanz . (41)
From Eq. 37, we can solve z(¢) as follows:
z(t)=ait+P,. (42)

Differentiating Eq. 42 with respect to time,
we obtain:

Z=aq. (43)

Integrating Eq. 41, we get:

jidt:j—tanzdz, z':% ) (44)
X dt
This gives:
Inx =Incosz (45)
or
X =Cosz. (46)
Substituting Eq. 42 into Eq. 46 and
integrating the resulting equation:
[xdt=[cos(a,t+P,)dt, 47)
lead to:
x(t)=o,sinz+f,. (48)

Substituting Eq. 46 into Eq. 34, we obtain:
y=sinz. (49)

Now, inserting Eq. 42 into Eq. 49 and
integrating the resulting equation:

[ydt=[sin(oyt+B))dt , (50)
we find:
y(t)=a,cosz+ f;, (51)
1
where Olp =— 03 =—— |
ay ay
Here, PB;,, and P; are constants of

integration related to the initial values of z,x,y;
while 0,0, andosare the initial values of

velocities.

We rewrite Eqs. 42, 48 and 51, respectively
as:
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By =z—oyt _ 5 52
1 . (52)
. oS
B, =x-0, sinz = —=, (53)
2
as
B =y—a,cosz=—=>. (54)
a
Solving Egs. 52, 53 and 54, we obtain:
1
Silz.04) = 20, _50‘121’ (55)
1 5.
Sz(x,az)zxocz —Eaz sinz, (56)
1,
S3(y,053)=y053 —§a3 coSz. (57)

Now, we collect Egs. 55, 56 and 57, which

give the  Hamilton- Jacobi  function
S(z,x,y,(xl,ocz,oc3,t).
S=, + xa, + Y,
el sing
2 27 (58)
1,
-3 a; cosz

The generalized momenta can be derived as:

—ﬁ—a —locz cosz—la2 sinz 59
p:= =05 % 593 (59)
oS
Py=7 =% (60)
oS
py= > . (61)
From these equations, we can obtain
o;,0,,05 as functions of p; andg;:
| I 5.
2 2
Oy =Py (63)
a} = py ° (64)

The Hamiltonian is defined as:

R (65)
a2

Inserting Eq. 62 into Eq. 65, we get the

following expression for the Hamiltonian:

0

1 1 2 2 . ?
H, =5 | P- 5\ cosz—p Tsinz)) o (66)

Now, we will quantize our example; first let
us apply the HIPDEs to the wave function:

Hy = p+H, ¥

(67)
We can rewrite Eq. 67 as:
_EQ -
10t
¢ no wo )
Huy= —_— 68
V= | TGer 20 )Y (68)
5 2
+———sinz
2 oy
where
s hO o ho o ho . hd
e e Ty T

and again we can rewrite Eq. 68 as:

‘ho W not , ]
———— =5t —5C08 z
iot 207 8 ox
o ., Koo
. +———8in" z————co0s z
C, 8 oy 2/ 020X
Hyy = hiﬁﬁsinz Y (69)
21 0z0y
Kt & 0*
————C0SZz—Sinz
a7 5y |
where
w(x y,50=

{20y + xo, + Y1, —%aft—%aj sinz—%%2 €0s 2)

€X]
P h

After a simplification, we get:
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Yy h 2 . h 2 . fi 2 .
Hoy=|——o05sinz——ao5sinz——a5 sinz
oV { 42 4% 2 2 Y
(70)

Taking the limit 7 — 0, we have:
Hyy=0 . (71)
2. The Snakeboard

The snakeboard is a modified version [16, 17]
of a skate board in which the front and back
pairs of wheels are independently actuated.

Let m be the total mass of the board, J the
inertia of the board, J,, the inertia of the rotor,

J, the inertia of each wheel, and assume the

relation J +J +J; =mr

The Lagrangain is given by:

1 m(,'\;+j?+126’2)

2| 27,0 +2J,¢% + T ¥ 7

The system has two nonholonomic
constraints:

£, =%+r Ocosfcotp (73)

f, =y+r Osinfcotg . (74)

The equations of motion can be obtained
from Eq. 3 as:

=\, (75)
=y (76)

mr*0+2J,¥0 = L, cotpcos® + A, cotpsin®

(77)
= Constant = (78)
py = Constant =x (79)

The Hamiltonian H is calculated by using Eq.
5 as:

1

=im(P§ +P§)+m(%—l’w)z
1 1
4—J1P2 +2—JOP§U
(80)
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According to Eq. 78 and Eq. 79, we can
rewrite this equation as:

1 1 2
HO_ZH(‘D?‘—FP;) 2(1112— O)(pH_K)
47, 2J,

(81)

Following Eq. 11, the generalized momenta
are:

Py =—. (82)

According to Eq. 7, the Hamilton-Jacobi

equation becomes:

a5 1 (asY asy
—+— +—
ot 2m\ox) 2m\ dy 4

1 oS ’ g - (83)
+—[——K‘J 25
2(mr? - 1)\ 06 47 2J,
Using Eq. 8, we get:
Sxy0,E E,E)=
Wx y.0.E, E, E)+ A1) 59

where f(?) in this example can be written as:
f(@)=-Et—~E,i—Eqg . (85)

Here, we consider:

E=E +E +Ey. (86)

We can rewrite Eq. 83 as:

os 1 aW
or 2m GX 2m Qy
=0
1 aW P '
K| +—+—
(mﬁ )\ o 47, 210
(87)
Let
2 2
u K
S - +G+C
47, 2y, T (88)

Again we can rewrite Eq. 87 as:
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os 1 (owY 1 (owY
or 2m\ ox 2m\ Oy

1 (aug jZ
+ -K =0
2(1112 —JO) 00 . (89)
+G+CG+G

We will separate the variables as follows:

Wx %6.E,E,E,)=
90
W E)+ Wy E)+Wo,.E)| O
Then we obtain:
2
1 (oW,
—|—| +C =E
2m[ ox J b ©D
LW, 2 G =E
_ + =
m (9_)/' 2 y (92)
2
1 W, ]
-x| +C =E 93
Z(mrz _Jo)( 0 3 =Lg (93)
Integrating Eqs. 91, 92 and 93, we get:
W, =2m(E, —C )x (94)
W, = JZmiEy -G, iy (95)
Wy =\/2(mr2 ~J, XEG ~C;)0+x6. (96)

Now, the Hamilton-Jacobi function takes the
form:

—Et—~ E - Eyt+\20(E,— G)x

2 — J)(E, - C)0+ K0

Let mr* —Jy=C, . (98)

Then, applying the HJDEs to the wave
function using Eq. 14, we obtain:

2 2
ho +L(—h26——hza—j

¢ |iar 2ml o o U oy

Hy = | ) , v  (99)
i) *aaa

where

w(x 30,0=

 {~Et-E—Ey+\2m(E,~C)x
+J2mE,~ G) y+2(E, - G)C,0+ k0
n

exp

After some simplification, we get:

Hyy=0 . (100)

It is worth mentioning that there exist other
examples for a continuous constrained systems
such as the mobile robot which is a classical
example of a continuous nonholonomic system
that has smellier Lagrangian and constraint
equation for the first example [18]. If we apply
the process applied in the first example to this
suggested example, we will get the same results.
Although examples of constraints that are non -
linear in velocities are frequent in mechanics and
engineering, the solution is usually not available
and the mechanical behavior of systems is often
surprising or even unpredictable. Therefore, in
the future one hopes to investigate this type of
nonholonomic constraints for example the
Appell-Hamel.

Conclusion

The nonholonomic constrained systems are
investigated  using the  Hamilton-Jacobi
quantization scheme to yield the complete
equations of motion of the system. The principal
function S is determined using the method of
separation of variables in the same manner as for
regular systems. Further, this function enables us
to formulate the wave function. We illustrate
through two examples how the Hamilton-Jacobi
equation can be used to exactly integrate the
equations of motion: The sliding of a balanced
skate and the snakeboard. It is found that the
nonholonomic constraints become new condition
on the wave function to be satisfied in the semi-
classical limit.
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