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Abstract: The fractional form of the Schrédinger Lagrangian density is presented using the
Caputo's fractional derivative. Agrawal procedure is employed to obtain time dependent
and time independent Schrodinger equations in Caputo's fractional form. The Hamiltonian
density resulting from the Schrodinger Lagrangian density is obtained in fractional form.
Then, we used Dirac algebraic method to quantize the Schrédinger Lagrangian density by
determining the fractional creation and annihilation operators and constructing the
fractional Canonical Commutation Relations (CCRs).
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Introduction

The concept of fractional calculus goes back
to Leibniz, Liouville, Riemann, Grunwald and
Letnikov [1-3]. Derivatives and integrals of
fractional order have found many applications in
recent studies in mechanics and physics. In a
fairly short period of time, the list of such
applications becomes long. For example,
mechanics of fractal media, quantum mechanics,
physical kinetics, plasma physics, mechanics of
non- Hamiltonian systems, theory of long-range
interaction and many other physical topics [4-
20]. In mathematics and theoretical physics, the
variational ~ (functional) derivative is a
generalization of the usual derivative that arises
in the calculus of variations. In this paper, we
consider the fractional generalization of
Schrodinger Lagrangian density and obtain the
Fractional dependent Schrodinger equation from
it by using Agrawal approach in Caputo's
formula.

Schrodinger equation represents a
fundamental equation in quantum field theory.
This equation can be derived from classical
physics by using Nelson's stochastic theory [21].
However, only during the last decade have
scientific papers concerning fractional quantum

mechanics appeared. Muslih et al. [6] presented
a fractional Schrodinger equation and its
solution. They extended the variational principle
formulations for fractional discrete system to
fractional field system defined in terms of
Caputo derivatives to obtain the fractional Euler
Lagrange equations of motion.

Laskin [21-25] has shown that the path
integral approach over levy paths leads to
fractional quantum mechanics. Next, he
considered the fractional Schrodinger equation
for some particular cases like fractional Bohr
atom and 1-dimensional fractional oscillator.
Naber [26] showed a time Caputo fractional
Schrédinger equation. Wang and Xu [27]
generalized the fractional Schrodinger equation
to construct a space-time fractional Schrodinger
equation. Hall and Reginatta [28] showed that
the fractional Schrodinger equation can be
derived exactly from Uncertainty principle.

In this paper, we would like to derive the time

- dependent and independent fractional
Schrodinger equation from fractional
Schrodinger Lagrangian density wusing the

fractional wvariational principle, and also to
quantize this Lagrangian density by writing the
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creation and annihilation operators in fractional
formula.

The plan of this paper is as follows:

In the next section, we present the fractional
Caputo definition in left right term. Then, we
define fractional Schrodinger Lagrangian density
and use the theory developed to derive the Euler
Lagrange equations which represent the
Schrodinger equations. Thereafter, the fractional
Schrodinger Lagrangian density is canonically
quantized in terms of Caputo's definition by
writing the fractional canonical commutation
relations. Finally some concluding remarks are
given.

Caputo Fractional Derivative

Several definitions of fractional derivatives
and integrals have been proposed. These
definitions include Caputo, Riemann-Liouville,
Grunwald-Letnikov, Marchaud and Riesz
fractional derivative [1-2]. Here, we reformulate
the Schrodinger Lagrangian density and Euler-
Lagrange equations in terms of left-right Caputo
fractional derivatives, which are defined in [1].

We begin with the left and the right
Riemann—Liouville fractional derivatives of
order a > 0 of a function x(f) which are defined
as:

F(n-a)\dr ) :
)
and
Djx (t)=
1 A n—-a-1
F(n—a)(_gj ;l.(r—t) x(r)dz'
(2)

The left Caputo Fractional Derivative LCFD:
DS (t ) =

e (2w
(3)

and the right Caputo Fractional Derivative
RCFD:
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thbaf (t):
b " 4
-t[ nal(‘j_rjf(f)df 4)

Here, I' represents the Euler's gamma
function and a is the order of derivative such that
n—1<a <n.If a is an integer, these derivatives
are defined in the usual sense, i.e.:

aDﬁf@):(égng (5-)
Dyf (t)= [—df dit)]a (5-b)

D (1 (

j (5-¢)
)

‘DIf (1)= ( s (t ]a (5-d)

Our fractional Hamiltonian formulation
presented here is based on the following theorem
[15]. This theorem is stated here (without proof)
for completeness.

Theorem. Let J[¢] be a functional of the form

:j)[L (t q,aD“q,ch'B )dxﬂ

where 0 < a, f < 1 and defined on the set of
functions y(x) which have continuous LCFD of
order a and RCFD of order f in [a, b]. Then, a
necessary condition for J[g] to have an
extremum for a given function ¢(¢) is that g(¢)
satisfy the generalized Euler—Lagrange equation
given by:

8L +eDe oL o tﬁ @L
aq 0.;D/q 0‘D/q

t €la,b]. (6)

=0

The Euler-Lagrange equation has been
extended to classical field systems [14-15]. The
action of the classical field containing fractional
partial derivatives takes the form:

J(q)=
JL((//,Z’D w, Dy, D%y, ‘Dl w,t)\d x
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The extremization of this action leads to the
fractional Euler-Lagrange equation of the form:

A pe e
og " " 0.Dlq “0,°Dfq
X, e[a,b], (7)

oL .., oL . , 0L
P e
oy 9,D/ "y 9, Dy
<pe oL oy 0L

lax,thal//

®)

Note that for o = = 1, the last equation can
be reduced to the standard Euler-Lagrange
equation for classical fields [29].

Schrodinger Lagrangian Density in
Caputo Fractional Definition

The concept of Lagrangian density is defined
as the kinetic energy per unit volume minus the
potential energy per unit volume. The usual
Lagrangian of the system will be then equal to
the Lagrangian density integrated over the whole
volume of the system. Many applications of
fractional calculus amount to replacing the time
derivative in an evolution with a derivative of
fractional order. A given classical Lagrangian is
not unique because there are several possibilities
to replace the time derivative by fractional case.
One of the requirements is to obtain the same
Lagrangian expression if the order o becomes 1.

The main purpose here is to write the
fractional formula for the Schrodinger
Lagrangian density using the above definitions:

c=ihy'| Dy + D/y |
N A
—V(r)y'y

€]
Apply generalized Euler-Lagrange Eq. (7) on
the fields w ", respectively to get equations of

motion from the Schrodinger Lagrangian density
in Caputo Form.

First for "

oL
oy

-=ih[ Dy + DLy |-V (r)y

and
e a oL B oL B
x, b ai‘DYa * a " x, 8chb’Bl//*
g OL g OL
t b C a * ..Dh C a *
8aDt Y aan W
OL OL
cnf cn B
+ a aCD/)’ F a X 0 CDﬂ *
R oY
Then

Df—— _4y°pF
X, b acDall//* Xy, a CDbﬁl//*

e[ pe[pzve v ]
2|+, DL Dy + DLy ]

Adding these results and putting them equal
to zero, we get:

ih[iDtaW+foV/]_V (I")W
_R? X,CDfBDzW“Lx?DhﬂW]
o +D![SDiy+ "Dy ]

=0

(10)

This represents fractional time-dependent
Schrodinger equation in terms of Caputo
definition. Ase, f — 1, we obtain the classical

time dependent Schrédinger equations [30].

For second field i, we get:

oL .
— =
oy (r)v

and

then
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ema OL

, L
Df—————+ ‘D’ 0
w0, Dy

Df = =
o 8rbeﬂl//

_%[:’Df + “’D}f‘][ng‘ v+ Xbeﬂl//*]

Similarly, adding these results and putting
them equal to zero, we obtain:

—V (r)y" +
_%[;Dx’f + fob“][inf'/f* + fobﬁt//*]
=0

(11)

This equation represents the fractional time
independent Schrodinger equation in fractional
Caputo definition. Asa, f — 1, we obtain the

classical time independent  Schrodinger
equations [30].
Canonical Quantization of

Schrodinger Lagrangian Density

In order to quantize the Schrodinger equation,
we will treat it as an ordinary field equation for
which we will first develop the Hamiltonian
density formalism:

H = ”(iDta'//"‘ beﬂW)

(12)
+7° (SDt"’z//* +SDfy’ ) —L
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* . .
where 7,7 canonical conjugate momentum for

fields w, " respectively, which are defined as:

T= oL T=ihy"
“o(prw+niy) Y
1t = oL 7" =0.

o(uDfv +Dly")

Substituting these values in the Hamiltonian
density formula, we get:

s =ihy (0D +D/'v)
~ihy"[ Dy + D}y |
+%[§Di v+ Dy |[$Dfw+ DLy |

+ (r)y'y

After some algebraic operations, we obtain:

%[EDZW* + 5Dy | iDfw + DLy ]
+V (r)yv'y
(13)

Using Derac algebraic method to rewrite this
quantity [27] gives:

7 !

2m

[\/;{(gz); + D)y (SDf +fo,,ﬂ)z//}; +ily (r)l//*l//};]x

( T ((<Dp + Df Y (D7 + 0P

i v

Generalize this formula using fractional definition in terms of £, v as:

2m

2m

where £, v are noninteger numbers.
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.
L B (br s+ DYy (D2 + LY} il ()

“
2_

|

(14)

(15)
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We can define a”,a as:

= ez + 00 (02 + DLW il (v o
a= (i + DY (5D DL il (v a”

where a’,a are the fractional creation and annihilation operators.
Now, we want to write the canonical commutation relations CCRs as:
h2
. 2m
[a".a]=
h2

2m

SIA

{(CDa CDbﬂ)l//*(lioi +Xbeﬂ)¢//} +i{V (r)l//*l//},

N\‘:

Y ()

Ema FEKRTS [ VRR T A
This is equal to:
[a+,a]:a+a—aa+ (18)

Expanding these values, we get:

oz et o o0 i

( ;_2{(§DZ + DY (502 + DL Y} iy (F)V/*W};J

2m

[@ (<02 + DY (SD2 + D Yu) + iy (r)'//*w};]

{ L P (R T Rt (”‘”*"’};J*

The first term can be written as:

(E R A T R <r>w};}
n’ “ ,
[\/; (Eoz + 50w (05 + D} iy <r>w*w}z]

Using the Hamiltonian density definition, then:

aa=9H,, +i\/§{{V (r)g//*(//}g ,{(SDX“ + Xbeﬁ)l//* (SDX“ + :Dbﬁ)l//}g} (19)
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The second term equals:

[NRRS

a ( R A (AR 1

[@ <Dz + D) (52 + D2 Yl iy (WW}?J

Similarly, using the Hamiltonian density definition gives:
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2 Ll v
aa" =H,, +1\/§[{(2Df + ;Dbﬁ)y’* (lia + ;Dbﬁ)y’}z ’{V (”)‘/’*V/}z} (20)
Rearranging this term, we get:
2 v V4
w30, b o 1 o550 0o (5 0 | o
Substituting these results in Eq. (18), we get:
a‘a—aa” = Zi\/g{{V (;’)l//*t//}g ,{(‘;Df + :Dbﬁ)l//* ((;Df + Xbe"”)t//}g (22)
Expanding the square brackets, we get:
\/77 v (r)v/‘l/f}% {(Cp2+ DL )y (Sps + D) )w}g
a‘a—aa’ =2i,|— . , (23)
e o (24 DL P (rwrv )
Rearranging the terms in the square brackets, we obtain:
WV (r)wy)? {(Cpe +. D0 )y (S + D/ )W}‘;
vamar =3I (O (<02 o)) o
(D2 + Pl
Using fractional Leibniz rule to rewrite the second term in the square brackets, we obtain [31]:
(rw t/f}% {(Spe+ D0 )y (SDg + Dy )2
N H , 7 ‘
a'a—aa’ =2i o _{V (r)};é F(2+1j 8%-1 y/*g of % F(2+1) a%—.f Lof
R )
(25)

As a special case, taking ,v = 2, the Canonical Commutation Relations CCRs reduce to the

original relations like:
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hZ
[a*,a]:%/% [V (r)w'w.Vy' V] (26)
/ v, Vy' |[Vy+y' Vy'ly,Vy
[ ] 2iV ( r) [ ] [ ]
2m [y Ny [Vyy+Vy' [y Vy v

. : oo . .
[a",a]=2iV (r),/g{w V' vV 1+ V' V)
Similarly we can define other canonical commutation relations as:

~

- {(CDa c Da CDbﬂ)y/}z—l-i{V (r)l//*l//}%

Dﬁ C
(a9 |= [\/Z CD"‘ oYy (CDs + CDf)t//}g—i-i{V(r)y/*y/};Jx 27)
N;{(CD Y (D5 + D0 ) i{V(r)W*W}ZJ

[a*,a*a} =a" [a*,a}

Substituting the values of creation and annihilation operators gives:

(e DY (0 5 DL Sl (v
Lo ae)= E (<02 + D0) (502 + DLWl il (v
X

h2
2m

(o v ) (502 + DLW =il (v

Similarly, we can write other commutation relations as:

{eps 0y ooz = oo
S (E ((cp2 + Dt (s 4 DL il (V),,*W}Z]x 29)

H
2

( Aoz 02 (505 + S Yol ity <”)"’*"’};j

[a,a*a] = [a,a*]a
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This is equal to:

hZ

[a,cfa} =

DLV -ily (r)w):

JE oo
m

x\/%{(il)va + :Dbﬂ)‘”* (SDZ * ’“‘CDbﬂ)l//}

S l(Cps + n )y (Coi +
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H
2

Df Yy l? +ify (r)w*w}g

ad
2

Y (vl

and
2 H v ]
iy PSPz + DYy (D2 + DL il (v
[7.t]= - ) ) (29)
X g 6D+ D0 (S0 + Dy il (v
and
[a+,a+]:[a,a]:[}[,7{]:0. (30)
Using equation [30], we find the Heisenberg equation [30] for the a,a”
da 1 -1
o~ _Z - 31
- h[ﬂ,a] h[a,}f] 31
da* - . ir .
” =%[?{,a ]=—[a ,7—[] (32)
Conclusion
Schrodinger time -  dependent  and general formula for creation and annihilation

independent equations in Caputo's fractional
form are derived using Agrawal procedure for a
given fractional Schrodinger Lagrangian density.
The classical time - dependent and independent
Schrodinger equations are obtained as a
particular case of the fractional formulation. In
the second part of this paper, we write the

operators and construct the fractional Canonical
Commutation Relations (CCRs) using Dirac
algebraic method. We have shown that the
Canonical Commutation Relations (CCRs) in
classical form are a special case of the fractional
form of these equations.
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