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Abstract: We obtained analytically closed form expressions for longitudinal electric
impedance and transmission coefficient of a dielectric loaded resistive cylindrical pipe of
finite thickness. These expressions are valid for an axial current in a form of a point source
moving parallel to the pipe axis with an offset a. The resistive-wall impedance and the
transmission coefficient have been numerically visualized for some representative machine
parameters. For wall thicknesses less than the skin penetration depth, the wall becomes
transparent for the excited electromagnetic fields. Very good shielding for standard
operation can be achieved by thin metallic walls of thicknesses of the order of few skin
penetration depths. Effects of the dielectric constant and thickness on the transmission
coefficient are found to be negligibly small, while the presence of the dielectric leads to a
suppression of resistive-wall impedance for large thicknesses of the dielectric layer.
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Introduction

Axial currents, like a beam of charged
particles or an RF-source, may excite elec-
tromagnetic fields in its environment and
periodic excitations can occur depending on the
coupling of the beam to its environment at a
particular frequency.

For pipe walls that are not perfectly
conducting, electromagnetic fields excited by the
beam penetrate partially into the pipe wall with a
penetration depth given by the skin depth &s(w).
Image currents induced in the wall lead to
heating when the wall conductivity is not
infinite. In the literature of electric impedances
[1, 2], one finds different expressions for the
corresponding resistive—wall impedance with
different ranges of validity. When the skin depth
is larger than the wall thickness, the beam
induces electromagnetic fields that can penetrate
through the wall. In such cases, the impedance
depends on the structures outside the pipe. In this
situation, in addition to the impedance, detailed
calculations of the shielding effectiveness of the

pipe are necessary in order to estimate the
currents that could be induced in hardware
components behind the pipe.

The well known ability of a thin layer of
thickness d (less than the skin depth ;) to shield
electromagnetic fields produced by a particle
beam was considered in Ref. [3]. Because of the
relevance of the issue for the design of high-
current ring machines, it is important to have
closed form expressions for the resistive wall
impedance and for the shielding effectiveness
covering the relevant range of frequencies, beam
energies and wall thicknesses. Krinski et al. [4]
derived asymptotic formulae for the impedance
of a cylindrical metal tube of a specific radius,
length and conductivity attached at each end to
perfect conductors of semi-infinite length and
computed the short-range wake field. Metral et
al. [5] derived a formula for the resistive wall
impedances of an infinitely long cylindrical
beam pipe. They found that the resistive
impedance is about two orders of magnitude
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lower at this frequency, which is explained by
the fact that the skin depth is much larger than
the beam pipe radius. Zhilichev [7] derived an
analytical form for the impedance of short
conductors in the form of a convergent series
and applied it to the calculation of the impedance
of a resistive cylinder between two
superconductors. Biancacci et al. [8] studied the
effect of different material conductivities, finite
length and particle beam velocity on the
coupling impedance of azimuthally symmetric
cavities of finite length loaded with a toroidal
slab of lossy dielectric using the method of mode
matching technique for an azimuthally uniform
structure of finite length.

In the present work, we consider the problem
of the interaction between a dielectric-lined
resistive cylindrical pipe and a point source
moving off-axis with an offset a (an
infinitesimally thin ring with radius a). Such a
scheme was used in investigating dielectric
wake-field accelerators, in which charged
particle beams excite electromagnetic wake
fields known as Cerenkov radiation [9, 10, 11].
In the frequency domain, we are interested in
evaluating the excited electromagnetic fields in
such a dielectric-lined cylindrical pipe and then
in finding the corresponding resistive-wall
impedance and transmission coefficient for our
problem.
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The paper is organized as follows. In the next
section, we present the model equations for the
pipe structure under consideration. Then, in the
following two sections, we use the exact field
matching technique to calculate the excited
electromagnetic fields and the corresponding
longitudinal electric impedance and transmission
coefficient. In the last section, the analytical
expressions for resistive—wall impedance and
transmission will be numerically visualized and
main conclusions will be presented.

Model Equations

The general wave equations satisfied by the
electric and magnetic fields E and B in a linear
medium of conductivity S, permittivity f/ and
permeability x4 are obtained from Faraday’s and
Ampere’s laws [12, 13, 14]; namely,

Vacuum
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Metal
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r=a
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pipe — axis r=0

FIG. 1. Schematic of the problem geometry.
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where p and j are the beam charge and current densities, respectively, which obey the following

continuity equation:

Op(Fit) = = .
L 4V j(Ft)=0.
2y + g7, t)

The axial current is modeled as a point charge
¢o moving down a cylindrical pipe with an offset
a in the 6, = 0 direction with a constant
longitudinal velocity ¥ = BycZ. In decomposing
the corresponding charge and current densities in
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This monopole source has an axially  dielectric constant x;, a conducting layer of

symmetric transverse charge distribution and it
represents an infinitesimally thin ring with radius
a. The beam is moving in a cylindrical pipe of
radius b, enclosed from inside to outside, respec-
tively, by a dielectric of thickness #;, and

conductivity S and thickness t., then vacuum
outside, as shown in Fig 1.

Time Fourier—transformed charge and current
densities in Egs. (4) and (5) are:

. ike- 2
p(r,z,w) = ——— d(a —r) e"™7, 6
( 2malyc ( ) ©)
. o
jlr,z,w)=—d(a—r etk
( L a—7) o
where @ = k,fyc has been used and £, is the wave number in the direction of beam propagation.

Due to the symmetry of the source under
consideration, only transverse magnetic (TM)
cylindrical waveguide modes couple to the
propagating beam such that B, = 0. All other
field components are obtained from E,(r, z, ®)
using Maxwell’s equations, where Eq(r, z, ®) and
B.(r, z, ®) vanish identically because of the axial
symmetry of the beam.

We assume normal mode solution for the
time Fourier—transformed electric field such that
E(r, z, ®) = E/r, ©)e™* This is in agreement
with the source terms in Egs. (6) and (7). Upon
Fourier transforming Eq. (2) in time and making
use of p (1, z, ®) and j (1, z, ®) of Egs. (6) and
(7), respectively, we obtain the following
equations for the longitudinal electric field
component E, within each region of interest:

-i—li—az_ EWV(r,w) = i 20 g‘%é(a—;] 0<r<a (8)
dr rdr 0 “ra €02 Boc S
L J 0
[ d? 1d 2_ o

ar? " rar 00 EP(rw)=0, a<r<b ©)
d? 1d 1 .

4 g2 ES ) — < _
(d2 1d ]

_ 4 - _ EW =0, d<r<h=d+t
@z T o o B e =0, =TS Tl (11)
i d:? 1d 2_ 5 -

ar2 " rdr 70 EP(rw)=0, h<r<oo (12)

wh_ere the propagation wave numbers 6y, 64 and 6. are given by the following expressions:
k2 . . . WY oS _ ,

R R ] (R e e (13)
Since the structure under consideration  matching the solutions at the different interfaces

supports only transverse magnetic modes due to
azimuthal symmetry of the source, the
electromagnetic field components By (r, z, ®) and
E, (1, z, ®) are non-vanishing and are needed for

involved in the problem. These fields are
obtained from E, (r, z, ®) via Maxwell equations
as follows:
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where o, stands for o, 04 and o..

(-'_

Excited Electromagnetic Fields

In this section, we solve the wave equation
for E, in each region and then find the associated
integration constants using exact field matching.
For TM modes in azimuthally symmetric pipe
structures, we only solve for the z—component of

( Alf{j(ﬂ'm‘}

E.(r,w) = {

| AsKo(oor)

where I, and K, are the zero-order modified
Bessel functions of first and second kinds,
respectively. In addition to the finiteness of E, as

E.(r,z,w)

AQI{)({TDT} + AgK{j(G’gT}
A4I{j[0’d'?") + AsKo(oar)
A{;I{j(@'c'ﬁ”) + A?K{)(GCT}
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(14)

(15)

the electric field in the five regions involved in
the problem. The general solution for the electric
field E, in each region is:

0<r<a
a<r<b
b<r<d=b+1ty
d<r<h=b+t.

16
h<r<oo, (16)
conditions are needed. Integrating the
differential equation for E, fromr=a—-dtor=a
+ 6 for vanishingly small 6, we obtain the

r — 0 and r — oo, we still have eight arbitrary  following boundary condition for the
constants and therefore eight boundary  discontinuity of OE./Or atr = a:
: 1 0 o,
(EL72e —EL7=) | _ =i — D —igefo, (17)
” r=a e0Yo e 2ma

where E. is the derivative of E. with respect to
oor. We also use the continuity of E, at r = a, the
continuity of £, and Byatr=b,r=d and r = A.

Applying the above mentioned eight boundary
conditions, we obtain the following eight
algebraic equations:

A]_I{j(@'[]a} = Agf{)(o'na) + AgKﬂ(G’{)a} , (18)
Aol (opa) — AsK(opa) — AT (opa) = ie{;-:_q,.-ﬂc % =iqo fo, (19)
AQI{)(UUE]} + Aq Ky JDE}} = A4I{}(Udb} + ArK{)(_Gdb) . (20)

oI1(oob) — AsK(0gb) = nay [Aal1(04b) — As K (ogD)] 1)
A;I{jfﬂdd) + 4—1 Kjfﬂdd} = Agf{j(ﬁcd) + A?K{) CTCCIT} (22)
Auli(04d) — AsKy(0ad) = 1ca [A6T1(0cd) — A7K (0.d)] | (23)
Aglpl Jch) + A~ K{j( fl} = Agﬁn{ﬁ()h} . (24)
Ney [Asi(0ch) — A7 K (0.h)] = —AsK (agh) | (25)

where 1y, Neq and Mgy are defined as follows:
og S — iwep o4 S —iweg K400

Mev = ?-J_c TE(} s MNed = i‘ff_c m Ndv = o (26)
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The arbitrary constant A; needed for the  longitudinal impedance is obtained by

determination of the longitudinal electric field  simultaneously solving the system of Eqgs. (18—
inside the beam region and for the calculation of  25); namely,

-  Zok. In(opa)lg(ogr) e*=* 2 g — e Ky(o,a
ErSe(F,w) — —i 20 ol ;ﬁ‘)}ﬂgn or) e {f}? Q-lla;—ai&m — fo+ %}L)}} X))
where the parameters in Eq. (27) are given by the following relations:
Ko(oaqd) fs Ki(od)  frLiod
a1 = I(,(é;rdd}) T 0227 Tl {Il(ﬁrddj) T (add)} %
a1p = — [T oloed) _ EI“(“‘"@] , oo = F“’ + Haload) } (29)
o(oad)  fe lo(oad) fa Ii(ogd)
f = (o(oab)  f5 lo(oab) . (o(oob)  f3 Io(oad) 30)
In(oob)  falo(oob) Io(oab)  fa In(oob)
fa= ?(gnb} 4 Kolooh) - Tolodh) | Tu(oab) 31)
1(oob) — To(oob) Io(oob) Ii(oob)
f.— _ K(}{G’dbj v Kl (Jdb]
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Longitudinal Impedance and Transmission

Longitudinal electric impedance will now be  current by assuming a circular accelerator of
calculated as a volume integral over the beam  circumference L [1, 2]:

(total 1 A, pir<a);=z T
zoR gy, 8) = = [ d*r B (F W) - 5 (F, w)
1 L 2w a 35
——2/ dzf dﬂ/ drr EUS9)(F,w) §*(F,w).- 35)
46 Jo 0 0
Substituting for £, and j results in the following expression for the electric impedance:
7, (w, §) = -?1ano(ffua} [flfa cinmon g Koloa)} (36)
Bod fi apag —appag Iy(ooa)

where Zy = 1/g¢c is the vacuum impedance and n =~ The resistive-wall part of the longitudinal
deno?es the harmonic number 'which is related to ¢Jectric impedance ZI(IrW)(w’ S) is as follows:
the ring radius R by the relation n = kR [1, 2].

lezlmr}(iu, S) — leiltutﬂl] (w, S) — Zliitutal] (w,8 = o), (37)

where Z (r W)(w S — ) accounts for the absence of resistivity and represents the space-charge part of
the electrlc impedance.
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The longitudinal transmission coefficient 7}
of the resistive cylindrical pipe is obtained as the

(c11 — o) [Ko(dfch-} - %I{J(G—ch}]

Ty =
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ratio of the transmitted to incident field
amplitudes [2] and can be written as follows:

(3%)

(f—” (12 — agg) — (11092 — 0'120'21}) In(oad) — (o2 — ai2) Ko(oad)

Numerical Examples

We obtained analytically closed form
expressions for longitudinal electric impedance
and transmission coefficient of a resistive
cylindrical pipe of a conducting wall of finite
thickness #. [Egs. (36-38)]. The conducting wall
is coated from inside by a dielectric of thickness
t;. We also obtained the electromagnetic fields
excited by an off-axis motion of a point source.

In Fig. 2, the transmission coefficient T [Eq.
(38)] has been visualized as a function of the
conducting wall thickness normalized to the skin

depth t./9s, whereas = (2/ uOSa))- As in Fig. 2,

Fig. 3 shows the transmission coefficient T as a
function of t/d; wusing logarithmic scale.
Representative machine parameters used in the
numerical estimations in Figs. 2 and 3 are:
circumference L = 125 m, pipe radius » = 10 cm,
beam radius @ = 5 cm, dielectric layer with ¢, =3
um and x; = 6, injection energy vy, = 1.02,
harmonic number n = 5, reference frequency wo
= Boc/R = 2.41 x 10° rad/s, ® = nw, wall
conductivity S = 1.1 x 10° (Q m) ' and &, = 0.31
mm.
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FIG. 2. Transmission coefficient t as a function of the conducting wall thickness t./d;. The parameters used are:
circumference L = 125 m, pipe radius b = 10 cm, beam radius a = 5 cm, dielectric thickness #, = 3 um and x,
= 6, injection energy yo = 1.02, harmonic number # = 5 and reference frequency w, = 2.41 x 10°rad/s.
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FIG. 3. Transmission coefficient T (log scale) as a function of the normalized conducting wall thickness t./d. The
parameters used are: circumference L = 125 m, pipe radius b = 10 cm, beam radius a = 5 cm, dielectric
thickness ty = 3 um and k4 = 6, injection energy yo = 1.02, harmonic number n = 5 and reference frequency o,
=2.41 x 10° rad/s.
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FIG. 4. Real part of the resisitive-wall impedance in Q as a function of the conducting wall thickness t./0;. The
parameters used are: circumference L = 125 m, pipe radius b = 10 cm, beam radius a = 5 c¢m, dielectric
constant k = 6, injection energy yo = 1.02, harmonic number n = 5 and reference frequency o, = 2.41 x 10°
rad/s.
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As can be seen in Figs. 2 and 3, the pipe wall
is transparent at wall thicknesses t. less than the
skin depth 6. At t. = &5, about 0.77% of the
incident field penetrates the pipe. By increasing
the wall thickness, we observe that only 0.25 %
of the incident field can penetrate at t. = 29,. For
standard operation, less than one percent of the
field penetrates for ¢z, > 565 and field penetration
becomes vanishingly small in the thick wall
limit. This numerical example shows the im-
portance of the shielding issue in the design of
accelerators. Detailed knowledge of the
accelerator environment and detailed beam

Bawa’aneh, Al-Khateeb and Laham

parameters are important in determining the
required wall thicknesses needed to shield the
wall effectively in order to reduce noise and pipe
heating.

Fig. 4 shows, in log-scale, the real part of the
resistive—wall impedance of Eq. (37) measured
in Ohms as a function of the conducting wall
thickness normalized to the skin depth; namely,
t./0s. By varying the dielectric thickness z,, we
observe a suppression in resistive-wall
impedance with increasing #;. As expected, the
thick wall limit is reached for #,> J..

Conclusion

Very good shielding of electromagnetic fields
can be achieved by thin metallic walls of
thicknesses of the order of few skin penetration
depths. Exact field matching has been used to
calculate the excited electromagnetic fields and
the  corresponding  longitudinal  electric
impedance and transmission coefficient. The
derived analytical expressions for resistive—wall

impedance and transmission have been
numerically visualized for some relevant
parameters. The validity of the analytical

expressions presented in this work is restricted to
thin-ring particle beams with a jump
discontinuity at » = a. In future work, different
beam-pipe geometries can be used to investigate

impedance and transmission for other beam
distributions (RF sources).

The effect of the dielectric thickness #, on the
transmission coefficient is found to be negligibly
small, while it leads to a suppression of the
resistive-wall impedance for large values of ¢,
[see Fig.3]. From many numerical runs, we also
observed a weak dependance on the dielectric
constant x4; a result which is already reported in
literature [15]. In numerically investigating
impedances of multi-layered pipes, the analytical
results presented in this work for transmission
coefficient and resistive-wall impedance will
hopefully be useful in benchmarking numerical
codes.

References

[1] Al-Khateeb, A.M., Boine-Frankenheim, O.,
Hofmann, I. and Ru-molo, G., Phys. Rev. E,
63 (2001) 026503.

[2] Al-Khateeb, A.M., Boine-Frankenheim, O.,
Hasse, R.W. and Hofmann, I., Phys. Rev. E,
71 (2005) 026501.

[3] Schelkunoff, A., “Electromagnetic Waves”,
2" ed., (D. Van Nostrand Company, Inc,
1943).

[4] Krinski, S., Podobedov, B. and Gluckstern,
R.L., Phys. Rev. ST Accel. Beams, 7 (2004)
114401.

[5] Metral, E., Zotter, B. and Slavant, B., IEEE
Particle Accelerator Conference, June (2007),
p.4216, ISSN 1944-4680.

[6] Hahn, H., Phys. Rev. ST Accel. Beams, 13
(2010) 012002.

[7] Zhilichev, Y., IEEE Trans. Supercond., 23
(2013) 8201810.

[8] Biancacci, N. et al., Phys. Rev. ST Accel.
Beams, 17 (2014) 021001.

172

[9] Cherenkov, P.A., Doklady Akademii Nauk
SSSR. 2:451. Reprinted in Selected Papers of
Soviet Physicists, Usp. Fiz. Nauka, 93 (1967)
385.

[10] Sbornike, V. et al., Nauka, (1999), p. 149-
153. (Ref. Archived October 22, 2007, at the
Wayback Machine).

[11] Genevet, P., Wintz, D., Ambrosio, A., She,
A., Blanchard, R. and Capasso, F., Nature
Nanotechnology, 10 (2015) 804809.

[12] Jackson, J.D., “Classical Electrodynamics”,
3" ed., (Wiley, New York, 1998).

[13] Collin, R.E., “Foundations of Microwave
Engineering”, 2™ ed., (McGraw - Hill, N. Y.,
1992) pp.108—111.

[14] Pozar, D.M., “Microwave Engineering”,
Ch. 5, (Addison - Wesley, 1990).

[15] Wang, T.-S. F. and Kurennoy, S., Phys.
Rev. STAB, 4 (2001) 104201.



