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Abstract: Although the principles of non-commutative quantum mechanics date back as far as 
quantum mechanics known in the literature, that is, over a century ago, recent years have seen a 
resurgence of interest in the outcomes of this ancient theory to lead the scene of specialized research 
in this field. We present an improved inversely quadratic Hellman model (I-IQHPM) and determine 
its new eigenvalue solutions within the framework of three-dimensional relativistic/non-relativistic 
non-commutative quantum space (3D-(R and NR)-NCQS). The parametric Bopp's shifts approach 
and standard perturbation theory are used within the frameworks of the 3D-(R and NR)-NCQS to 
examine the novel high- and low-energy spectra under the deformed Dira, Klein-Gordon, and 
Schrödinger regimes for the I-IQHPM. We obtained new eigen solutions for the bosonic particles 
(spin-0, 1,...) and fermionic particles with spin and p-spin symmetries, with spin/p-spin = 1/2 
accounting for the atomic quantum numbers (݆, ݈, ,ݏ ݉ ), mixed potential depths (ܣ and ܤ), the 
screening parameter ߙ, and discrete deformation parameters (ߔ, ߯,  We recovered many potentials .(ߞ
in the deformed Dirac equation (DE), deformed Klein-Gordon equation (KGE), and deformed 
Schrödinger equation (SE), including the newly modified Coulomb potential and the modified IQYP. 
The non-relativistic eigenvalue solutions of the I-IQHPM are then applied to obtain the spin-
averaged mass spectra of heavy mesons such as ܿܿ  and ܾܾ. To complete this study, we explore the 
new partition function (PF)  ܼ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  for the I-IQHPM, expressed as a function of  (ߞ
the corresponding PF ܼ௤௛

௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) for the IQHP potentials and the non-commutativity 
parameters (ߔ, ߯,  Other thermodynamic properties (TPs), such as new mean energy .(ߞ

௡ܷ௖
௤௛(ߚ, ݈, ,ߔ ߯, ௡௖ܨ  new mean free energy ,(ߞ

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,   new entropy ,(ߞ
ܵ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, ௡௖ܥ  and new heat capacity ,(ߞ
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, -are determined for the I  ,(ߞ

IQHPM in the context of the deformed Schrödinger equation (SE). We highlight that our results are 
consistent with the previous works presented in the literature  (ߔ, ߯, → (ߞ (0,0,0),  corresponding to 
the absence of space deformation. The general solutions of the non-commutative KGE, DE, and SE, 
along with the expressions for the new energy levels and thermodynamic properties, are explicitly 
obtained under the I-IQHPM within the 3D-(R and NR)-NCQS framework. 

Keywords: Inversely quadratic Hellman; Non-commutative space. 
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1. Introduction 
The search for solutions of non-relativistic 

and relativistic wave equations of quantum 
mechanics and, in its extension, known to 
researchers with non-commutative quantum 
mechanics (NCQM), has been of interest to 
many researchers recently, for the SE (describes 
the behavior of particles on the atomic and 
subatomic scale at low energy), KGE (describes 
the behavior of scalar particles, such as mesons 
at high energy), DE (describes the behavior of 
fermions particles that have half-integer spins 
like electrons, protons, and neutrons at high 
energy), and Duffin-Kemmer-Petiau equation 
(describes particles with higher spin-1,2,.. at 
high energies). Expanding the range of 
applications requires the interaction of two or 
more potential models. The idea of non-
reciprocity is not new; it has been around for 
about a century. It was proposed in the 1930s by 
Heisenberg and Snyder in 1947 [1]. Recently, 
many researchers have investigated the effect of 
deformation in phase-space on some properties 
of quantum systems. For instance, we refer to 
recent works related to our topic [2-8]. This 
paper aims to study the 3D (KGE, DE, and SE) 
with the inversely quadratic Hellmann (IQH) 
potential model in the context of deformed 
space-space, which combines the Colombian 
potential (− ஺

௥
) and inversely quadratic Yukawa 

potential ஻ ௘௫௣(ିఈ௥)
௥మ  as described in the literature. 

Within the Schrödinger equation (SE) 
framework, Turkoglu et al. investigated the 
intraband nonlinear optical properties of a GaAs 
quantum well with IQH potential [9]. Recently, 
Njoku et al. [10] applied the Nikiforov-Uvarov 
method (NUM) to obtain DE solutions under 
spin and pseudo-spin symmetry limits and used 
the energy and wave function to examine the 
Shannon information entropy of the system [11]. 
Onyenegecha et al. [12] provided approximate 
analytical solutions for the SE with an IQH-
Kratzer potential, deriving the energy 
eigenvalues and corresponding wave functions. 
Ghanbari [13] reported calculations of third-
harmonic generation in a GaAs spherical 
quantum dot under the IQH potential, while 
Chang et al. [14] examined second-harmonic 
generation under hydrostatic pressure and 
temperature, determining energy levels and wave 
functions. Additional studies on the IQH 
potential are cited in [15-20]. NCQM, like all 
quantum mechanics known in the literature, 

relies on additional postulates. The first concerns 
the non-commutation of position-position and 
momentum-momentum operators (ܳఓ

(௦,௛,௜) ∗
ܳఔ

(௦,௛,௜) and ߨఓ
(௦,௛,௜) ∗ ఔߨ

(௦,௛,௜)) are different from 
(ܳఔ

(௦,௛,௜) ∗ ܳఓ
(௦,௛,௜) and ߨఔ

(௦,௛,௜) ∗ ఓߨ
(௦,௛,௜)), (the 

notion (∗) stands for the Weyl-Moyal star 
product, as defined below) [21-26]. This 
alternative theory is known as NC-phase space 
(NCPS) if the two hypotheses are established 
simultaneously. At the same time, it is called 
NC-space-space (NCSS) in the case of adopting 
only the first hypothesis (read the previous 
references for more investigation). It is important 
to notice that the works of Connes [27-29] and 
Seiberg-Witten [30] helped develop NCQM 
concepts of NCQM that are of scientific value 
and applicable to physical systems, especially in 
quantum field theory. We have studied modified 
IQH potential plus inversely quadratic potential 
in the deformed Schrödinger equation (DSE) 
framework and obtained new exact non-
relativistic energy eigenvalues [31]. Researchers 
have achieved great success based on the 
foundations of relativistic and non-relativistic 
quantum mechanics. Still, unfortunately, many 
physical problems of great importance remain 
without solutions, including gravity remaining 
outside the framework of the standard model, as 
well as the well-known problem of 
renormalizability. All of this was an excuse to 
search for appropriate solutions. The most vital 
alternative is currently a candidate for solving 
these 3D-(R and NR)-NCQS regimes. It should 
be noted that we had some previous studies that 
were indirectly related to the Hellmann potential, 
which takes the form (− ஺

௥
+ ஻ ௘௫௣(ିఈ௥)

௥
) in the 

literature in the context of DES [32-34])] and the 
deformed KGE [35]. In this work, we are 
motivated to investigate the solutions to the 
deformed (KGE, DE, and SE) with the improved 
inversely quadratic Hellmann potential model (I-
IQHPM) in the context of (3D-(R and NR)-
NCQS) regimes. In addition to demonstrating the 
NC influence on the TPs of the deformed space-
space's I-IQHPM. We believe that no researcher 
has yet addressed this study in the literature. The 
I-IQHPM ( ௤ܸ௛(ܳ) and ܵ௤௛(ܳ)) will be the focus 
of our current research. This will be expressed 
using the analytical formulas below. 
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ቐ
௤ܸ௛(ܳ) = ௤ܸ௛(ݎ) − డ௏೜೓(௥)

డ௥
௅.ః
ଶ௥

+ (ଶߔ)ܱ

ܵ௤௛(ܳ) = ܵ௤௛(ݎ) − డௌ೜೓(௥)
డ௥

௅.ః
ଶ௥

+ (ଶߔ)ܱ
      (1) 

The well-known expressions of the inversely 
quadratic Hellmann potential model, 
( ௤ܸ௛(ݎ), ܵ௤௛(ݎ), in the context of 3D-R(QM) and 
3D-NR(QM) symmetries are given by [10-13, 
20]:  

ቆ ௤ܸ௛(ݎ)
ܵ௤௛(ݎ)ቇ = ቌ

− ஺
௥

+ ஻ ௘௫௣(ିఈ௥)
௥మ

− ஺ೞ
௥

+ ஻ೞ ௘௫௣(ିఈ௥)
௥మ

ቍ ≅

ቌ
− ஺ାఈ஻

௥
+ ஻

௥మ + ఈమ஻
ଶ

− ஺ೞାఈ஻ೞ
௥

+ ஻ೞ
௥మ + ఈమ஻ೞ

ଶ

ቍ          (2) 

where ܣ/ܣ௦, ܤ/ܤ௦, and ߙ are the strengths of the 
Coulomb potential ቀ− ஺/஺ೞ

௥
ቁ, the inversely 

quadratic Yukawa potential ஻/஻ೞ ௘௫௣(ିఈ௥)
௥మ , and 

the screening parameter, respectively. Higher-
order terms beyond ݎଶ in the Taylor expansion 
are neglected. Positions in the 3D-NCQS and 
3D-QM regimes are denoted by (ܳ and ݎ), 
respectively. The symbol ۺ. ઴ represents the 
scalar product between ۺ൫ܮ௫ , ௬ܮ ,  ௭൯ andܮ
઴(ߠଵଶ , ,ଶଷߠ  ଵଷ)/2, presented physically as theߠ
angular momentum operator and infinitesimal 
non-commutativity vector, respectively. The 
self-adjoint differential operators ܳఓ

(௦,௛,௜)and 
ఔߨ

(௦,௛,௜) may arise in several significant variations 
in the context of the deformed quantum group. 
Canonical structure, Lie structure, and quantum 
plane (CS, LS, and QP, respectively) are well-
known representations of the Schrödinger, 
Heisenberg, and interaction images. Those 
operators that perform the new algebra natural 
units ℏ = ܿ = 1 are applied in this work [34, 36-
42]: 

ቂݔఓ
(௦), ఔ݌

(௦)ቃ = ቂݔఓ
(௛), ఔ݌

(௛)ቃ = ቂݔఓ
(௜), ఔ݌

(௜)ቃ = ఓఔߜ݅ ⇒  

ቂܳఓ
(௦), ఔߨ

(௦)ቃ
∗

= ቂܳఓ
(௛), ఔߨ

(௛)ቃ
∗

= ቂܳఓ
(௜), ఔߨ

(௜)ቃ
∗

=
݅ℏ௘௙௙ߜఓఔ         (3.1) 

The above equations are combined into a 
single formula, which is presented in the 
following format: 

ቂݔఓ
(௦,௛,௜), ఔ݌

(௦,௛,௜)ቃ = ఓఔߜ݅ ⇒ ቂܳఓ
(௦,௛,௜), ఔߨ

(௦,௛,௜)ቃ
∗

=
݅ℏ௘௙௙ߜఓఔ         (3.2)  

and 

ቂݔఓ
(௦), ఔݔ

(௦)ቃ = ቂݔఓ
(௛), ఔݔ

(௛)ቃ = ቂݔఓ
(௜), ఔݔ

(௜)ቃ = 0 ⇒

ቂܳఓ
(௦), ܳఔ

(௦)ቃ
∗

= ቂܳఓ
(௛), ܳఔ

(௛)ቃ
∗

= ቂܳఓ
(௜), ܳఔ

(௜)ቃ
∗
 

= ൞

 ,CS variety :ߠఓఔߝ݅

݅ℎఓఔ
ఈ ܳఈ

(௦,௛,௜): LS variety,

ఓఔܩ݅
ఈఉܳఈ

(௦,௛,௜)ܳఉ
(௦,௛,௜): QP variety. 

      (4.1) 

The above equations (4.1) are combined into 
a single formula, which is presented in the 
following format: 

ቂݔఓ
(௦,௛,௜), ఔݔ

(௦,௛,௜)ቃ = 0 ⇒ ቂܳఓ
(௦,௛,௜), ܳఔ

(௦,௛,௜)ቃ
∗

=

൞

 ,CS variety :ߠఓఔߝ݅

݅ℎఓఔ
ఈ ܳఈ

(௦,௛,௜): LS variety,

ఓఔܩ݅
ఈఉܳఈ

(௦,௛,௜)ܳఉ
(௦,௛,௜): QP variety. 

      (4.2) 

The new symbol [ܦ,  plays the role of the ∗[ܯ
commutator with the star product: 

,ܦ] ∗[ܯ = ܦ ∗ ܯ − ܯ ∗   ܦ

Here, X and Y can be equal to ܳఓ
(௦,௛,௜) or 

ఔߨ
(௦,௛,௜). In 3D-(R and NR)-NCQS symmetries, 

the deformed generalized coordinates (GC) 
ܳఓ

(௦,௛,௜)(ݔఓ
௦/ݔఓ

௛/ݔఓ
௜ ) and ߨఓ

(௦,௛,௜)(݌ఓ
௦/݌ఓ

௛/݌ఓ
௜ ), 

while the corresponding deformed generalizing 
momenta (GM) in 3D-RQM and 3D-NRQSM 
symmetries are ݔఓ

(௦,௛,௜)(ݔఓ
௦,ݔఓ

௛ , ఓݔ
௜ ) and 

ఓ݌
(௦,௛,௜)(݌ఓ

௦ ఓ݌,
௛, ݌ఓ

௜ ), respectively. In 3D-(R and 
NR)-NCQS regimes, the new uncertainty 
relation corresponds to the LHS of Eqs. (3.1) and 
(3.2) can be expressed as follows: 

ቚݔ߂ఓ
(௦)݌߂ఔ

(௦)ቚ = ቚݔ߂ఓ
(௛)݌߂ఔ

(௛)ቚ = ቚݔ߂ఓ
(௜)݌߂ఔ

(௜)ቚ ≥

ℏߜఓఔ/2 ⇒ ቚܳ߂ఓ
(௦)ߨ߂ఔ

(௦)ቚ = ቚܳ߂ఓ
(௛)ߨ߂ఔ

(௛)ቚ =

ቚܳ߂ఓ
(௜)ߨ߂ఔ

(௜)ቚ ≥ ℏ௘௙௙ߜఓఔ/2       (5.1) 

Which is combined into a single formula and 
presented in the following format: 

ቚݔ߂ఓ
(௦,௛,௜)݌߂ఔ

(௦,௛,௜)ቚ ≥ ℏߜఓఔ/2 ⇒

ቚܳ߂ఓ
(௦,௛,௜)ߨ߂ఔ

(௦,௛,௜)ቚ ≥ ℏ௘௙௙ߜఓఔ/2      (5.2) 

The RHS of Eqs. (4.1) and (4.2) permitted us 
to construct a new uncertainty relation as 
follows: 
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ቚܳ߂ఓ
(௦)ܳ߂ఔ

(௦,)ቚ = ቚܳ߂ఓ
(௛)ܳ߂ఔ

(௛)ቚ =

ቚܳ߂ఓ
(௜)ܳ߂ఔ

(௜)ቚ ≥ 

⎩
⎪
⎨

⎪
⎧

ఏหఌഋഌห
ଶ

 In the context of CS vision,
ఉഋഌ

ଶ
 In the context of LS vision,

௅ഋഌ

ଶ
 In the context of QP vision.

      (6.1) 

The above equations (6.1) are combined into 
a single formula, which is presented in the 
following format: 

ቚܳ߂ఓ
(௦,௛,௜)ܳ߂ఔ

(௦,௛,௜)ቚ ≥ 

⎩
⎪
⎨

⎪
⎧

ఏหఌഋഌห
ଶ

 In the context of CS vision,
ఉഋഌ

ଶ
 In the context of LS vision,

௅ഋഌ

ଶ
 In the context of QP vision

      (6.2) 

with ߚఓఔ and ܮఓఔ  are equal to the average values: 

⎩
⎪
⎨

⎪
⎧ ఓఔߚ = ቤൽ∑

ఈ

ଷ
ቀ ఓ݂ఔ

ఈ ܳఈ
(௦,௛,௜)ቁඁቤ

ఓఔܮ = ൽ∑
ఈ,ఉ

ଷ
ቀܩఓఔ

ఈఉܳఈ
(௦,௛,௜)ܳఉ

(௦,௛,௜)ቁඁ
         (7) 

The novel subdivision that appears in Eq. (6), 
which includes three uncertainty relations, has 
no precedent in the existing literature. We have 
extended the modified equal-time non-
commutative canonical commutation relations to 
include Heisenberg and interaction pictures in 
addition to the ordinary Schrödinger picture. The 
symbol ߜఓఔ is just the Kronecker notation, 
ఓఔߠ = ఓఔߝߠ  is an antisymmetric constant matrix 
with the dimensionality (length)2, parameterizing 
the deformation of space-space, ߝఓఔ  is an 
antisymmetric tensor operator describing the NC 
of space-time (ߝఓఔ = ఔఓߝ− = 1 for ߤ ≠  and ߥ
ఌఌߝ = ߠ ,(0 ∈ ܴ is the parameter of the non-
commutativity, ℏ௘௙௙ ≅ ℏ is the effective Planck 
constant, while ߤ and ߥ are equal to (1,2,3). The 
new deformed scalar product (݂ ∗  is (ݔ)(݃
defined by the Weyl-Moyal (∗) product for the 
canonical variety expressed as [43-50]: 

(݂ ∗ (ݔ)(݃ ≈ (ݔ)(݂݃) − ௜ఌഋഌఏ
ଶ ఓ߲

௫݂߲ఔ
௫݃ቃ

௫ഋୀ௫ഌ
 

 (8)            (ଶߠ)ܱ +

The first term, (݂݃)(ݔ), is the usual product 
in the 3D-RQM and 3D-NRQSM regimes, while 
the additive part (− ௜ఌഋഌఏ

ଶ ఓ߲
௫݂߲ఔ

௫݃ቃ
௫ഋୀ௫ഌ

) 

presents the effect of deformed space. Following 
this critical introduction, the remainder of this 
work is organized as follows: 

Section 2 provides an overview of the 
IQHPM in the context of 3D-KGE, 3D-SE, and 
3D-DE. Section 3 analyzes the 3D-DKGE, 3D-
DDE, and 3D-DSE using the Bopp shift 
approach to derive the effective potential of the 
I-IQHPM. The corrected global energies for 
bosonic particles with spin (0,1,…) and 
fermionic particles under spin and pseudo-spin 
symmetry (spin/p-spin)-1/2 are obtained by 
applying standard time-independent perturbation 
theory to evaluate the expectation values of the 
radial terms ( ଵ

௥ర and ଵ
௥య). Section 4 discusses 

significant examples in both relativistic and non-
relativistic regimes, offering insights valuable to 
both readers and experts. Section 5 examines the 
effect of deformed space under the new inversely 
quadratic Hellmann model within 3D-
NR(NCQS) symmetries, focusing on the spin-
averaged mass spectra of heavy meson systems. 
Section 6 explores how deformation influences 
thermal properties, including the I-IQHPM’s 
partition function, mean energy, free energy, 
specific heat, and entropy. Section 7 concludes 
with a concise summary of the main findings of 
this investigation. 

2. A Brief Review of Relativistic and       
Non-relativistic Quantum Systems 
Subject to the IQHPM in 3D-RQM 
and 3D-NRQM Regimes  

In order to make a valid physical comparison 
between a quantum system subject to the 
inversely quadratic Helmann potential model 
(IQHPM) in the framework of the quantum 
mechanical symmetries known in the literature 
and its extension, it is helpful to review this in 
the framework of the symmetries examined so 
far in the literature. This system satisfies the 
following two radial KGE and SE: 

൭ ௗమ

ௗ௥మ + ௡௟ܧ
௘௛ଶ − ଶܯ − ௟(௟ାଵ)

௥మ − ቀ− ஺ାఈ஻
ଶ௥

+ ஻
ଶ௥మ +

ఈమ஻
ସ

ቁ
ଶ

+ ቀ− ஺ೞାఈ஻ೞ
ଶ௥

+ ஻ೞ
ଶ௥మ + ఈమ஻ೞ

ସ
ቁ

ଶ
−

ቆܧ௡௟
௤௛ ቀ− ஺ାఈ஻

௥
+ ஻

௥మ + ఈమ஻
ଶ

ቁ + ܯ ቀ− ஺ೞାఈ஻ೞ
௥

+

஻ೞ
௥మ + ఈమ஻ೞ

ଶ
ቁቇ൱ ܴ௡௟(ݎ) = 0            (9) 
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and 

ቆ ௗమ

ௗ௥మ + ߤ2 ቀܧ௡௟
௤௛ + ஺

௥
− ஻ ௘௫௣(ିఈ௥)

௥మ −

௟(௟ାଵ)
ଶఓ௥మ ቁቇ  ܷ௡௟(ݎ) = 0         (10) 

Here, ߤ/ܯ are the masses of the boson 
particles (spin-0,1,...), and non-relativistic 
particles, respectively, while ܧ௡௟

௤௛/ܧ௡௟
௤௛ are the 

relativistic/non-relativistic eigenvalues, and 
(݊, ݈) represent the principal and spin-orbit 
coupling terms. Since the IQHPM has spherical 
symmetry, the wavefunction can be expressed 
as ݎ)ߖ,  ଷ) of the known formsߗ
ோ೙೗(௥)/௎೙೗(௥)

௥ ௠ܻ
௟ ,ߠ) ߶), where ௠ܻ

௟ ,ߠ) ߶) is 
spherical harmonics and ݉ is the projections on 
the Oz-axis. For equal scalar and vector 
potential, the radial component ܴ௡௟(ݎ) satisfies 
the following simplified differential equation: 

( ௗమ

ௗ௥మ + ௡௟ܧ
௘௛ଶ − ଶܯ − ௟(௟ାଵ)

௥మ − ቀ− ܤߙ+ܣ
ݎ + ܤ

2ݎ +
ܤ2ߙ

2 ቁ ൫ܧ௡௟
௤௛ + (ݎ)൯)ܴ௡௟ܯ = 0           (11) 

Njoku et al. and Alhaidari et al. [51] applied 
a scheme to write the radial part of the KGE in 
Eq. (11) by restyling the vector and scalar 
potentials ቀ ௤ܸ௛(ݎ), ܵ௤௛ −ቁ by ቀ(ݎ) ஺ାఈ஻

ଶ௥
+ ஻

ଶ௥మ +
ఈమ஻

ସ
, − ஺ೞାఈ஻ೞ

ଶ௥
+ ஻ೞ

ଶ௥మ + ఈమ஻ೞ
ସ

ቁ under the non-
relativistic limit. Using ௤ܸ௛(ݎ) from Eq. (3) with 
( ௤ܸ௛(ݎ) = ܵ௤௛(ݎ) ⇔ ܣ  = ܤ ݀݊ܽ ݏܣ =  .in Eq (ݏܤ
(11), we obtain: 

ቀ ௗమ

ௗ௥మ + ௡௟ܧ
௤௛ଶ − ଶߤ − ܼ௡௟

௤௛(ݎ) − ௟(௟ାଵ)
௥మ ቁ ܴ௡௟(ݎ) =

0            (12) 

with  

ܼ௡௟
௤௛(ݎ) = ൫ܧ௡௟

௤௛ + ൯ܯ ቀ− ஺ାఈ஻
௥

+ ஻
௥మ + ఈమ஻

ଶ
ቁ  (13) 

The three-dimensional radial Schrödinger 
wave equation is given as: 

ቆ ௗమ

ௗ௥మ +

ߤ2 ቀܧ௡௟
௤௛ + ஺ାఈ஻

௥
− ஻

௥మ − ఈమ஻
ଶ

− ௟(௟ାଵ)
ଶఓ௥మ ቁቇ ௡ܷ௟(ݎ) = 0   

(14) 

Njoku et al. [10, 11] applied the NUM to 
obtain the expression of the wave function 
,ݎ)ߖ  ଷ) as a function of the associated Laguerreߗ

polynomial ܮ௡
൫ଶඥఆ೙೗൯൫−2ඥ߯௡௟ݎ൯ in usual 

relativistic quantum symmetries: 

,ݎ)ߖ (ଷߗ =

௡ܰ௟
௚ ௥

భ
మశඥ೾೙೗

௥
×

൯ݎ൫−ඥ߯௡௟݌ݔ݁ ௡ܮ
ଶඥఆ೙೗൫2ඥ߯௡௟ݎ൯ ௟ܻ

௠(ߗଷ)  (15) 

with 

⎩
⎪
⎨

⎪
⎧ ௡௟ߗ = −൫ܧ௡௟

௤௛ଶ − ଶ൯ߤ + ఈమ஻
ଶ

߯௡௟ = ൫ܧ௡௟
௤௛ + ܤ൯ܯ + ݈(݈ + 1) + ଵ

ସ

௡ܰ௟
௚ =

൫ଶඥఞ೙೗൯భశඥ೾೙೗

∑
೔శబ

೙
ቀ ଵ

௡ି௜ቁ
೨൫మඥ೾೙೗శమశ೔൯

೔!

        (16) 

Here, the radial part for relativistic KGE is: 

ܷ௡௟(ݎ) =

௡ܰ௟
௚ ݎ

భ
మାඥఆ೙೗ ൯ݎ൫−ඥ߯௡௟݌ݔ݁ ௡ܮ

ଶඥఆ೙೗൫2ඥ߯௡௟ݎ൯. 

The corresponding relativistic energy ܧ௡௟
௤௛ of the 

IQH potential is given by 

1 + 2݊ + ට൫ܧ௡௟
௤௛ + ܤ൯ߤ + ݈(݈ + 1) + ଵ

ସ
 

ට൫ܧ௡௟
௤௛ + ൯ߤ ఈమ஻

ଶ
− ൫ܧ௡௟

௤௛ଶ − ଶ൯ߤ −

൫ܧ௡௟
௤௛ + ܣ)൯ߤ + (ܤߙ = 0.         (17) 

For the non-relativistic limit, the energy 
eigenvalues are given by [13,20]: 

௡௟ܧ
௤௛ = ఈమ஻

ଶ
− ߤ2 ൤ ஺ାఈ஻

ଵାଶ௡ାඥ(ଶ௟ାଵ)మା଼ఓ஻
൨

ଶ
 ≡ ߜ −

ଵ
ଶఓ

ቂ ఝ
(௡ା௻)ቃ

ଶ
           (18) 

The corresponding non-relativistic wave 
function ߖ௡௥ ,ݎ)  ଷ) obtained by applying aߗ
transformation of the form (ܧ௡௟

௤௛ + ߤ →  and ߤ2
௡௟ܧ

௤௛ − ߤ → ௡௟ܧ
௤௛) and substituting it into Eq. (15), 

we obtain: 

,ݎ)௡௥ߖ (ଷߗ =

௡ܰ௟
௡௥ ௥

భ
మశට೾೙೗

బ

௥
×

݌ݔ݁ ቆ−ට߯௡௟
଴ ቇݎ ௡ܮ

ଶටఆ೙೗
బ

ቆ2ට߯௡௟
଴ ቇݎ ௟ܻ

௠(ߗଷ)  

(19) 

with 
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⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧ ௡௟ߗ

଴ = ௡௥ܧߤ2−
௤௛ + ఈమ஻

ଶ

߯௡௟
଴ = ܤߤ2 + ݈(݈ + 1) + ଵ

ସ

௡ܰ௟
௡௥ =

ቆଶටఞ೙೗
బ ቇ

భశට೾೙೗
బ

∑
೔సబ

೙
ቀ ଵ

௡ି௜ቁ
೨ቆమට೾೙೗

బ శమశ೔ቇ

೔!

ߜ = ఈమ஻
ଶ

ߌ = ଵ
ଶ

+ ටቀ݈ + ଵ
ଶ
ቁ

ଶ
+ ܤߤ2

߮ = ܣ)ߤ + (ܤߙ

        (20) 

Here, ∑
௜ୀ଴

௡
ቀ ܽ

݊ − ݅ቁ is a generalized binomial 

coefficient, which is computed by the 
multiplicative formula: 

∑
௜ୀ଴

௡

ቀ ܽ
݊ − ݅ቁ = ௔!

(௡ିଵ)!(௔ି௡ିଵ!)
        (21) 

The corresponding radial ܴ௡௟(ݎ) part for the 
non-relativistic Schrödinger equation is: 

ܴ௡௟(ݎ) = ݈ܰ݊
ݎݎ݊

1
2+ට݈݊ߗ

0
݌ݔ݁ ቆ−ට݈߯݊

0 ݊ܮቇݎ
2ට݈݊ߗ

0

ቆ2ට݈߯݊
0   ቇݎ

In the DE, the spinor ߖ௡௞(ݎ, ,ߠ ߶) can be 
presented in column (2 × 1) 

ቌ
ி೙ೖ(௥)

௥ ௝ܻ௠
௟ ,ߠ) ߶)

݅ ீ೙ೖ(௥)
௥ ௝ܻ௠೛

௟೛ ,ߠ) ߶)
ቍ, where ܨ௡௞(ݎ) and ܩ௡௞(ݎ) 

are the upper and lower components of the Dirac 
spinor ߖ௡௞(ݎ, ,ߠ ߶), while ௝ܻ௠

௟ ,ߠ) ߶) and 

௝ܻ௠೛
௟೛ ,ߠ) ߶) are the spin and pseudo-spin 

spherical harmonics. Here, (݉, ݉௣) are the 
projections on the Oz-axis. In the condition: 

⎩
⎪
⎨

⎪
(ݎ)௤௛ߑ⎧ = ஺ାఈ஻

௥
+ ஻

௥మ + ఈమ஻
ଶ

 and ௗ௱೜೓(௥)
ௗ௥

= 0 
⇒ ௤௛߂ = ௦ܥ = 0: for spin symmetry

(ݎ)௤௛߂ = ஺ାఈ஻
௥

+ ஻
௥మ + ఈమ஻

ଶ
 and ௗఀ೜೓(௥)

ௗ௥
= 0 

⇒ ௤௛ߑ = ௣ܥ  = 0: for p-spin symmetry

  

(22) 
While ܨ௡௞

௦ ௡௞ܩ and (ݎ)
௣௦(ݎ) for spin symmetry 

and pseudo-spin symmetry obtained from: 

( ௗమ

ௗ௥మ − ݇(݇ + ଶିݎ(1 − ܯ) + ௡௞ܧ
௦ − (௦ܥ

ቀܯ − ௡௞ܧ
௦ + ቁ(ݎ)௤௛ߑ ௡௞ܨ

௦ (ݎ) = 0
        (23) 

and 

( ௗమ

ௗ௥మ − ݇(݇ − ଶିݎ(1 − ൫ܯ − ௡௞ܧ
௣௦ + ௣൯ܥ

ቀܯ + ௡௞ܧ
௣ − ௡௞ܩ(ቁ(ݎ)௤௛߂

௣ (ݎ) = 0
        (24) 

where ݇(݇ − 1) and ݇(݇ + 1) are equal 
݈௣(݈௣ − 1) and ݈(݈ + 1), respectively. Turkoglu 
et al. and Njoku et al. [9, 10] applied the NU 
method to obtain the expressions for the upper 
component ܨ௡௞

௦ ௡௞ܩ and lower component (ݎ)
௣௦(ݎ) 

as associated Laguerre polynomials 

௡ܮ

ଶටఆ೙ೖ
ೝ

൫2ඥ߯௡௞
௥ ௡ܮ ൯ andݎ

ଶටఆ೙ೖ
೛

ቆ2ට߯௡௞
௣ -ቇ in 3Dݎ

RQM symmetry as 

௡௞ܨ
௦ (ݎ) = 

௡ܰ௟
௥௦ ௥

భ
మశට೾೙ೖ

ೞ

௥
൫−ඥ߯௡௞݌ݔ݁

௥ ൯ݎ ௡ܮ

ଶටఆ೙ೖ
ೞ

൫2ඥ߯௡௞
௦   ൯ݎ

(25) 
and 

௡௞ܩ
௣௦(ݎ) = 

௡ܰ௟
௥௣ ௥

భ
మశට೾೙ೖ

೛

௥
݌ݔ݁ ቆ−ට߯௡௞

௣ ቇݎ ௡ܮ

ଶටఆ೙ೖ
೛

ቆ2ට߯௡௞
௣   ቇݎ

(26) 
Here, ߗ௡௞

௦ ௡௞ߗ/
௣ , ߯௡௞

௦ /߯௡௞
௣ , and ௡ܰ௞

௦ௗ/ ௡ܰ௞
௣ௗ are 

equal to: 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
௡௞ߗ⎧

௦ = ܯ) + ௡௞ܧ
௦ − ܤ(௦ܥ + ݇(݇ + 1) + ଵ

ସ
߯௡௞

௦ = ܯ)− + ௡௞ܧ
௦ + ܯ)(௦ܥ − ௡௞ܧ

௦ )

ܯ)+ + ௡௞ܧ
௦ − (௦ܥ ఈమ஻

ଶ

௡ܰ௞
௥௦ =

ቆଶටఞ೙ೖ
ೞ ቇ

భశට೾೙ೖ
ೞ

∑
೔సబ

೙
ቀ ଵ

௡ି௜ቁ
೨൬మට೾೙ೖ

ೞ శమశ೔൰

೔!

  (27) 

and 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
௡௞ߗ⎧

௣ = ൫ܯ − ௡௞ܧ
௣ + ܤ௣൯ܥ + ݇(݇ − 1) + ଵ

ସ

߯௡௞
௣ = −൫ܯ − ௡௞ܧ

௣ + ܯ௣൯൫ܥ + ௡௞ܧ
௣ ൯

+൫ܯ − ௡௞ܧ
௣ + ௣൯ܥ ఈమ஻

ଶ

௡ܰ௞
௥௣ =

ቆଶටఞ೙ೖ
೛ ቇ

భశට೾೙ೖ
೛

∑
೔సబ

೙
ቀ ଵ

௡ି௜ቁ
೨ቆమට೾೙ೖ

೛ శమశ೔ቇ

೔!

     (28) 

The energy equations for spin symmetry and 
p-spin symmetry are determined from [10]: 

ට(ܯ + ௡௞ܧ
௦ − (௦ܥ ቀܯ − ௡௞ܧ

௦ + ఈమ஻
ଶ

ቁ ൫1 + 2݊ +

ඥ(2݇ + 1)ଶ − ܯ)ܤ4 + ௡௞ܧ
௦ − ௦)൯ܥ −

ܯ) + ௡௞ܧ
௦ − ܣ)(௦ܥ + (ܤߙ = 0         (29) 
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and 

ට൫ܯ − ௡௞ܧ
௣ + ௣൯ܥ ቀܯ + ௡௞ܧ

௣ − ఈమ஻
ଶ

ቁ ቆ1 + 2݊ +

ට(2݇ − 1)ଶ − ܯ൫ܤ4 − ௡௞ܧ
௣ + ௣௦൯ቇܥ +

൫ܯ − ௡௞ܧ
௣ + ܣ)௣൯ܥ + (ܤߙ = 0       (30) 

The lower and upper components, ܩ௡௞
௦  and (ݏ)

௡௞ܨ
௣  of spin symmetry and pseudo-spin (ݏ)

symmetry are obtained by applying the 
following expressions: 

௡௞ܩ
௦ (ݎ) = ଵ

ெାா೙ೖ
ೞ ቀ ௗ

ௗ௥
+ ௞

௥
ቁ ௡௞ܨ

௦   (ݏ)

and 

௡௞ܨ
௣ (ݎ) = ଵ

ெିா೙ೖ
೛ ቀ ௗ

ௗ௥
− ௞

௥
ቁ ௡௞ܩ

௣   (ݏ)

In the following section, we will introduce 
the I-IQHPM, as well as investigate the new 
deformed relativistic and non-relativistic 
quantum theory for boson particles (spin-0, 1,...), 
and fermionic particles with spin and pseudo-
spin symmetry (spin/p-spin)-1/2 in deformed 
space-space symmetries. 

3. New Investigation of the Deformed 
Relativistic and Non-relativistic Wave 
Functions Subject to the I-IQHPM in 
Deformed Space-Space: 
3.1 Application of Bopp's Shift Method within the 

I-IQHPM 

Under the I-IQHPM in deformed space-space 
symmetries, we examine the impact of 
relativistic and non-relativistic non-commutative 
space on quantum systems with KGE, DE, and 
SE, using the main approaches presented in the 
introduction. Our goal is accomplished by 
utilizing the new ideas presented in the 
introduction and Eqs. (4), (5), and (8), which are 
summed through new connections that are 
defined by the concept of the Weyl-Moyal star 
product and new non-commutative canonical 
commutation relations (NNCCCRs). The 
standard radial KG and SE equations in Eqs. 
(12), (14), (23), and (24) in the context of spac-
space deformations or 3D-(R and NR)-NCQS 
can be rewritten as follows using these data: 

ቀ ௗమ

ௗ௥మ + ௡௟ܧ
ଶ − ଶߤ − ܺ௡௟

௤௛(ݎ) − ௟(௟ାଵ)
௥మ ቁ ∗ ܴ௡௟(ݎ) =

0            (31) 

( ௗమ

ௗ௥మ − ݇(݇ + ଶିݎ(1 − ܯ) + ௡௞ܧ
௦ − (௦ܥ ቀܯ −

௡௞ܧ
௦ + (ቁ(ݎ)௤௛ߑ ∗ ௡௞ܨ

௦ (ݎ) = 0       (32) 

( ௗమ

ௗ௥మ − ݇(݇ − ଶିݎ(1 − ൫ܯ − ௡௞ܧ
௣௦ + ௣൯ܥ ቀܯ +

௡௞ܧ
௣ − (ቁ(ݎ)௤௛߂ ∗ ௡௞ܩ

௣ (ݎ) = 0       (33) 

and 

ቆ ௗమ

ௗ௥మ + ߤ2 ቀܧ௡௟
௤௛ − ௤ܸ௛(ݎ) − ௟(௟ାଵ)

ଶఓ௥మ ቁቇ ∗ ܷ௡௟(ݎ) =

0               (34) 

Quantum field theory may involve non-
commutativity in two ways. The first approach is 
to re-express the different non-commutative 
physical fields, e.g.,  ൫શܔܖ, ઴ܔܖ, ૄ܍

܉ , ۴હ઺ ൯ as a 
function of their fields ൫ߖ௡௟, Φ௡௟, ݁ఓ

௔, ܨఈఉ ൯ in 
the well-known ordinary quantum mechanics, 
and the non-commutative parameters 
,ଵଶߟ)ߔ ଶଷߟ ,  ଵଷ)/2. This procedure is analogousߟ
to a Taylor expansion [28, 29, 52-57]. The 
second approach reformulates the modified 
operators (ܳ ܽ݊݀ ߨ) in terms of the standard 
quantum operators (ݔ and ݌) known in the QM 
symmetry and the properties of space associated 
with the non-commutative parameters 
઴(ߠଵଶ , ,ଶଷߠ  ଵଷ)/2. Both methods yieldߠ
equivalent physical results. As is well known 
among specialists, F. Bopp proposed a new 
quantization rule where (ݔ and ݌) → (ܳ = ݔ −
௜
ଶ

߲௣ and ߨ = ݌ + ௜
ଶ

߲௫) instead of the usual 
correspondence (݌ ݀݊ܽ ݔ) → (ܳ = ܳ ݀݊ܽ ݔ =
݌ + ௜

ଶ
߲௫). This procedure is known as Bopp’s 

shift method [58-62], or Bopp quantization [61]. 
The Weyl-Moyal star product, ݔ)ܩ, (݌ ∗ ,ݔ)ܨ  ,(݌
induces Bopp's shift method in the sense that it is 
replaced by ݔ)ܩ − ௜

ଶ
߲௣, ݌ + ௜

ଶ
߲௫) ∗ ,ݔ)ܨ  .[62] (݌

Applying these concepts enables us to transform 
the equations presented in Section 2 into new 
formulations within the framework of extended 
quantum mechanics, both in its relativistic and 
non-relativistic regimes, as shown 
below.

⎩
⎨

⎧ ܺ௡௟
௤௛(ݎ) ∗ ܴ௡௟(ݎ) = ܺ௡௟

௤௛(ܳ)ܴ௡௟(ݎ)
௟(௟ାଵ)

௥మ ∗ ܴ௡௟(ݎ) = ௟(௟ାଵ)
ொమ ܴ௡௟(ݎ)

൫ܧ௡௟
ଶ − ଶ൯ߤ ∗ ܴ௡௟(ݎ) = ൫ܧ௡௟

ଶ − (ݎ)ଶ൯ܴ௡௟ߤ

 (35) 
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⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ −݇(݇ + ଶିݎ(1 ∗ ௡௞ܨ

௦ (ݎ) = −݇(݇ + 1)ܳିଶܨ௡௞
௦ (ݎ)

ܯ) + ௡௞ܧ
௦ − (௦ܥ ቀܯ − ௡௞ܧ

௦ + ቁ(ݎ)௤௛ߑ ∗ ௡௞ܨ
௦ (ݎ) =

ܯ) + ௡௞ܧ
௦ − (௦ܥ ቀܯ − ௡௞ܧ

௦ + ௤௛(ܳ)ቁߑ ௡௞ܨ
௦ (ݎ)

݇(݇ − ଶିݎ(1 ∗ ௡௞ܩ
௣ (ݎ) = ݇(݇ − 1)ܳିଶ ∗ ௡௞ܩ

௣ (ݎ)

൫ܯ − ௡௞ܧ
௣௦ + ௣൯ܥ ቀܯ + ௡௞ܧ

௣ − ቁ(ݎ)௤௛߂ ∗ ௡௞ܩ
௣ (ݎ) =

൫ܯ − ௡௞ܧ
௣௦ + ௣൯ܥ ቀܯ + ௡௞ܧ

௣ − ௤௛(ܳ)ቁ߂ ௡௞ܩ
௣ (ݎ)

 

(36) 
and 

൝
௤ܸ௛(ݎ) ∗ ܷ௡௟(ݎ) = ௤ܸ௛(ܳ)ܷ௡௟(ݎ)
௟(௟ାଵ)
ଶఓ௥మ ∗ ܷ௡௟(ݎ) = ௟(௟ାଵ)

ଶఓொమ ܷ௡௟(ݎ)        (37) 

It should be mentioned that many specialist 
researchers have been attracted to Bopp's shift 
approach since its application provides a key to 
solving fundamental equations in the context of 
phase-space and deformed spaces. In the non-
relativistic framework corresponding to the 
Schrödinger equation, many physical problems 
are treated within phase-space and deformed 
space symmetries [63-69]. As for the study of 
relativistic systems within the framework of the 
deformed KGE, this method has been adopted 
over the last decade to solve multiple problems ( 
[70-77]. In addition, Bopp’s shift approach has 
been applied to the study of deformed Dirac and 
the deformed Duffin-Kemmer-Petiau equations 
[78-85]. It is worth noting that Bopp's shift 
method allows us to reduce Eqs. (31), (32), (33), 
and (34) to the simplest form: 

ቀ ௗమ

ௗ௥మ + ௡௟ܧ
ଶ − ଶܯ − ܺ௡௟

௤௛(ܳ) − ௟(௟ାଵ)
ொమ ቁ ܴ௡௟(ݎ) =

0           (38) 

( ௗమ

ௗ௥మ − ௞(௞ାଵ)
ொమ − ܯ) + ௡௞ܧ

௦ − (௦ܥ ቀܯ − ௡௞ܧ
௦ +

௤௛(ܳ)ቁߑ − ௤௛ߑ
௣௘௥௧(ݎ))ܨ௡௞(ݎ) = 0       (39) 

( ௗమ

ௗ௥మ − ௞(௞ିଵ)
ொమ − ൫ܯ − ௡௞ܧ

௣௦ + ௣൯ܥ ቀܯ + ௡௞ܧ
௣ −

௤௛(ܳ)ቁ߂ − ௤௛߂
௣௘௥௧ (ݎ)௡௞ܩ((ݎ) = 0       (40) 

and for the non-relativistic case, 

ቆ ௗమ

ௗ௥మ + ߤ2 ቀܧ௡௟
௤௛ − ௤ܸ௛(ܳ) − ௟(௟ାଵ)

ଶఓொమ ቁቇ ܴ௡௟(ݎ) = 0

          (41) 

Here, ௤ܸ௛(ܳ) and ௟(௟ାଵ)
ଶఓொమ   are obtained from 

௤ܸ௛(ݎ) and ௟(௟ାଵ)
ଶఓ௥మ  by replacing r with the non-

commutative parameter ܳ as follows: 

ቐ
௤ܸ௛(ݎ)  → ௤ܸ௛(ܳ) = − ஺ାఈ஻

ொ
+ ஻

ொమ + ఈమ஻
ଶ

௟(௟ାଵ)
ଶఓ௥మ → ௟(௟ାଵ)

ଶఓொమ

  

By applying Bopp's shift method, or the 
canonical quantization method, Eqs. (4) and (8), 
which introduces the Weyl-Moyal star concept, 
these equations reduce to simplified algebraic 
forms. This is possible because the method relies 
on the fundamental principles of quantization 
and operator algebra widely used in the literature 
[58-62]: 

൝
ൣܳఓ

(௦), ఔߨ
(௦)൧ = ൣܳఓ

(௛), ఔߨ
(௛)൧ = ൣܳఓ

(௜) , ఔߨ
(௜)൧ = ݅ℏ௘௙௙ߜఓఔ  

ൣܳఓ
(௦), ܳఔ

(௜)൧ = ൣܳఓ
(௛), ܳఔ

(௛)൧ = ൣܳఓ
(௜) , ܳఔ

(௜)൧ = ఓఔߠ݅
  

(42.1) 

These can be combined into a single formula, 
which is presented in the following format: 

ቐ
ቂܳఓ

(௦,௛,௜), ఔߨ
(௦,௛,௜)ቃ = ݅ℏ௘௙௙ߜఓఔ 

ቂܳఓ
(௦,௛,௜), ܳఔ

(௦,௛,௜)ቃ = ఓఔߠ݅
     (42.2) 

In 3D-(R and NR)-NCQS regimes, the Nc set 
of variables (ܳఓ

(௦,௛,௜)and ߨఔ
(௦,௛,௜)) of Eq. (42) can 

be expressed in terms of their commutative 
counterparts (ݔఓ

(௦,௛,௜)and ݌ఔ
(௦,௛,௜)) using the 

Seiberg-Witten map: 

൭
ܳఓ

(௦)

ఓߨ
(௦)൱ =

⎝

⎜
⎛

ఓݔ
(௦) − ቆ∑

ଷ

ఔୀଵ

௜ఏഋഌ

ଶ
ఔ݌

(௦)ቇ

(ଶߔ)ܱ+
ఓ݌

(௦) + (ଶߟ)ܱ ⎠

⎟
⎞

    (43.1) 

൭
ܳఓ

(௛)

ఓߨ
(௛)൱ =

⎝

⎜
⎛

ఓݔ
(௛) − ቆ∑

ଷ

ఔୀଵ

௜ఏഋഌ

ଶ
ఔ݌

(௛)ቇ

(ଶߔ)ܱ+
ఓ݌

(௛) + (ଶߟ)ܱ ⎠

⎟
⎞

    (43.2) 

and 

൭
ܳఓ

(௜)

ఓߨ
(௜)൱ =

⎝

⎜
⎛

ఓݔ
(௜) − ቆ∑

ଷ

ఔୀଵ

௜ఏഋഌ

ଶ
ఔ݌

(௜)ቇ

(ଶߔ)ܱ+
ఓ݌

(௜) + (ଶߟ)ܱ ⎠

⎟
⎞

    (43.3) 

 Equations (43.1), (43.2), and (43.3) can be 
combined into a single formula: 
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൭
ܳఓ

(௦,௛,௜)

ఓߨ
(௦,௛,௜)൱ =

⎝

⎜
⎛

ఓݔ
(௦,௛,௜) − ቆ∑

ଷ

ఔୀଵ

௜ఏഋഌ

ଶ
ఔ݌

(௦,௛,௜)ቇ

(ଶߔ)ܱ+
ఓ݌

(௦,௛,௜) + (ଶߟ)ܱ ⎠

⎟
⎞

 

(43.4) 

This allows us to determine the operators (ܳଶ, 
ଵ

ொమ
݇(݇+1)

ܳ2 , ௞(௞ିଵ)
ொమ , and ௟(௟ାଵ)

ଶఓொమ ) in the 3D-(R and NR)-
NCQS symmetries as follows: 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ܳଶ = ଶݎ − .ۺ ઴ + For 3D-DKGE (ଶߔ)ܱ

ܳଶ = ଶݎ − ൜
.ۺ ઴ for spin symmetry

.ܘۺ ઴ for p-spin symmetry
(ଶߔ)ܱ+

௞(௞ାଵ)
ொమ = ௞(௞ାଵ)

௥మ + ௞(௞ାଵ)
௥ర .ۺ ઴ + (ଶߔ)ܱ

௞(௞ିଵ)
ொమ = ௞(௞ିଵ)

௥మ + ௞(௞ିଵ)
௥ర ܘۺ . ઴ + (ଶߔ)ܱ

௟(௟ାଵ)
ଶఓொమ = ௟(௟ାଵ)

ଶఓ௥మ + ௟(௟ାଵ)
ଶఓ௥ర .ۺ ઴ + (ଶߔ)ܱ

         (44) 

Furthermore, the Taylor expansions of 
ܺ௡௟

௤௛(ܳ), ߑ௤௛(ܳ), ߂௤௛(ܳ), and ௤ܸ௛(ܳ) may be 
stated in 3D-(R and NR)- (NCQS) symmetries 
as: 

⎩
⎪⎪
⎨

⎪⎪
⎧ܼ௡௟

௤௛(ܳ) = ܼ௡௟
௤௛(ݎ) − ଵ

ଶ௥

డ௓೙೗
೜೓(௥)

డ௥
.ۺ ઴ + (ଶߔ)ܱ

௤௛ߑ (ܳ) = (ݎ)௤௛ߑ − ଵ
ଶ௥

డఀ೜೓(௥)

డ௥
.ۺ ઴ + (ଶߔ)ܱ

(ܳ)௤௛߂ = (ݎ)௤௛߂ − ଵ
ଶ௥

డ௱೜೓

డ௥
.ܘۺ ઴ + (ଶߔ)ܱ

௤ܸ௛(ܳ) = ௤ܸ௛(ݎ) − ଵ
ଶ௥

డ௏೜೓

డ௥
.ۺ ઴ + (ଶߔ)ܱ

   (45) 

Equations (43) and (44) can be substituted 
into Eqs. (31), (32), (33), and (34), to provide the 
following like-Schrödinger equations. 

ቆ ௗమ

ௗ௥మ + ௡௟ܧ
ଶ − ଶܯ − ܼ௤௛

௤௛(ݎ) − ܼ௥ି௤௛
௣௘௥௧ ቇ(ݎ) ܴ௡௟(ݎ) 

= 0                 (46) 

( ௗమ

ௗ௥మ − ௞(௞ାଵ)
௥మ − ܯ) + ௡௞ܧ

௦ − (௦ܥ ቀܯ − ௡௞ܧ
௦ +

ቁ(ݎ)௤௛ߑ − ௤௛ߑ
௣௘௥௧ (ݎ)௡௞ܨ((ݎ) = 0        (47) 

and 

( ௗమ

ௗ௥మ − ௞(௞ିଵ)
௥మ − ൫ܯ − ௡௞ܧ

௣ + ௣൯ܥ ቀܯ + ௡௞ܧ
௣௦ −

ቁ(ݎ)௤௛߂ − ௤௛߂
௣௘௥௧(ݎ))ܩ௡௞(ݎ) = 0       (48) 

and 

ቆ ௗమ

ௗ௥మ + ߤ2 ቀܧ௡௟
௤௛ − ௤ܸ௛(ݎ) − ௟(௟ାଵ)

ଶఓ௥మ ቁ +

௡௥ି௤௛ܼߤ2
௣௘௥௧ ቇ(ݎ) ܷ௡௟(ݎ) = 0        (49) 

with 

ܼ௥ି௤௛
௣௘௥௧ (ݎ) = ൬௟(௟ାଵ)

௥ర − ଵ
ଶ௥

డ௓೙೗
೜೓(௥)
డ௥

൰ .ۺ ઴ +   (ଶߔ)ܱ
 (50) 

௤௛ߑ
௣௘௥௧ (ݎ) =

௞(௞ାଵ)
௥ర .ۺ ઴ − ܯ) + ௡௞ܧ

௦ ) డఀ೜೓(௥)
డ௥

઴.ۺ
ଶ௥

+  (ଶߔ)ܱ
                (51) 

௤௛߂
௣௘௥௧(ݎ) =

௞(௞ିଵ)
௥ర ܘۺ . ઴ − ൫ܯ − ௡௞ܧ

௣௦൯ డ௱೜೓(௥)
డ௥

઴.ܘۺ
ଶ௥

+
 (52)                (ଶߔ)ܱ

and 

ܼ௡௥ି௤௛
௣௘௥௧ (ݎ) = ቀ ଵ

ଶ௥
డ௏೜೓

డ௥
− ௟(௟ାଵ)

ଶఓ௥ర ቁ .ۺ ઴ +   (ଶߔ)ܱ
(53)  

These equations express the interaction of the 
topological properties of the deformed space 
(resulting from space deformation ઴) with the I-
IQHPM in this space through the direct coupling 

between ൬− ଵ
ଶ௥

డ௓೙೗
೜೓(௥)
డ௥

൰, ቀ ଵ
ଶ௥

డ௏೜೓

డ௥
ቁ, డఀ೜೓(௥)

డ௥
઴.ۺ
ଶ௥

, 
డ௱೜೓(௥)

డ௥
઴.ܘۺ

ଶ௥
, ௞(௞ାଵ)

௥ర , ௞(௞ିଵ)
௥ర , and ௟(௟ାଵ)

௥ర , together 
with the angular momentum operators 
௫ܮ൫ۺ , ௬ܮ , ௫ܮ൫࢖ۺ ௭൯ andܮ

௣ , ௬ܮ
௣ , ௭ܮ

௣൯. After a 
profound calculation, one gets: 

− ଵ
ଶ௥

డ௓೙೗
೜೓(௥)
డ௥

= ൫ܧ௡௟
௤௛ + ൯ܯ ቀ஺ାఈ஻

ଶ௥య + ஻
௥రቁ        (54) 

ܯ)− + ௡௞ܧ
௦ ) ଵ

ଶ௥
డఀ೜೓(௥)

డ௥
= ܯ) + ௡௞ܧ

௦ ) ቀ− ஺ାఈ஻
ଶ௥య +

஻
௥రቁ                 (55) 

−൫ܯ − ௡௞ܧ
௣௦൯ ଵ

ଶ௥
డ௱೜೓(௥)

డ௥
= ൫ܯ − ௡௞ܧ

௣௦൯ ቀ− ஺ାఈ஻
ଶ௥య +

஻
௥రቁ                 (56) 

and 
ଵ

ଶ௥
డ௏೜೓

డ௥
= ஺ାఈ஻

ଶ௥మ − ஻
௥ర         (57) 

I am substituting Eqs. (54), (55), (56), and 
(57) into Eqs. (50), (51), (52), and (53). The 
spontaneously generated terms ܼ௤௛

௣௘௥௧(ݎ), 
௤௛ߑ

௣௘௥௧ ௤௛߂ ,(ݎ)
௣௘௥௧ and ܼ௡௥ି௤௛ ,(ݎ)

௣௘௥௧ -for the I (ݎ)
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IQHPM can be described as a result of the 
topological characteristics of space deformation: 

ܼ௥ି௤௛
௣௘௥௧ (ݎ) =

(
௟(௟ାଵ)ାቀா೙೗

೜೓ାெቁ஻

௥ర −
ቀா೙೗

೜೓ାெቁ(஺ାఈ஻)

ଶ௥య .ۺ( ઴ +
 (58)                (ଶߔ)ܱ

௤௛ߑ
௣௘௥௧ (ݎ) =

(௞(௞ାଵ)ା൫ெାா೙ೖ
ೞ ൯஻

௥ర − ൫ெାா೙ೖ
ೞ ൯(஺ାఈ஻)
ଶ௥య .ۺ( ઴ +

 (59)                (ଶߔ)ܱ

௤௛߂
௣௘௥௧(ݎ) =

(௞(௞ିଵ)ା൫ெିா೙ೖ
೛ೞ ൯஻

௥ర −
൫ெିா೙ೖ

೛ೞ ൯(஺ାఈ஻)
ଶ௥య .ܘۺ( ઴ +

 (60)               (ଶߔ)ܱ

and 

ܼ௡௥ି௤௛
௣௘௥௧ (ݎ) = ቀ஻ି௟(௟ାଵ)

ଶఓ௥ర + ஺ାఈ஻
ଶ௥య ቁ .ۺ ઴ +   (ଶߔ)ܱ

(61) 

In 3D-(R/NR)NCQS symmetries, the global 
effective potentials ܼ௤௛

௡௖ି௘௙௙(ݎ), ߑ௤௛
௡௖ି௘௙௙(ݎ), 

௤௛߂
௡௖ି௘௙௙(ݎ), and ௡ܸ௥ି௤௛

௡௖ି௘௙௙(ݎ) can be expressed as 
a function of corresponding effective potentials 
ܼ௤௛

௘௙௙(ݎ), ߑ௤௛
௘௙௙(ݎ), ߂௤௛

௘௙௙(ݎ), and ௡ܸ௥ି௤௛
௘௙௙  in (ݎ)

3D-(Ra and NR)QM symmetries as follows: 

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧ܼ௤௛

௡௖ି௘௙௙(ݎ) = ܼ௤௛
௘௙௙(ݎ) + (௟(௟ାଵ)

௥ర − ଵ
ଶ௥

డ௓೙೗
೜೓(௥)
డ௥

.ۺ( ઴
(ଶߔ)ܱ+

௤௛ߑ
௡௖ି௘௙௙(ݎ) = ௤௛ߑ

௘௙௙(ݎ) + (௞(௞ାଵ)
௥ర + ܯ) + ௡௞ܧ

௦ )

ቀ஺ାఈ஻
ଶ௥య + ஻

௥రቁ)ۺ. ઴ + (ଶߔ)ܱ

௤௛߂
௡௖ି௘௙௙(ݎ) = ௤௛߂

௘௙௙(ݎ) + (௞(௞ିଵ)
௥ర + ൫ܯ − ௡௞ܧ

௣ ൯

ቀ஺ାఈ஻
ଶ௥య + ஻

௥రቁ)ܘۺ . ઴ + (ଶߔ)ܱ

௡ܸ௥ି௤௛
௡௖ି௘௙௙(ݎ) = ௤ܸ௛

௘௙௙(ݎ) − (௟(௟ାଵ)
ଶఓ௥ర − ଵ

ଶ௥
డ௏೜೓(௥)

డ௥
.ۺ( ઴

(ଶߔ)ܱ+

   (62) 

with 

⎩
⎪⎪
⎨

⎪⎪
⎧ ܼ௤௛

௘௙௙(ݎ) = ܼ௡௟
௤௛(ݎ) + ௟(௟ାଵ)

௥మ

௤௛ߑ
௘௙௙(ݎ) = (ݎ)௤௛ߑ + ௞(௞ାଵ)

௥మ

௤௛߂
௘௙௙(ݎ) = (ݎ)௤௛߂ + ௞(௞ିଵ)

௥మ

௤ܸ௛
௘௙௙(ݎ) = ௤ܸ௛(ݎ) + ௟(௟ାଵ)

ଶఓ௥మ

        (63) 

In 3D-(R and NR)-NCQS symmetries, the 
new potential under study (improved inversely 
quadratic Hellmann potential) is expanded to 
include additional terms (terms ଵ

௥ర and ଵ
௥య) that 

express its interaction with the topological 
properties of deformed space and the 

corresponding expression (inversely quadratic 
Hellmann potential) in the framework of QM 
known in the literature. The new additive parts 
ܼ௤௛

௣௘௥௧(ݎ), ߑ௤௛
௣௘௥௧ ௤௛߂ ,(ݎ)

௣௘௥௧ and ܼ௡௥ି௤௛ ,(ݎ)
௣௘௥௧  are (ݎ)

proportional to the infinitesimal couplings 
.ۺ ઴ and ܘۺ . ઴. From the perspective of physics, 
this is logical, as it explains the interaction 
between the physical properties of the 
investigated potential (ۺ and ܘۺ) and the 
topological characteristics arising from the 
deformation of space-space given by ઴. Based 
on this reasoning, we consider the additive 
effective potential as a very infinitesimal part 
compared with the central effective potentials 
ܼ௤௛

௘௙௙(ݎ), ߑ௤௛
௘௙௙(ݎ), ߂௤௛

௘௙௙(ݎ), and ௤ܸ௛
௘௙௙(ݎ) 

(parent/main potentials) in the symmetries of 
3D(R and NR)-NCQS symmetries. That is, the 
inequalities ܼ௤௛

௣௘௥௧(ݎ) ≪ ܼ௤௛
௘௙௙(ݎ), ߑ௤௛

௣௘௥௧(ݎ) ≪
௤௛ߑ

௘௙௙(ݎ), ߂௤௛
௣௘௥௧(ݎ)(ݎ) ≪ ௤௛߂

௘௙௙(ݎ), and 
ܼ௡௥ି௤௛

௣௘௥௧ (ݎ) ≪ ௤ܸ௛
௘௙௙(ݎ) are satisfied. 

Consequently, the application of time-
independent perturbation theory (TIPT) becomes 
a practical and rigorous method for solving this 
physical problem, as it is supported by strong 
justification. This approach enables us to provide 
a comprehensive prescription for calculating the 
energy levels of generalized excited states 
(݊, ݈, ݉, ݉௣)௧௛. 

3.2 Relativistic Expectation Values for Deformed 
KGE under the I-IQHPM 

The main goal of this section is to apply TIPT 
in 3D-(R and NR)-NCQS symmetries to evaluate 
the expectation values of the relativistic KGE 

(ർ ଵ
௥ర඀

(௡௟௠)

௥௞ି௤௛
 and ർ ଵ

௥య඀
(௡௟௠)

௥௞ି௤௛
) for boson particles, 

taking into account the unperturbed wave 
functions ݎ)ߖ,  ଷ), which we have seenߗ
previously in Eq. (15). After calculations, one 

gets the expectations values (ർ ଵ
௥ర඀

(௡௟௠)

௥௞ି௤௛
 and 

ർ ଵ
௥య඀

(௡௟௠)

௥௞ି௤௛
) using the TIPT in the first order as 

follows: 

ർ ଵ
௥ర඀

(௡௟௠)

௥௞ି௤௛
=

ே೙೗
೒మ

൫ଶඥఞ೙೗൯
మඥ೾೙೗షర ∫

଴

ାஶ
ଶඥఆ೙೗ିଷݖ (ݖ−)݌ݔ݁ ൤ܮ௡

ଶඥఆ೙೗(ݖ)൨
ଶ

  ݖ݀

(64) 

and 
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ർ ଵ
௥య඀

(௡௟௠)

௥௞ି௤௛
=

ே೙೗
೒మ

൫ଶඥఞ೙೗൯
మඥ೾೙೗షయ ∫

଴

ାஶ
ଶඥఆ೙೗ିଶݖ (ݖ−)݌ݔ݁ ൤ܮ௡

ଶඥఆ೙೗(ݖ)൨
ଶ

  ݖ݀

(65) 

We have introduced a new variable ݖ =
2ඥ߯௡௟ݎ and used abbreviations ⟨ℳ⟩(௡௟௠)

௥௞ି௤௛= 
⟨݊, ݈, ݉|ℳ|݊, ݈, ݉⟩ to avoid the extra burden of 
writing, with ℳ equal to ଵ

௥ర and ଵ
௥య. We calculate 

the integrals in Eqs. (64) and (65) by applying 
the following special integral formula [86]: 

∫
଴

ାଵ
௔ା௕ݖ (ݖ−)݌ݔ݁ ௡ܮ]

௔  =ݖଶ݀[(ݖ)

∑
௜ୀ଴

௡

ቀ ܾ
݊ − ݅ቁ ௰(௔ା௕ାଵା௜)

௜!
         (66) 

where ߁(ܽ + ܾ + 1 + ݅) is the Gamma 
function. By comparing Eqs. (64) and (65) with 
the integrals in Eq. (66), we obtain: 

ർ ଵ
௥ర඀

(௡௟௠)

௥௞ି௤௛
= ܺ௡௟

௞ଵ ∑
௜ୀ଴

௡

ቀ −3
݊ − ݅ቁ ௰൫ଶඥఆ೙೗ିଶା௜൯

௜!
   (67) 

and 

ർ ଵ
௥య඀

(௡௟௠)

௥௞ି௤௛
= ܺ௡௟

௞ଶ ∑
௜ୀ଴

௡

ቀ −2
݊ − ݅ቁ ௰൫ଶඥఆ೙೗ିଵା௜൯

௜!
 , (68) 

where ܺ௡௟
௞ଵ and ܺ௡௟

௞ଶ are equal to ே೙೗
೒మ

൫ଶඥఞ೙೗൯మඥ೾೙೗షర 

and ே೙೗
೒మ

൫ଶඥఞ೙೗൯మඥ೾೙೗షయ, respectively. By examining 

the unperturbed relativistic wave function in Eq. 
(15) and another wave function ߖ௡௥(ݎ,  ଷ) inߗ
Eq. (19), in addition to the upper ܨ௡௞

௦  and (ݎ)
lower ܩ௡௞

௣௦(ݎ) components in Eqs. (25) and (26) 
of the spinor of the DE, we note that there is a 
possibility to move from the unperturbed 
relativistic wave function ݎ)ߖ,  ଷ) to the otherߗ
non-relativistic wave function ߖ௡௥ ,ݎ)  ଷ) andߗ
the upper ܨ௡௞

௦ ௡௞ܩ and lower (ݎ)
௣௦(ݎ) components 

by making the following substitutions: 

௡ܰ௟
௚ ⇔ ൫ ௡ܰ௟

௡௥ , ௡ܰ௟
௥௦, ௡ܰ௟

௥௣൯ ߗ௡௟ ⇔
൫ߗ௡௟

଴ , Ω௡௞
௦ , Ω௡௞

௣ ൯ and ߯௡௟ ⇔ ൫߯௡௟
଴ , ߯௡௞

௦ , ߯௡௞
௣ ൯        
(69) 

This makes it possible for us to determine the 

non-relativistic expectation values (ർ ଵ
௥ర඀

(௡௟௠)

௡௥ି௤௛
, 

ർ ଵ
௥య඀

(௡௟௠)

௡௥ି௤௛
) [see Eqs. (70) and (71) below], the 

relativistic Dirac expectation values (ർ ଵ
௥ర඀

(௡௟௠)

௥௦ି௤௛
, 

ർ ଵ
௥య඀

(௡௟௠)

௥௦ି௤௛
) for spin-symmetry [see Eqs. (72) and 

(73) below], and (ർ ଵ
௥ర඀

(௡௟௠)

௥௣ି௤௛
, ർ ଵ

௥య඀
(௡௟௠)

௥௣ି௤௛
) for 

pseudo-spin symmetry [see Eqs. (74) and (75) 
below] directly from Eqs. (67) and (68), without 
re-calculation: 

ർ ଵ
௥ర඀

(௡௟௠)

௡௥ି௤௛
= ܺ௡௟

௡௥ଵ ∑
௜ୀ଴

௡

ቀ −3
݊ − ݅ቁ

௰ቆଶටఆ೙೗
బ ିଶା௜ቇ

௜!
         (70) 

ർ ଵ
௥య඀

(௡௟௠)

௡௥ି௤௛
= ܺ௡௟

௡௥ଶ ∑
௜ୀ଴

௡

ቀ −2
݊ − ݅ቁ

௰ቆଶටఆ೙೗
బ ିଵା௜ቇ

௜!
         (71) 

ർ ଵ
௥ర඀

(௡௟௠)

௥௦ି௤௛
= ܺ௡௟

௥௦ଵ ∑
௜ୀ଴

௡

ቀ −3
݊ − ݅ቁ

௰ቆଶටఆ೙೗
ೞ ିଶା௜ቇ

௜!
          (72) 

ർ ଵ
௥య඀

(௡௟௠)

௥௦ି௤௛
= ܺ௡௟

௥௦ଶ ∑
௜ୀ଴

௡

ቀ −2
݊ − ݅ቁ

௰ቆଶටఆ೙೗
ೞ ିଵା௜ቇ

௜!
          (73) 

ർ ଵ
௥ర඀

(௡௟௠)

௥௣ି௤௛
= ܺ௡௟

௥௣ଵ ∑
௜ୀ଴

௡

ቀ −3
݊ − ݅ቁ

௰ቆଶටఆ೙೗
೛ ିଶା௜ቇ

௜!
         (74) 

and 

ർ ଵ
௥య඀

(௡௟௠)

௥௣ି௤௛
= ܺ௡௟

௥௣ଵ ∑
௜ୀ଴

௡

ቀ −2
݊ − ݅ቁ

௰ቆଶටఆ೙೗
೛ ିଵା௜ቇ

௜!
         (75) 

with ܺ௡௟
௡௥ଵ, ܺ௡௟

௡௥ଶ, ܺ௡௟
௥௦ଵ, ܺ௡௟

௥௦ଶ, ܺ௡௟
௥௣ଵ, and ܺ௡௟

௥௣ଵ  

equal to ே೙೗
೙ೝమ

ቆଶටఞ೙೗
బ ቇ

మට೾೙೗
బ షర

, ே೙೗
೙ೝమ

ቆଶටఞ೙೗
బ ቇ

మට೾೙೗
బ షయ

, 

ே೙೗
ೝೞమ

ቆଶටఞ೙೗
ೞ ቇ

మට೾೙೗
ೞ షర

, ே೙೗
ೝೞమ

ቆଶටఞ೙೗
ೞ ቇ

మට೾೙೗
ೞ షయ

, ே೙೗
ೝ೛మ

ቆଶටఞ೙೗
೛ ቇ

మට೾೙೗
೛ షర

, 

and ே೙೗
ೝ೛మ

ቆଶටఞ೙೗
೛ ቇ

మට೾೙೗
೛ షయ

, respectively. 

3.3 Impact of Space Deformation on Relativistic 
and Non-relativistic Energies with 
Interaction under the I-IQHPM in 3D-(R/NR) 
NCQS Symmetries 

This subsection focuses on applying our 
physical approach, based on the superposition 
principle, to calculate the total energy values in 
3D-(R/NR) NCQS symmetries. The global 
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effective potentials ܼ௤௛
௡௖ି௘௙௙(ݎ) and ௡ܸ௥ି௤௛

௡௖ି௘௙௙(ݎ)  

are the sum of three potentials: ܼ௡௟
௤௛(ݎ) + ௟(௟ାଵ)

௥మ  + 

ܼ௤௛
௣௘௥௧(ݎ), ߑ௤௛(ݎ) + ௞(௞ାଵ)

௥మ + ௤௛ߑ
௣௘௥௧(ݎ), ߂௤௛(ݎ) +

௞(௞ିଵ)
௥మ + ௤௛߂

௣௘௥௧ (ݎ)௤ܸ௛ ,(ݎ) + ௟(௟ାଵ)
ଶఓ௥మ + ௡ܸ௥ି௤௛

௣௘௥௧  .(ݎ)
These effective potentials are responsible for 
generating the total relativistic and non-
relativistic energy spectra within the framework 
of deformed space-space and in the presence of a 
topological defect. Logically, the effective 
potentials ܼ௡௟

௤௛(ݎ) + ௟(௟ାଵ)
௥మ (ݎ)௤௛ߑ , + ௞(௞ାଵ)

௥మ , 

(ݎ)௤௛߂ + ௞(௞ିଵ)
௥మ , and ௤ܸ௛(ݎ) + ௟(௟ାଵ)

ଶఓ௥మ  are 
responsible for the relativistic energies of the 
KGE and DE (ܧ௡௟

௤௛, ܧ௡௞
௦ ௡௞ܧ ,

௣ ) and the non-
relativistic energy ܧ௡௟

௤௛, as reported in the 
literature and shown in Eqs. (17), (29), (30), and 
(18). These potentials dominate in the absence of 
deformed space. In contrast, the spontaneously 
generated potentials ܼ௤௛

௣௘௥௧(ݎ), ߑ௤௛
௣௘௥௧  ,(ݎ)

௤௛߂
௣௘௥௧(ݎ), and ௡ܸ௥ି௤௛

௣௘௥௧  arise from deformed (ݎ)
space and play the role of the self-sources of 
corrected relativistic and no-relativistic energies 
in 3D-(R/NR)NCQS symmetries. Considering 
that the NC parameter ߟ)ߔଵଶ , ,ଶଷߟ  ଵଷ)/2 isߟ
arbitrary, it can be dealt with physically. Firstly, 
the influence of the perturbed spin-orbit can be 
generated from perturbed potentials ܼ௤௛

௣௘௥௧(ݎ), 
௤௛ߑ

௣௘௥௧ ௤௛߂ ,(ݎ)
௣௘௥௧ and ௡ܸ௥ି௤௛ ,(ݎ)

௣௘௥௧  ,(ݎ)
corresponding to the boson particles and 
antiparticles with spin-ݏ (e.g., spin-0,1,...), 
fermions particles with spin symmetry (spin-1/2) 
and fermion particles with spin or pseudo-spin 
symmetry (spin-1/2) The perturbed spin-orbit 
effective potentials are obtained by replacing the 
coupling of the angular momentum operators ۺ 
and ܘۺ operators with the non-commutative 
vector ઴(ߠଵଶ, ,ଶଷߠ  ଵଷ)/2 using the followingߠ
physical couplings: 

൞

.ۺ ઴ → .ۺ ߔ  ܁
For DKGE, DDE and DSE

.ܘۺ  ઴ → .ܘۺ ߔ  ܘ܁
For DDE only

  ,      (76) 

where ߔ = ඥߠଵଶ
ଶ + ଶଷߠ

ଶ + ଵଷߠ
ଶ  . The spins of the 

boson particles (spin-0,1,…), fermion particles 
with spin symmetry (spin-1/2), and fermion 
particles with pseudo-spin symmetry (spin-1/2) 
are oriented parallel to the vector 
઴(ߠଵଶ , ,ଶଷߠ -ଵଷ)/2, which interacts with the Iߠ
IQHPM. Moreover, we apply the well-known 

transformation in relativistic and non-relativistic 
QM: 

⎩
⎪
⎨

⎪
⎧ .ۺߔ ܁ → ః

ଶ
൫۸૛ − ૛ۺ −  ૛൯܁

For DKGE, DDE and DSE
.ܘۺߔ ܘ܁ → ః

ଶ
൫۸૛ − ૛ܘۺ −  ૛൯ܘ܁

For DDE only

       (77) 

It is well-known in the literature that [݆(݆ +
1) − ݈(݈ + 1) − ݏ)ݏ + 1)]/2 represents the 
eigenvalues of the operator ܩଶ for boson 
particles and antiparticles (negative energy) with 
spin (ݏ = 1,2. . ). Additionally, the values 
{|݈ − ,|ݏ |݈ − |ݏ + 1, . . . , |݈ +  are just the {|ݏ
possible values of  {݆}. Furthermore, the 
operators (۶܋ܖ

 form (ܢ૛ and ۸ܘ܁ ,૛܁ ,૛ܘۺ ,૛ۺ ,۸૛ ,ܐܙ
a complete set of conserved quantities in the 
context of deformed space-space symmetry. The 
eigenvalues of ܩଶ are equal to the values ݃௕, ݃௙

௦, 
݃௙

௣ for boson particles (spin-0,1,...), fermion 
particles under spin, and pseudo-spin symmetry 
(spin/p-spin)-1/2, respectively, and ݃௙,௕

௡௥  is for 
DSE with spin-1/2,0,1,.... 

݃௕ = ଵ
ଶ

[݆(݆ + 1) − ݈(݈ + 1) − ݏ)ݏ + 1)]   (78) 
For spin-0,1,... 

݃௙
௦ = ଵ

ଶ

⎩
⎪
⎨

⎪
⎧݆(݆ + 1) − ݈(݈ + 1) − 3/4 ≡ ݃௙

௨௣ି௦

For ݆ = ݈ + ଵ
ଶ

݆(݆ + 1) − ݈(݈ + 1) − 3/4 ≡ ݃௙
ௗ௣ି௦

For ݆ = ݈ − ଵ
ଶ

       (79) 

݃௙
௣ = ଵ

ଶ

⎩
⎪
⎨

⎪
⎧݆(݆ + 1) − ݈(݈ + 1) − 3/4 ≡ ݃௙

௨௣ି௣

For ݆ = ݈௣ + ଵ
ଶ

݆(݆ + 1) − ݈(݈ − 1) − 3/4 ≡ ݃௙
ௗ௣ି௣

For ݆ = ݈௣ − ଵ
ଶ

       (80) 

and  

݃௙,௕
௡௥ = ଵ

ଶ
[݆(݆ + 1) − ݈(݈ + 1) − ݏ)ݏ + 1)]    (81) 

 For DSE with spin-1/2,0,1,...  

with |݈ − |ݏ ≤ ݆ ≤ |݈ +  ,for the boson particles |ݏ
ቚ݈ − ଵ

ଶ
ቚ ≤ ݆ ≤   ቚ݈ + ଵ

ଶ
ቚ for spin symmetry with 

spin-1/2, and ቚ݈௣ − ଵ
ଶ
ቚ ≤ ݆ ≤ ቚ݈௣ + ଵ

ଶ
ቚ for pseudo-

spin symmetry with spin-1/2. As a direct 
preliminary result, the energy correction 
valuesܧ߂௤௛

௥ି௦௢ଶ(݊, ,ܣ ,ܤ ,ߙ ,ߔ ݆, ݈,  ,(ݏ
௤௛ܧ߂

௦ି௦௢(݊, ,ܣ ,ܤ ,ߙ ,ߔ ݆, ݈,  ,(ݏ
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௤௛ܧ߂
௣ି௦௢(݊, ,ܣ ,ܤ ,ߙ ,ߔ ݆, ݈௣,  ௣), andݏ

௤௛ܧ߂
௡௥ି௦௢(݊, ,ܣ ,ܤ ,ߙ ݆, ݈,  (ݏ

arise from the perturbed effective potentials: 
ܼ௤௛

௣௘௥௧(ݎ), ߑ௤௛
௣௘௥௧ ௤௛߂ ,(ݎ)

௣௘௥௧ and ௡ܸ௥ି௤௛ ,(ݎ)
௣௘௥௧  for (ݎ)

the (݊, ݈, ݉)௧௛ excited state in the context of 
deformed space-space symmetry: 

௤௛ܧ߂
௦௢ଶ(݊, ,ܣ ,ܤ ,ߙ ,ߔ ݆, ݈, (ݏ =
௕݃ߔ  ൻܼ௤௛

௣௘௥௧(ݎ)ൿ
(௡௟௠)

௥ (݊, ,ܣ ,ܤ  (82)       (ߙ

௤௛ܧ߂
௦ି௦௢(݊, ,ܣ ,ܤ ,ߙ ,ߔ ݆, ݈, (ݏ = 

ൻߑ௤௛
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௥
ቐ

݃௙
௨௣ି௦ For ݆ = ݈ + ଵ

ଶ

݃௙
ௗ௣ି௦ For ݆ = ݈ − ଵ

ଶ

      (83) 

௤௛ܧ߂
௣ି௦௢(݊, ,ܣ ,ܤ ,ߙ ,ߔ ݆, ݈௣, (௣ݏ =

ൻ߂௤௛
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௥
ቐ

݃௙
௨௣ି௣ For ݆ = ݈௣ + ଵ

ଶ

݃௙
ௗ௣ି௣ For ݆ = ݈௣ − ଵ

ଶ

   (84) 

and 

௤௛ܧ߂
௡௥ି௦௢(݊, ,ܣ ,ܤ ,ߙ ݆, ݈, (ݏ =
௙,௕݃ߔ

௡௥ ൻܼ௤௛
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௡௥ (݊, ,ܣ ,ܤ  (85)       (ߙ

The global relativistic and NR-relativistic 
expectation values ൻܼ௤௛

௣௘௥௧ൿ
(௡௟௠)

௥ (݊, ,ܣ ,ܤ ,(ߙ

ൻߑ௤௛
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௥ (݊, ,ܣ ,ܤ ௤௛߂ൻ ,(ߙ
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௥ , and 

ൻܼ௤௛
௡௥ି௣ൿ

(௡௟௠)

௡௥ (݊, ,ܣ ,ܤ  for boson particles (ߙ
(spin-0,1,...) and fermion particles under spin 
and pseudo-spin symmetry (spin/p-spin)-1/2, 
generated by the effect of the I-IQHPM, are 
given by: 

ൻܼ௤௛
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௥
= ቀ݈(݈ + 1) + ൫ܧ௡௟

௤௛ + ൯ቁܯ ܤ ർ
1
ସ඀ݎ

(௡௟௠)

௥௞ି௤௛

−൫ܧ௡௟
௤௛ + ܣ)൯ܯ + 2/(ܤߙ ർ

1
ଷ඀ݎ

(௡௟௠)

௥௞ି௤௛  

(86) 

ൻߑ௤௛
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௥
= (݇(݇ + 1) + ܯ) + ௡௞ܧ

௦ (ܤ( ർ
1
ସ඀ݎ

(௡௟௠)

௥௦ି௤௛

ܯ)− + ௡௞ܧ
௦ ܣ)( + 2/(ܤߙ ർ

1
ଷ඀ݎ

(௡௟௠)

௥௦ି௤௛  

(87) 

ൻ߂௤௛
௣௘௥௧(ݎ)ൿ

(௡௟೛௠೛)

௥
= ൫݇(݇ − 1) + ൫ܯ − ௡௞ܧ

௣ ൯ܤ൯ ർ
1
ସ඀ݎ

(௡௟௠)

௥௣ି௤௛

−൫ܯ − ௡௞ܧ
௣ ൯(ܣ + 2/(ܤߙ ർ

1
ଷ඀ݎ

(௡௟௠)

௥௣ି௤௛  

(88) 
and 

ൻܼ௤௛
௣ ൿ(ݎ)

(௡௟௠)

௡௥
 = ቆ஻ି௟(௟ାଵ)

ଶఓ
ർ ଵ

௥ర඀
(௡௟௠)

௡௥ି௤௛
+

஺ାఈ஻
ଶ

ർ ଵ
௥య඀

(௡௟௠)

௡௥ି௤௛
ቇ         (89) 

The influence of the magnetic perturbative 
effective potentials, which produce the perturbed 
potentials ܼ௤௛

௣௘௥௧(ݎ), ߑ௤௛
௣௘௥௧(ݎ), ߂௤௛

௣௘௥௧(ݎ), and 
ܼ௤௛

௡௥ି௣(ݎ) under the I-IQHPM in 3D-
(R/NR)NCQS symmetries, represents a second 
significant physical contribution. This new effect 
is achieved through the following replacement 
procedure without repeating the previous 
calculations: 

.ۺ ઴ → .ۺ߯ ℵ with ℵ = ℵ݁௭        (90) 

This transformation accounts for the physical 
condition related to matching physical units 
[ߔ] = [߯][ℵ] ≡ (length )ଶ. The new physical 
quantity ℵ is the intensity of the magnetic field 
created by the effect of the deformed space, 
while ߯ is a new infinitesimal non-
commutativity parameter. For simplicity, the 
induced magnetic field ℵ is aligned along 
the (ܱݖ) axis, consistent with the arbitrary 
orientation of the vector ઴(ߠଵଶ, ଶଷߠ ,  ଵଷ)/2. Inߠ
addition, we apply the well-known quantum 
mechanical identity: 

⟨݊ᇱ, ݈ᇱ, ݉ᇱ|ܮ௭|݊, ݈, ݉⟩ =  ௡ᇲ௡       (91)ߜ௟ᇲ௟ߜ௠ᇲ௠ߜ݉

The magnetic quantum number ݉ is 
restricted to (−|݈| ≤ ݉ ≤ +|݈|). All of these 
factors enable the identification of the new 
squared energy shift ܧ߂௤௛

௠௚ଶ(݊, ,ܣ ,ܤ ,ߙ ߯,݉), 
௤௛ܧ߂

௦ି௠௚(݊, ,ܣ ,ܤ ,ߙ ߯, ௤௛ܧ߂ ,(݉
௣ି௠௚(݊, ,ܣ ,ܤ ,ߙ ߯, ݉௣) 

and ܧ߂௤௛
௡௥ି௠௚(݊, ,ܣ ,ܤ ,ߙ ߯, ݉) for boson 

particles, fermion particles with spin symmetry, 
and fermion particles with pseudo-spin 
symmetry. This is a result of the perturbed 
Zeeman effect, which was induced automatically 
under the influence of the IQHPM for the 
(݊, ݈, ݉)௧௛ excited state in 3D-(R and NR)-
NCQS symmetries as follows: 

௤௛ܧ߂
௠௚ଶ(݊, ,ܣ ,ܤ ,ߙ ߯, ݉) = 

߯ℵൻܼ௤௛
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௥ (݊, ,ܣ ,ܤ  (92)       ݉(ߙ

௤௛ܧ߂
௦ି௠௚(݊, ,ܣ ,ܤ ,ߙ ߯, ݉) =

߯ℵൻߑ௤௛
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௥ (݊, ,ܣ ,ܤ  (93)       ݉(ߙ



Article  A. Maireche 

 288

௤௛ܧ߂
௣ି௠௚(݊, ,ܣ ,ܤ ,ߙ ,ߔ ߯, ݉௣) =

߯ℵൻ߂௤௛
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௥ (݊, ,ܣ ,ܤ  ௣       (94)݉(ߙ

and 

௤௛ܧ߂
௡௥ି௠௚(݊, ,ܣ ,ܤ ,ߙ ߯, ݉) =
߯ℵൻܼ௤௛

௡௥ି௣(ݎ)ൿ
(௡௟௠)

௡௥ (݊, ,ܣ ,ܤ  (95)       ݉(ߙ

After this achievement, we examine a new 
energy correction that is no less important than 
what we saw previously under the I-IQHPM in 
3D-(R and NR)-NCQS symmetries. This new 
addition to energy values comes from the 
effective potentials ܼ௥ି௤௛

௣௘ି௥௢(ݎ), ߑ௤௛
௣௘ି௥௢௧  ,(ݎ)

௤௛߂
௣௘ି௥௢௧(ݎ), and ܼ௤௛

௡௥ି௥(ݎ). We consider the 
boson particles (or antiparticles) undergoing 
rotation with angular velocity Ω. The features of 
this subjective phenomenon are determined by 
replacing the arbitrary vector ઴(ߠଵଶ, ଶଷߠ ,  ଵଷ)/2ߠ
with ߞષ, which allows us to replace the previous 
coupling ۺ. ઴ with the new coupling ۺߞ. ષ, as 
follows: 

ܼ௥ି௤௛
௣௘௥௧ (ݎ) → ܼ௤௛

௣௘ି௥௢(ݎ) = )ߞ
௟(௟ାଵ)ାቀா೙೗

೜೓ାெቁ஻

௥ర −
ቀா೙೗

೜೓ାெቁ(஺ାఈ஻)

ଶ௥య .ۺ( ષ +  (96)       (ଶߗ)ܱ

௤௛ߑ
௣௘௥௧ (ݎ) → ௤௛ߑ

௣௘ି௥௢௧ (ݎ) = ௞(௞ାଵ)ା൫ெାா೙ೖ)ߞ
ೞ ൯஻

௥ర −
൫ெାா೙ೖ

ೞ ൯(஺ାఈ஻)
ଶ௥య .ۺ( ષ +  (97)       (ଶߗ)ܱ

௤௛߂
௣௘௥௧(ݎ) → ௤௛߂

௣௘ି௥௢௧ (ݎ) = ௞(௞ିଵ)ା൫ெିா೙ೖ)ߞ
೛ೞ ൯஻

௥ర −
൫ெିா೙ೖ

೛ೞ ൯(஺ାఈ஻)
ଶ௥య .ܘۺ( ષ +  (98)       (ଶߗ)ܱ

and 

ܼ௤௛
௡௥ି௣(ݎ) → ܼ௤௛

௡௥ି௥(ݎ) = ஻ି௟(௟ାଵ))ߞ
ଶఓ௥ర +

஺ାఈ஻
ଶ௥య .ۺ( ષ +  (99)         (ଶߗ)ܱ

This takes into account the physical condition 
related to the matching of physical units: 
[ߔ] = [ષℵ][ߞ] ≡ (length )ଶ. We consider ߞ as 
an infinitesimal real proportional constant. As it 
is mentioned before, the rotational velocity Ω is 
chosen parallel to the (ܱݖ) axis (Ω =  ௭) to݁ߗ
simplify the calculations. This does not affect the 
physical content of the physical issue under 
study. The purpose is only to obtain results 
simply and straightforwardly. The perturbed 
induced spin-orbit coupling is then changed to 
become a new form as follows: 

ܼ௤௛
௣௘ି௥௢(ݎ) → )ߗߞ

௟(௟ାଵ)ାቀா೙೗
೜೓ାெቁ஻

௥ర −
ቀா೙೗

೜೓ାெቁ(஺ାఈ஻)

ଶ௥య ௭ۺ( +  (100)      (ଶߗ)ܱ

௤௛ߑ
௣௘ି௥௢௧(ݎ) → ௞(௞ାଵ)ା൫ெାா೙ೖ)ߗߞ

ೞ ൯஻
௥ర −

൫ெାா೙ೖ
ೞ ൯(஺ାఈ஻)
ଶ௥య ௭ۺ( +  (101)      (ଶߗ)ܱ

௤௛߂
௣௘ି௥௢௧(ݎ) → ௞(௞ିଵ)ା൫ெିா೙ೖ)ߗߞ

೛ೞ ൯஻
௥ర −

൫ெିா೙ೖ
೛ೞ ൯(஺ାఈ஻)
ଶ௥య ܢۺ(

ܘ +  (102)      (ଶߗ)ܱ

and 

ܼ௤௛
௡௥ି௥(ݎ) → ߗߞ ቀ஻ି௟(௟ାଵ)

ଶఓ௥ర + ஺ାఈ஻
ଶ௥య ቁ ܢۺ +   (ଶߗ)ܱ

(103) 

The new corresponding corrected square 
energies ܧ௤௛

௥௢௧ଶ(݊, ,ܣ ,ܤ ,ߙ ,ߞ ݉), 
௤௛ܧ߂

௦ି௥௢௧(݊, ,ܣ ,ܤ ,ߙ ,ߞ ௤௛ܧ߂ ,(݉
௣ି௥௢௧(݊, ,ܣ ,ܤ ,ߙ ,ߞ ݉௣), 

and ܧ߂௤௛
௡௥ି௥௢௧ (݊, ,ܣ ,ܤ ,ߙ ,ߞ ݉) of the boson 

particles (spin-0,1,...), fermion particles under 
spin and pseudo-spin symmetry (spin/p-spin)-1/2 
due to the perturbed effective potentials 
ܼ௤௛

௣௘௥௧(ݎ), ߑ௤௛
௣௘௥௧ ௤௛߂ ,(ݎ)

௣௘௥௧ and ௤ܸ௛ ,(ݎ)
௣௘௥௧(ݎ) 

which are induced automatically by the influence 
of the improved inversely quadratic Hellmann 
potential model for the (݊, ݈, ݉)௧௛ excited state 
in the context of deformation space-space 
symmetry as follows: 

௤௛ܧ߂
௥௢௧ଶ(݊, ,ܣ ,ܤ ,ߙ ,ߞ ݉) =
ൻܼ௤௛ߗߞ

௣௘௥௧(ݎ)ൿ
(௡௟௠)

௥ (݊, ,ܣ ,ܤ  (104)     ݉(ߙ

௤௛ܧ߂
௦ି௥௢௧ (݊, ,ܣ ,ܤ ,ߙ ,ߞ ݉) =
௤௛ߑൻߗߞ

௣௘௥௧(ݎ)ൿ
(௡௟௠)

௥ (݊, ,ܣ ,ܤ  (105)     ݉(ߙ

௤௛ܧ߂
௣ି௥௢௧(݊, ,ܣ ,ܤ ,ߙ ,ߔ ,ߞ ݉௣) =

௤௛߂ൻߗߞ
௣௘௥௧(ݎ)ൿ

(௡௟೛௠೛)

௥ (݊, ,ܣ ,ܤ  ௣     (106)݉(ߙ

and 

௤௛ܧ߂
௡௥ି௥௢௧(݊, ,ܣ ,ܤ ,ߙ ,ߞ ݉) =
ൻܼ௤௛ߗߞ

௣ ൿ(ݎ)
(௡௟௠)

௡௥ (݊, ,ܣ ,ܤ  (107)     ݉(ߙ

Notably, this physical phenomenon was 
previously studied by the authors in [87], who 
investigated rotating isotropic and anisotropic 
harmonically confined ultra-cold Fermi gases at 
zero temperature in two and three dimensions. In 
their work, the rotational term was manually 
introduced into the Hamiltonian. In contrast, the 
results obtained here arise automatically through 
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self-correction: the effect emerges internally via 
the interaction with space deformation, without 
any external influence. This is a direct 
consequence of the rotation operators ܼ௥ି௤௛

௣௘ି௥௢(ݎ), 
௤௛ߑ

௣௘ି௥௢௧(ݎ), ߂௤௛
௣௘ି௥௢௧ and ܼ௡௥ି௤௛ ,(ݎ)

௣௘ି௥௢௧(ݎ) induced 
automatically by the improved inversely 
quadratic Hellmann potential model. So far, we 
have accomplished the most important physical 
corrections related to energy. Now, we apply the 
principle of physical superposition, which allows 
us to combine the different corrections. Thus, in 
the symmetries of the 3D-(R/NR)NCQS 
regimes, the total relativistic and non-relativistic 
new energies ܧ௡௖

௥ି௤௛(݊,ܣ, ,ܤ  ,(݉,ݏ,݈,݆,ߞ,߯,ߔ,ߙ
௡௖ܧ

௦ି௤௛(݊,ܣ, ,ܤ  ,(݉,ݏ,݈,݆,ߞ,߯,ߔ,ߙ
௡௖ܧ

௣ି௤௛(݊,ܣ, ,ܤ  ௣), and݉,ݏ,݈,݆,ߞ,߯,ߔ,ߙ
௡௖ି௡௟ܧ

௡௥ି௤௛(݊, ,ܣ ,ܤ ,ߙ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉) for the boson 
particles (spin-0,1,...) and fermion particles 
under spin and pseudo-spin symmetry (spin/p-
spin)-1/2 with I-IQHPM, corresponding to the 
generalized (݊, ݈, ݉)௧௛ excited states, are 
expressed as: 

௡௖ܧ
௤௛(݊, ,ܣ ,ܤ ,ߙ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉) = ௡௟ܧ

௤௛ +
[ൻܼ௤௛

௣௘௥௧(ݎ)ൿ
(௡௟௠)

௥
((߯ℵ + ݉(ߗߞ +    ௕)]ଵ/ଶ݃ߔ

(108) 

௡௖ܧ
௦ି௤௛ = ௡௞ܧ

௦ + ൻߑ௤௛
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௥
൮(߯ℵ +

݉(ߗߞ + ቐ
݃௙

௨௣ି௦ For ݆ = ݈ + ଵ
ଶ

݃௙
ௗ௣ି௦ For ݆ = ݈ − ଵ

ଶ

൲      (109) 

௡௖ܧ
௣ି௤௛ = ௡௞ܧ

௣ + ൻ߂௤௛
௣௘௥௧(ݎ)ൿ

(௡௟೛௠೛)

௥
൮(߯ℵ +

݉(ߗߞ + ቐ
݃௙

௨௣ି௣ For ݆ = ݈௣ + ଵ
ଶ

݃௙
ௗ௣ି௣ For ݆ = ݈௣ − ଵ

ଶ

൲     (110) 

and 

௡௖ି௡௟ܧ
௡௥ି௤௛ = ఈమ஻

ଶ
− ߤ2 ൤ ஺ାఈ஻

ଵାଶ௡ାඥ(ଶ௟ାଵ)మା଼ఓ஻
൨

ଶ
+

ൻܼ௤௛
௣ ൿ(ݎ)

(௡௟௠)

௡௥ ൣ(߯ℵ + ݉(ߗߞ + ௙,௕݃ߔ
௡௥ ൧   (111) 

where ܧ௡௟
௤௛, ܧ௡௞

௦ , and ܧ௡௞
௣  are the relativistic 

energies under the improved inversely quadratic 
Hellmann potential model obtained from Eqs. 

(18), (29), and (30). It is important to note that 
the corrected energy values in Eq. (108) can be 
generalized to include negative energy (boson 
antiparticles, e.g., as ߨା) and positive relativistic 
energy (boson particles, e.g., ିߨ) as:  

௧ି௡௖ܧ
௤௛ =

±หܧ௡௟
௤௛ห ±[ൻܺ௤௛

௣௘௥௧(ݎ)ൿ
(௡௟௠)

௥
((߯ℵ + ݉(ߗߞ +    ௕)]ଵ/ଶ݃ߔ

(112) 

The latter can be reformulated using the so-
called step ߠ൫หܧ௡௖

௤௛ห൯ function as follows: 

௧ି௡௖ܧ
௤௛ = หܧ௡௖

௤௛หߠ൫หܧ௡௖
௤௛ห൯ − หܧ௡௖

௤௛ି௦หߠ൫−หܧ௡௖
௤௛ห൯  

(113) 

This generalization extends naturally to 
fermion and antifermion particles, where 
fermions carry positive energy and antifermions 
carry negative energy. It should be noted that 
these energy corrections are consistent with the 
first order of infinitesimal NC-parameters 
,ߔ) ߯,  Higher-order corrections proportional .(ߞ
to higher powers of these parameters are beyond 
the scope of this work. 

4. Special Cases Resulting Directly 
from the I-IQHPM in 3D-(R and NR)-
NCQS Symmetries  

This section investigates several special cases 
that emerge directly from the improved inversely 
quadratic Hellmann potential model in 3D-(R 
and NR)-NCQS symmetries. These cases follow 
naturally from Eqs. (108)–(111). By 
appropriately adjusting the potential parameters 
of the I-IQHPM, we obtain the following: 

 Setting ܤ = ߙ = 0 allows us to get a 
new modified Coulomb potential. In this 
situation, the total relativistic and non-relativistic 
new energies ܧ௡௖

௥ି௖(݊,ݏ,݈,݆,ߞ,߯,ߔ,ܣ,݉), 
௡௖ܧ

௦ି௖(݊,ݏ,݈,݆,ߞ,߯,ߔ,ܣ,݉), ܧ௡௖
௣ି௖(݊,ݏ,݈,݆,ߞ,߯,ߔ,ܣ,݉௣), 

and ܧ௡௖ି௡௟
௡௥ି௖ (݊, ,ܣ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉) are obtained for 

boson particles (spin-0, 1, …) and fermion 
particles under spin and pseudo-spin symmetry 
(spin/p-spin)-1/2 in the modified Coulomb 
potential model, corresponding to the 
generalized (݊, ݈, ݉, ݉௣)௧௛ excited states in 3D-
(R and NR)-NCQS symmetries: 

௡௖ܧ
௖ (݊, ,ܣ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉) = ௡௟ܧ

௖ +
[ൻܼ௖

௣௘௥௧(ݎ)ൿ(௡௟௠)
௥

((߯ℵ + ݉(ߗߞ +   ௕)]ଵ/ଶ݃ߔ
(114) 
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௡௖ܧ
௦ି௖݊, ,ܣ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉ =

௡௞ܧ
௖௦ + ൻߑ௖

௣௘௥௧(ݎ)ൿ(௡௟௠)
௥

൮(߯ℵ + ݉(ߗߞ +

ቐ
݃௙

௨௣ି௦ For ݆ = ݈ + ଵ
ଶ

݃௙
ௗ௣ି௦ For ݆ = ݈ − ଵ

ଶ

൲      (115) 

௡௖ܧ
௣ି௖(݊, ,ܣ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉௣) = ௡௞ܧ

௖௣ +

ൻ߂௖
௣௘௥௧(ݎ)ൿ(௡௟೛௠೛)

௥
൮(߯ℵ + ݉(ߗߞ +

ቐ
݃௙

௨௣ି௣ For ݆ = ݈௣ + ଵ
ଶ

݃௙
ௗ௣ି௣ For ݆ = ݈௣ − ଵ

ଶ

൲      (116) 

and 

௡௖ି௡௟ܧ
௡௥ି௖ (݊, ,ܣ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉) = − ఓ஺మ

(௡ା௟ାଵ) +

ൻܼ௖
௣(ݎ)ൿ(௡௟௠)

௡௥ ൣ(߯ℵ + ݉(ߗߞ + ௙,௕݃ߔ
௡௥ ൧     (117) 

The energy relation in Eq. (114) agrees 
completely with the results reported in Refs. [71, 
88]. The new relativistic Dirac energies in Eqs. 
(115) and (116) are consistent with the results of 
Ref. [36]. The first term in Eqs. (115) and (116) 
are the relativistic eigenvalues ܧ௡௞

௖௦  and ܧ௡௞
௖௣ in 

3D-RQM symmetries, which can be determined 
from Refs. [89, 90] [see Eqs. (46) and (47)]. We 
note that the new non-relativistic energy in Eq. 
(117) agrees with previously established results 
as a particular case in Refs. [6, 91, 92]. The 
corresponding new relativistic and non-
relativistic expectation values ൻܼ௖

௣௘௥௧(ݎ)ൿ(௡௟௠)
௥

, 

ൻߑ௖
௣௘௥௧(ݎ)ൿ(௡௟௠)

௥
, ൻ߂௖

௣௘௥௧(ݎ)ൿ(௡௟೛௠೛)
௥

, and 

ൻܼ௖
௣(ݎ)ൿ(௡௟௠)

௡௥
 of the modified Coulomb potential 

models are obtained from the limits: 

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎧ ൻܼ௖

௣௘௥௧(ݎ)ൿ(௡௟௠)
௥

= ݈݅݉
(஻,ఈ)→(଴,଴)

ൻܼ௤௛
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௥

= ௡௟ܧ)
௖ + 2/ܣ(ܯ ݈݅݉

(஻,ఈ)→(଴,଴)
ർ

1
ଷ඀ݎ

(௡௟௠)

௥௞ି௤௛

ൻߑ௖
௣௘௥௧(ݎ)ൿ(௡௟௠)

௥
= ݈݅݉

(஻,ఈ)→(଴,଴)
ൻߑ௤௛

௣௘௥௧ ൿ(ݎ)
(௡௟௠)

௥

= ܯ) + ௡௞ܧ
௖௦ 2/ܣ( ݈݅݉

(஻,ఈ)→(଴,଴)
ർ

1
ଷ඀ݎ

(௡௟௠)

௥௦ି௤௛

ൻ߂௖
௣௘௥௧(ݎ)ൿ(௡௟೛௠೛)

௥
= ݈݅݉

(஻,ఈ)→(଴,଴)
ൻ߂௤௛

௣௘௥௧(ݎ)ൿ
(௡௟೛௠೛)

௥

= ൫ܯ − ௡௞ܧ
௖௣൯2/ܣ ݈݅݉

(஻,ఈ)→(଴,଴)
ർ

1
ଷ඀ݎ

(௡௟௠)

௥௣ି௤௛

ൻܼ௖
௣(ݎ)ൿ(௡௟௠)

௡௥ = ݈݅݉
(஻,ఈ)→(଴,଴)

ൻܼ௤௛
௡௥ି௣(ݎ)ൿ

(௡௟௠)

௡௥

= −
ܣ
2 ݈݅݉

(஻,ఈ)→(଴,଴)
ർ

1
ଷ඀ݎ

(௡௟௠)

௡௥ି௤௛

 

(118) 

 If we choose ܣ = 0, we obtain the 
modified inversely quadratic Yukawa potential 
(IIQYP). From Eqs. (108)-(111), the total 
relativistic and non-relativistic energies 
௡௖ܧ

௥ି௤(݊, ,ܤ ,ߙ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉), 
௡௖ܧ

௦ି௤(݊, ,ܤ ,ߙ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉), 
௡௖ܧ

௣ି௤(݊, ,ܤ ,ߙ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉௣) ܤ, ,ߙ ,ߞ,߯,ߔ ݆, ݈, ,ݏ ݉௣) 
and ܧ௡௖ି௡௟

௡௥ି௤ (݊, ,ܤ ,ߙ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉)  

are obtained for bosons (spin 0,1,…) and 
fermions under spin and pseudo-spin symmetries 
(spin/p-spin)-1/2 within the IIQYP model, 
corresponding to the generalized (݊, ݈, ݉, ݉௣)௧௛ 
excited states in 3D-(R and NR)-NCQS 
symmetries: 

௡௖ܧ
௤ (݊, ,ܤ ,ߙ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉) = ௡௟ܧ

௤ +
[ൻܼ௤௖

௣௘௥௧(ݎ)ൿ(௡௟௠)
௥

((߯ℵ + ݉(ߗߞ +   ௕)]ଵ/ଶ݃ߔ
(119) 

௡௖ܧ
௦ି௤ = ௡௞ܧ

௤௦ + ൻߑ௤
௣௘௥௧(ݎ)ൿ(௡௟௠)

௥
൮(߯ℵ + ݉(ߗߞ +

ቐ
݃௙

௨௣ି௦ For ݆ = ݈ + ଵ
ଶ

݃௙
ௗ௣ି௦ For ݆ = ݈ − ଵ

ଶ

൲          (120) 

௡௖ܧ
௣ି௤(݊, ,ܤ ,ߙ ,ߔ ߯, ,ߞ ݆, ݈, ,ݏ ݉௣) = ௡௞ܧ

௤௣ +

ൻ߂௤
௣௘௥௧(ݎ)ൿ(௡௟೛௠೛)

௥
൮(߯ℵ + ݉(ߗߞ +

ቐ
݃௙

௨௣ି௣ For ݆ = ݈௣ + ଵ
ଶ

݃௙
ௗ௣ି௣ For ݆ = ݈௣ − ଵ

ଶ

൲      (121) 
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and 

௡௖ି௡௟ܧ
௡௥ି௤ = ఈమ஻

ଶ
− ଶఓఈమ஻మ

ቀଵାଶ௡ାඥ(ଶ௟ାଵ)మା଼ఓ஻ቁ
మ +

ൻܼ௤
௣௘௥௧(ݎ)ൿ(௡௟௠)

௡௥
ൣ(߯ℵ + ݉(ߗߞ + ௙,௕݃ߔ

௡௥ ൧  
(122) 

The energy relation in Eq. (119) is in full 
agreement with previously reported results. The 
relativistic Dirac energies in Eqs. (120) and 
(121) are consistent with Ref. [93]. The first 
terms in Eqs. (120) and (121) are the relativistic 
eigenvalues of ܧ௡௞

௤௦  and ܧ௡௞
௤௣ in 3D-RQM 

symmetries, which can be determined from Ref. 
[94, 95]. The non-relativistic case given in Eq. 
(122) agrees as a special case with Ref. [96]. Its 
first two terms represent the non-relativistic 
energy in 3D-NRQM symmetry [97]. The 
corresponding expectation values ൻܼ௖

௣௘௥௧(ݎ)ൿ(௡௟௠)
௥

, 
ൻߑ௤

௣௘௥௧ ൿ(ݎ)
(௡௟௠)

௥
, ൻ߂௤

௣௘௥௧(ݎ)ൿ
(௡௟೛௠೛)

௥
, and ൻܼ௤

௣(ݎ)ൿ
(௡௟௠)

௡௥  
for the IIQYP model are obtained from the 
following limits: 

⎩
⎪⎪
⎨

⎪⎪
⎧ ൻܼ௤

௣௘௥௧(ݎ)ൿ
(௡௟௠)

௥
= ݈݅݉

஺→଴
ൻܼ௤௛

௣௘௥௧(ݎ)ൿ
(௡௟௠)

௥

ൻߑ௤
௣௘௥௧(ݎ)ൿ

(௡௟௠)

௥
= ݈݅݉

஺→଴
ൻߑ௤௛

௣௘௥௧(ݎ)ൿ
(௡௟௠)

௥

ൻ߂௤
௣௘௥௧(ݎ)ൿ

(௡௟೛௠೛)

௥
= ݈݅݉

஺→଴
ൻ߂௤௛

௣௘௥௧(ݎ)ൿ
(௡௟೛௠೛)

௥

ൻܼ௤
௣(ݎ)ൿ

(௡௟௠)

௡௥
= ݈݅݉

஺→଴
ൻܼ௤௛

௡௥ି௣(ݎ)ൿ
(௡௟௠)

௡௥

    (123) 

5. Study of Spin-Averaged Mass 
Spectra of Heavy Mesons under the 
IQH in 3D-NRQM and 3D-NR(NCQS) 
Regimes 

The potential considered in this study (the 
IQH model) has two basic properties: attraction 
(confinement) at long distances and repulsion at 
small distances, appropriate to the dimensions 
studied. These properties qualify it to be a 
reaction potential for quarkonium systems such 
as charmonium ܿܿ and bottomonium ܾܾ. As a 
result, we devote this section to calculating the 
mass spectra of heavy meson systems, which 
have the quark and antiquark flavor under the 
IQH model in 3D-NRQM and 3D-NR(NCQS) 
regimes. Additionally, we divide the IQH model, 
which appears in Eq. (2), into two main parts 

ଵܸ(ݎ) and ଶܸ(ݎ) that play different roles in 3D-
NRQM symmetries. The first part is defined as 

ଵܸ(ݎ) = ஻
௥మ + ఈమ஻

ଶ
       (124) 

which combines an inverse quadratic 
potential ஻

௥మ  with a constant potential ఈమ஻
ଶ

. This 
part satisfies the limit: 

݉݅ܮ
ఈ→଴

ቀ ஻
௥మ + ఈమ஻

ଶ
ቁ = ஻

௥మ       (125) 

and, as a positive value, reproduces the terms 
( ௗ

௥మ + ݁) of the generalized Cornell potential 

(GCP) [99]. Thus, (஻
௥మ and ఈమ஻

ଶ
) can be compared 

with ( ௗ
௥మ and ݁), respectively, which are 

responsible for confinement at large distances. 
The second part, ଶܸ(ݎ), similar to the Coulomb 
potential, which appears in the generalized 
Cornell potential, has the form: 

ଶܸ(ݎ) = − ஺ାఈ஻
௥

  (126) 

The above result, as a negative value, 
completely simulates the Colombian potential 
 in the GCP [98] because this part (ݎ/ܿ−)
potential satisfies the following limit: 

݉݅ܮ
ఈ→଴

ቀ− ஺ାఈ஻
௥

ቁ = − ஺
௥
  (127) 

The second term plays a role similar to the 
Colombian potential. The result of this analysis 
is that the potential under study is considered a 
means of interaction between the quarkonium 
system. We calculate the new mass of 
quarkonium ܯ௡௖ି௡௟

௤௛ି௛௠ in three-dimensional non-
relativistic non-commutative QM symmetries, 
using our formula, which has the following 
form: 

௡௖ି௡௟ܯ
௤௛ି௛௠ =
2݉௤ +

⎩
⎪
⎨

⎪
⎧ଵ

ଷ
ቌ

൫ܧ௡௖ି௡௟
௡௥ି௤௛൯

௎
+ ൫ܧ௡௖ି௡௟

௡௥ି௤௛൯
ெ

+൫ܧ௡௖ି௡௟
௡௥ି௤௛൯

௅ ቍ  for spin-1

௡௖ି௡௟ܧ
௡௥ି௤௛  for spin-0

  

(128) 

Here, ݉௤ is the quark mass, while 

൫ܧ௡௖ି௡௟
௡௥ି௤௛൯

௎
, ൫ܧ௡௖ି௡௟

௡௥ି௤௛൯
ெ

, ൫ܧ௡௖ି௡௟
௡௥ି௤௛൯

௅
 and 

൫ܧ௡௖ି௡௟
௡௥ି௤௛൯

௎
 are the new energy eigenvalues that 

correspond to (݆ = ݈ + 1 and spin − 1), (݆ = ݈ 
and spin-݁݊݋), (݆ = ݈ − 1 and spin/one), and 
(݆ = ݈ and spin-0) under the improved inversely 
quadratic Hellmann potential model in 3D-NR-
NCQS regimes. It results from the generalization 
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of the original relationship known in the 
literature [98-100]: 

௡௟ܯ
௤௛ି௛௠ = 2݉௤ + ௡௟ܧ

௡௥   (129) 

where ܧ௡௟
௡௥  is the non-relativistic energy under 

the inversely quadratic Hellmann potential 
model, which is determined by Eq. (18). We 
have replaced the energy eigenvalues ܧ௡௟

௡௥  with 
average values ଵ

ଷ
 (൫ܧ௡௖ି௡௟

௡௥ି௤௛൯
௎

 + ൫ܧ௡௖ି௡௟
௡௥ି௤௛൯

ெ
+ 

൫ܧ௡௖ି௡௟
௡௥ି௤௛൯

௅
) that have spin-1 with three different 

values of ݆, while for spin-0, the values ܧ௡௟
௡௥  are 

replaced with ܧ௡௖ି௡௟
௡௥ି௤௛ because it represents a 

single value. We need to replace the factor ݃௙,௕
௡௥  

with new generalized values as follows: 

݃௙,௕
௡௥ = ൞

݈/2 For ݆ = ݈ + 1and ݏ = 1
−1 For ݆ = ݈ and ݏ = 1

(−2݈ − 2)/2 For ݆ = ݈ − 1 and ݏ = 1
0 For ݆ = ݈ and ݏ = 0,

(130) 

which allows us to obtain (ܧ௡௖ି௡௟
௠௬ି௨, ܧ௡௖ି௡௟

௠௬ି௠ , and 
௡௖ି௡௟ܧ

௠௬ି௟ ) and ܧ௡௖ି௡௟
௡௥ି௠௬ for heavy meson systems 

such as (ܿܿ and ܾܾ): 

1- For the case of ݆ = ݈ + 1 and spin/one, the 
improved IQH model induces the energy 
values ൫ܧ௡௖ି௡௟

௡௥ି௤௛൯
௎

 that are expressed by the 
following formula: 

൫ܧ௡௖ି௡௟
௡௥ି௤௛൯

௎
= ఈమ஻

ଶ
− ߤ2 ൤ ஺ାఈ஻

ଵାଶ௡ାඥ(ଶ௟ାଵ)మା଼ఓ஻
൨

ଶ
+

ൻܼ௤௛
௣ ൿ

(௡௟௠)

௡௥ ൣ(߯ℵ + ݉(ߗߞ + ௙,௕݃ߔ
௡௥ ൧     (131) 

2- For the case of ݆ = ݈ and spin/one, the 
improved IQH model induces the energy 
values ൫ܧ௡௖ି௡௟

௡௥ି௤௛൯
ெ

 that are expressed by the 
following formula: 

൫ܧ௡௖ି௡௟
௡௥ି௤௛൯

ெ
= ఈమ஻

ଶ
− ߤ2 ൤ ஺ାఈ஻

ଵାଶ௡ାඥ(ଶ௟ାଵ)మା଼ఓ஻
൨

ଶ
+

ൻܼ௤௛
௣ ൿ

(௡௟௠)

௡௥
ℵߚ)) + ݉(ߗߞ −  (132)     (ߔ

3- For the case of ݆ = ݈ − 1 and spin/one, the 
improved IQH model induces the energy 
values ൫ܧ௡௖ି௡௟

௡௥ି௤௛൯
௅
 that are expressed by the 

following formula: 

൫ܧ௡௖ି௡௟
௡௥ି௤௛൯

௅
= ఈమ஻

ଶ
− ߤ2 ൤ ஺ାఈ஻

ଵାଶ௡ାඥ(ଶ௟ାଵ)మା଼ఓ஻
൨

ଶ
+

ൻܼ௤௛
௣ ൿ

(௡௟௠)

௡௥ ൫(ߚℵ + ݉(ߗߞ − ݈)ߔ + 1)൯,   (133) 

while for the case of ൫݆ = ݈ and spin-0൯, the 
energy values ܧ௡௟

௡௖ produced by the improved 

inversely quadratic Hellmann potential model 
can be expressed as follows: 

௡௟ܧ
௡௖ = ఈమ஻

ଶ
− ߤ2 ൤ ஺ାఈ஻

ଵାଶ௡ାඥ(ଶ௟ାଵ)మା଼ఓ஻
൨

ଶ
+

ൻܼ௤௛
௣ ൿ

(௡௟௠)

௡௥ ℵߚ) +  (134)      (݉(ߗߞ

By substituting Eqs. (127)-(130) into Eq. 
(124), the expression of the mass spectrum 
௡௖ି௡௟ܯ

௤௛ି௛௠(ܣ, ,ܤ ,ߙ ,ߔ ,ߚ  of heavy mesons (ߞ
systems such as (ܿܿ and ܾܾ) in the context of 
deformed space-space symmetry under the 
influence of the improved inversely quadratic 
Hellmann potential model as a function of 
corresponding mass spectra ܯ௡௟

௤௛ି௛௠ in the 
ordinary non-relativistic quantum mechanics 
regime and non-commutativity parameters 
 can be expressed as (ߞ,ߚ,ߔ)

௡௖ି௡௟ܯ
௤௛ି௛௠(ܣ, ,ܤ ,ߙ ,ߔ ,ߚ (ߞ = ௡௟ܯ 

௠௬ି௛௠ +

ቐ
ൻܼ௤௛

௣ ൿ
(௡௟௠)

௡௥ ൬(߬ℵ + ݉(ߗ߯ − (௟ାସ)
଺

൰ߔ  for spin-1

ൻܼ௤௛
௣ ൿ

(௡௟௠)

௡௥ ℵߚ) + for spin-0 (݉(ߗߞ
  

(135) 

The first term on the RHS of Eq. (135) is the 
ordinary spin-averaged mass spectrum 
௡௟ܯ

௤௛ି௛௠ ≡ ௡௟ܯ
௤௛ି௛௠(ܣ, ,ܤ  of heavy meson (ߙ

systems, e.g., (ܿܿ and ܾܾ), under the Schrödinger 
equation with the inversely quadratic Hellmann 
model in the ordinary three-dimensional non-
relativistic quantum mechanics regime: 

௡௟ܯ
௤௛ି௛௠(ܣ, ,ܤ (ߙ = 2݉௤ + ఈమ

ଶఓ
݈(݈ + 1) + ఈమ஻

ଶ
−

ߤ2 ൤ ஺ାఈ஻
ଵାଶ௡ାඥ(ଶ௟ାଵ)మା଼ఓ஻

൨
ଶ
      (136) 

It is extended to include ܯߜ௡௖ି௡௟
௤௛ି௛௠ in 3D-

NR(NCQS) symmetries: 

௡௖ି௡௟ܯߜ
௤௛ି௛௠ =

⎩
⎪
⎨

⎪
⎧ൻܼ௤௛

௣ ൿ
(௡௟௠)

௡௥ ൬(߬ℵ + ݉(ߗ߯ − (௟ାସ)
଺

൰ߔ

For spin-1
ൻܼ௤௛

௣ ൿ
(௡௟௠)

௡௥ ℵߚ) + (݉(ߗߞ

 For spin-0

  

(137) 

The above result depends on the atomic 
quantum numbers (݊, ݆, ݈, ,ݏ ݉), the potential 
parameters (ܣ, ,ܤ  and the non-commutativity ,(ߙ
parameters (ߔ, ,ߚ  To verify the validity of our .(ߞ
results, we apply the following physical limit: 



Analysis of the Relativistic and Non-relativistic Non-commutative Quantum Systems Subject to Improved Inversely 
Quadratic Hellmann Potential Model in 3D-(R and NR)-NCQS Symmetries 

 293

݉݅ܮ
(ః,ఉ,఍)→(଴,଴,଴)

௡௖ି௡௟ܯ
௤௛ି௛௠(ܣ, ,ܤ ,ߙ ,ߔ ,ߚ (ߞ =

௡௟ܯ
௤௛ି௛௠(ܣ, ,ܤ  (138)       (ߙ

6. Thermodynamic Quantities at the 
Non-relativistic Limit: Mesons under 
the IQHPM and I-IQHPM in 3D-
NRQM and its Extended Symmetries  

In 3D-NR(NCQS) symmetries, TPs of the 
improved inversely quadratic Hellmann potential 
model are studied in this section at the non-
relativistic limit. The PF must be determined to 
deduce the other thermal properties, such as 
internal energy, entropy, free energy, and 
specific heat capacity. These are all necessary 
steps toward accomplishing this goal. Direct 
summing over all potential energy levels at a 
particular temperature T can be used to derive 
the PF [101-103]: 

ܼ௤ℎ
௡௟(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) = ∑

ఒ

௡ୀ଴
௡௟ܧߚ−)݌ݔ݁

௡௥) ⇒

ܼ௤௛
௡௖(݊, ,ܣ ,ܤ ,ߚ ݈, ௠௔௫ߙ , ,ߔ ,ߚ (ߞ =

∑

ఈ೘ೌೣ

௡ୀ଴
௡௖ܧߚ−)݌ݔ݁

௡௥)       (139) 

Here, ܼ௤ℎ
௡௟(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) and 

ܼ௤௛
௡௖(݊, ,ܣ ,ܤ ,ߚ ݈, ௠௔௫ߙ , ,ߔ ,ߚ  are the partition (ߞ

functions of the IQHPM and I-IQHPM, 
respectively. At the same time, ߣ and ߣ are the 
upper bound vibration quantum numbers (the 
maximum quantum numbers) in the context of 
both deformation space and usual 3D-non-
relativistic quantum mechanics. Furthermore, 
ߚ = ଵ

௄்
, where ܭ is the Boltzmann constant. 

From the beginning, we accept as a given that 
the new PF (ܼ௤௛

௡௖(݊, ,ܣ ,ܤ ,ߚ ݈,  ௠௔௫)) isߙ
dependent on non-commutativity parameters 
 This dependence is expected, since the .(ߞ,ߚ,ߔ)
results themselves are explicitly tied to these 
parameters. The maximum quantum 
number ߙ௠௔௫ in deformation space, as a function 
of the corresponding value ߣ in three-
dimensional non-relativistic quantum mechanics, 
is given by: 

ௗா೙೗
೙ೝ

ௗ௡
ቃ

௡ୀఒ
= 0 ⇒ ௗா೙೎

೜೓

ௗ௡
൨

௡ୀఈ೘ೌೣ

⇒ ௠௔௫ߙ  = ߣ +

௣௘௥ߣ
௤௛         (140) 

with 

௣௘௥ߣ
௤௛ = ௗ

ௗ௡
൬ൻܼ௤௛

௣ ൿ
(௡௟௠)

௡௥ (߯ℵ + ݉(ߗߞ +

௙,௕݃ߔ
௡௥ ൰൨

௡ୀఈ೘ೌೣ

      (141) 

Further, we can rewrite the non-relativistic 
energy ܧ௡௖ି௡௟

௡௥ି௤௛ in the context of deformation 
space-space symmetries ܧ௡௖ି௡௟

௡௥ି௤௛ in Eq. (111) 
for the case ݈ ≠ 0 as follows: 

௡௖ି௡௟ܧ
௡௥ି௤௛ = ௡௟ܧ

௡௥ + ,݊)ܧ߂ ,ܣ ,ܤ ,ߙ ߯, ,ߞ  (142)     (ߔ

with 

⎩
⎪⎪
⎨

⎪⎪
௡௟ܧ⎧

௤௛ = ఈమ஻
ଶ

− ߤ2 ൬ ஺ାఈ஻
ଵାଶ௡ାඥ(ଶ௟ାଵ)మା଼ఓ஻

൰
ଶ

≡ ߜ − ଵ
ଶఓ

൬ ఝ
௡ା௻೜೓

೙೗ ൰
ଶ

,݊)ܧ߂ ,ܣ ,ܤ ,ߙ ߯, ,ߞ (ߔ =
ൻܼ௤௛

௣ ൿ(ݎ)
(௡௟௠)

௡௥ ൣ(߯ℵ + ݉(ߗߞ + ௙,௕݃ߔ
௡௥ ൧

   (143) 

and 

⎩
⎪
⎨

⎪
⎧ ߜ = ఈమ஻

ଶ

௛௣ߌ
௡௟ = ଵ

ଶ
+ ටቀ݈ + ଵ

ଶ
ቁ

ଶ
+ ܤߤ2

߮ = ܣ)ߤ + (ܤߙ

      (144) 

In the context of deformation space-space 
symmetries, at high temperatures in the classical 
limit, the new modified PF 
ܼ௤௛

௡௖(݊, ,ܣ ,ܤ ,ߚ ݈,  ௠௔௫) can be expressed as anߙ
integral: 

ܼ௤௛
௡௖(݊, ,ܣ ,ܤ ,ߚ ݈, ௠௔௫ߙ , ,ߔ ,ߚ (ߞ =

∫
଴

ఈ೘ೌೣ

௡௖ܧߚ−൫݌ݔ݁
௡௥ି௤ℎ(ߩ)൯  (145)     ߩ݀(ߩ)

Here, ߩ is equal to ൫݊ + ௤௛ߌ
௡௥൯ in the classical 

limit. We saw earlier that the corrected energy 
,ܣ)ܧ߂ ,ܤ ,ߙ ߯, ,ߞ  is small compared to the (ߔ
principal/parent expression ܧ௡௟

௤௛, therefore, 
logically, we find the following: 

௡௖ି௡௟ܧߚ−൫݌ݔ݁
௡௥ି௤௛൯ = ௡௥ܧߚ−൫݌ݔ݁

௤௛൯ −
,݊)ܧ߂ߚ ,ܣ ,ܤ ,ߙ ߯, ,ߞ (ߔ ௡௥ܧߚ−൫݌ݔ݁

௤௛൯,    (146) 

which gives: 

ܼ௤௛
௡௖(݊, ,ܣ ,ܤ ,ߚ ݈, ௠௔௫ߙ , ,ߔ ,ߚ (ߞ =

∫
଴

ఈ೘ೌೣ

௡௟ܧߚ−൫݌ݔ݁
௡௥ି௤ℎ൯൫1 −

,݊)ܧ߂ߚ ,ܣ ,ܤ ,ߙ ߯, ,ߞ ൯(ߔ  (147)    ,   ߩ݀
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considering these approximations, especially 
Eq. (146). Therefore, it can be rewritten to a 
modified PF ܼ௤௛

௡௖(ߚ, ݈,  ௠௔௫) in Eq. (147), in theߙ
framework of deformation space-space as 
follows: 

ܼ௤௛
௡௖(݊, ,ܣ ,ܤ ,ߚ ݈, ௠௔௫ߙ , ,ߔ ,ߚ (ߞ =

ܼ௤௛
௡௥(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) − ൻܼ௤௛

௣ ൿ
(௡௟௠)

௡௥ ൣ(߯ℵ +

݉(ߗߞ + ௙,௕݃ߔ
௡௥ ൧ܼ௤௛

௡௥ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈)        (148) 

If we set ݈ = 0, the expectation values vanish, 
ൻܺ௤௛

௣ ൿ(ݎ)
(௡଴௠)

௡௥
= 0. Thus, the non-relativistic 

energy ܧ௤௛
௡௥ି௡௖(݈ = 0) in 3D-NR-NCQS 

symmetries will be identified with corresponding 
values ܧ௡଴

௡௥  in the three-dimensional non-
relativistic quantum mechanics that can be 
obtained from Eq. (143) as: 

௤௛ܧ
௡௥ି௡௖(݈ = 0) ≡ ௡଴ܧ

௡௥ = ߜ − ଵ
ଶఓ

൬ ఝ
௡ା௻೓೛

೙బ൰
ଶ
 (149) 

Here, ߌ௛௣
௡଴ is obtained from Eq. (144) as 

follows: 

௛௣ߌ
௡଴ = ଵ

ଶ
+ ටଵ

ସ
+  (150)       ܤߤ2

By comparing Eq. (149) with Eq. (17) of Ref. 

[12], which has the form (ߛ − ݍ ቀ ఆ
௡ାఙ

ቁ
ଶ
), we 

clearly discover the possibility of moving 
between the two equations through the following 
compatible transitions: 

⎩
⎪
⎨

⎪
⎧

ߛ ↔ ߜ
ߪ ↔ ௛௣ߌ

௡଴

ݍ ↔ ଵ
ଶఓ

௘ܦ → 0

        (151) 

Thus, the partition functions ܼ௤௛
௡௟ ,ߚ) ,ߣ ݈ = 0) 

of the IQHPM with ݈ = 0 can be deduced 
directly from Eq. (21) in Ref. [12], 

ܼ௤௛
௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈ = 0) =

ඥ−ܯߚ௤௛√ߨ ݂ݎ݁ ൬ ඥିఉெ೜೓

௻೓೛
೙బାఈ೘ೌೣ

൰ −

ඥ−ܯߚ௤௛√ߨ ݂ݎ݁ ൬ඥିఉெ೜೓

௻೓೛
೙బ ൰ + ൫ߌ௛௣

௡଴ +

௠௔௫൯ߙ ×

݌ݔ݁ ቆ ିఉெ೜೓

ቀ௻೓೛
೙బାఈ೘ೌೣమቁ

ቇ − ௛௣ߌ
௡଴݁݌ݔ ൬ିఉெ೜೓

௻೓೛
೙బమ ൰  (152) 

with 

௤௛ܯ = ఝమ

ଶఓ
= ఓ

ଶ
ܣ) +  ଶ      (153)(ܤߙ

Here, ݂݁ݎ ൬݅ ඥఉெ೜೓

௻೓೛
೙బାఈ೘ೌೣ

൰ presents the imaginary 

error function. If we compare Eqs. (143) and 
(149), it is possible to find mutual mobility 
between them through ߌ௛௣

௡଴ ↔ ௛௣ߌ
௡௟ . Thus, it is 

possible to obtain the PF ܼ௤௛
௡௟ ,ߚ) ,ߣ ݈) of the 

IQHPM with ݈ ≠ 0 from the expression 
ܼ௤௛

௡௟ ,ߚ) ,ߣ ݈ = 0) in Eq. (152) without new 
calculations, in the framework of usual 3D-
NRQM symmetry: 

ܼ௤௛
௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) = ඥ−ܯߚ௤௛√ߨ ݂ݎ݁ ൭

ටିఉெ೜೓

௻೓೛
೙೗ ାఈ೘ೌೣ

൱ −

ඥ−ܯߚ௤௛√ߨ ݂ݎ݁ ൭
ටିఉெ೜೓

௻೓೛
೙೗ ൱ + ൫ߌ௛௣

௡ + ௠௔௫൯ߙ ×

݌ݔ݁ ቆ ିఉெ೜೓

ቀ௻೓೛
೙೗ ାఈ೘ೌೣమቁ

ቇ + ൫ߌ௛௣
௡ + ݌ݔ௠௔௫൯݁ߙ ൬

ିఉெ೜೓

௻೓೛
೙೗మ ൰  

(154) 

The impact of space deformation on 
thermodynamic values of the I-IQHPM, such as 
new mean energy ܷ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  new ,(ߞ
free energy ܨ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  and new ,(ߞ
entropy  ܵ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  can be ,(ߞ
obtained from the modified PF 
ܼ௤௛

௡௖(݊, ,ܣ ,ܤ ,ߚ  ௠௔௫) in Eq. (149). We beginߙ
with the influence of the space deformation on 
the new mean energy ܷ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  ,(ߞ
which is the energy required to prepare or 
improve the system's internal condition. The 
impact of deformed space on mean energy 
ܷ(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) for an I-IQHPM is obtained by 
applying the following formula: 

,݊)ܷ߂ ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ ≡
ܷ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ −
ܷ௤௛

௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) =
− డ

డఉ
ቀ݈݊ ܼ௤௛

௡௖ (݊, ,ܣ ,ܤ ,ߚ ݈, (௠௔௫ߙ −

݈݊ ܼ௤௛
௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈)ቁ      (155) 

Thus, the effect of deformed space on mean 
energy under the I-IQHPM can be found through 
a straightforward calculation: 

௡௖ܷ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ =
ർ௏೙ೝష೓೛

೛೐ೝ೟ ඀
(೙೗೘)

೙ೝ
ቂ(ఞℵା఍ఆ)௠ାః௚೑,್

೙ೝ ቃ

ଵିఉർ௓೜೓
೛ ඀

(೙೗೘)

೙ೝ
ቂ(ఞℵା఍ఆ)௠ାః௚೑,್

೙ೝ ቃ
     (156) 

Thus, in the context of deformed space 
symmetry, the new mean energy 
ܷ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  for the I-IQHPM is (ߞ
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equal to the corresponding values in the 
framework of the usual three-dimensional non-
relativistic quantum mechanics symmetry 
ܷ௤௛

௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈), plus the impact of deformed 
space on it, as follows: 

ܷ௡௖
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ =

ܷ௤௛
௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) +

ർ௏೙ೝష೓೛
೛೐ೝ೟ ඀

(೙೗೘)

೙ೝ
ቂ(ఞℵା఍ఆ)௠ାః௚೑,್

೙ೝ ቃ

ଵିఉർ௓೜೓
೛ ඀

(೙೗೘)

೙ೝ
ቂ(ఞℵା఍ఆ)௠ାః௚೑,್

೙ೝ ቃ
     (157) 

After a straightforward calculation, the mean 
energy ܷ௤௛

௡௟ ,ߚ) ,ߣ ݈) for the inversely quadratic 
Hellmann potential model in 3D-NRQM 
symmetries can be obtained as: 

ܷ௤௛
௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) = −

డ ௟௡௓೜೓
೙ೝ(௡,஺,஻,ఉ,ఒ,௟)

డఉ
=

ିெ೜೓௑
ௐ

         (158) 

with 

ܺ = √గ
ଶ√௬

)݂ݎ݁ √௬
௻ℎ೛

೙೗ ାఈ೘ೌೣ
)

௘௫௣൭ ష೤
ೳℎ೛

೙೗ శഀ೘ೌೣ
൱

௻ℎ೛
೙೗ ାఈ೘ೌೣ

−

√గ
ଶ√௬

݂ݎ݁ ൬ √௬
௻ℎ೛

೙೗൰ +
௘௫௣൭ ೤

ቀೳℎ೛
೙೗ శഀ೘ೌೣమቁ

൱

ቀ௻ℎ೛
೙೗ ାఈ೘ೌೣቁ

       (159) 

and 

ܹ =
(ඥߨ√ݕ ݂ݎ݁ ൬ √௬

௻೓೛
೙೗ ାఈ೘ೌೣ

൰ −

ඥߨ√ݕ ݂ݎ݁ ൬ √௬
௻೓೛

೙೗ ൰ + ௛௣ߌ)
௡ +

(௠௔௫ߙ ݌ݔ݁ ቆ ௬
ቀ௻೓೛

೙೗ ାఈ೘ೌೣቁ
ቇ − ௛௣ߌ

௡ ݌ݔ݁ ൬ ି௬
௻೓೛

೙೗మ൰  

(160) 

with ݕ = ඥ−ܯߚ௤௛. The impact of deformed 
space on the free energy ܨ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) of 
the inversely quadratic Hellmann potential 
model is obtained by applying: 

௡௟ܨ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߣ ,ߔ ߯, (ߞ ≡
௡௖ܨ

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ −
F௡௟

௤௛(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) =
− ଵ

ఉ
݈݊ ܼ௤௛

௡௖ (݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ −

ቀ− ଵ
ఉ

߲ ݈݊ ܼ௤௛
௡௥(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈)ቁ    (161) 

A profound calculation gives the impact of 
deformed space on the free energy 
௡௖ܨ߂

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  :of the I-IQHPM as (ߞ

௡௟ܨ߂
௤௛(ߚ, ݈, ,ߔ ߯, (ߞ ≡

− ଵ
ఉ

݈݊ ቈ1 − ൻܼ௤௛ߚ
௣ ൿ

(௡௟௠)

௡௥ ൣ(߯ℵ + ݉(ߗߞ +

௙,௕݃ߔ
௡௥ ൧቉             (162) 

Thus, in the context of deformed space 
symmetry, the new free energy 
௡௖ܨ

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  of the I-IQHPM is (ߞ
equal to the corresponding values in the usual 
3D-NRQM symmetry ܨ௤௛

௡௟(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈), plus 
the impact of deformed space on it: 

௡௖ܨ
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ = ௤௛ܨ

௡௟(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) −

− ଵ
ఉ

݈݊ ቈ1 − ൻܼ௤௛ߚ
௣ ൿ

(௡௟௠)

௡௥ ൣ(߯ℵ + ݉(ߗߞ +

௙,௕݃ߔ
௡௥ ൧቉           (163) 

with 

௤௛ܨ
௡௟(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) = − ଵ

ఉ
݈݊( ∑

ସ

ఈୀଵ
 ఈ)     (164)ܣ

and 

ଵܣ = ඥ−ܯߚ௤ℎ√ߨ ݂ݎ݁ ൬ ඥିఉெ೜ℎ

௻ℎ೛
೙೗ ାఈ೘ೌೣ

൰  

ଶܣ = −ඥ−ܯߚ௤ℎ√ߨ ݂ݎ݁ ൬ඥିఉெ೜ℎ

௻ℎ೛
೙೗ ൰  

ଷܣ = ቆߌℎ௣
௡ + ௠௔௫ߙ ݌ݔ݁ ቆ ିఉெ೜ℎ

ቀ௻ℎ೛
೙೗ ାఈ೘ೌೣమቁ

ቇቇ  

ସܣ = ℎ௣ߌ−
௡௟ ݌ݔ݁ ൬ିఉெ೜ℎ

௻ℎ೛
೙೗మ ൰  

The impact of deformed space on the specific 
heat capacity ܥ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, -of the I (ߞ
IQHPM is determined by using the following 
expression: 

௡௟ܥ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ ≡
௡௖ܥ

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ −
௡௟ܥ

௤௛(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) =
ଶߚ݇− డ

డఉ
൫ܷ߂௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  ൯   (165)(ߞ

After a straightforward calculation, it gives 
the impact of deformed space on the free energy 
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௡௟ܥ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, -under the impact of I (ߞ

IQHPM as: 

௡௟ܥ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ =

ଶߚ݇−
ർ௓೜೓

೛ ඀
(೙೗೘)

೙ೝ
ቂ(ఞℵା఍ఆ)௠ାః௚೑,್

೙ೝ ቃ
మ

௘௫௣ቆଶఉർ௓೜೓
೛ ඀

(೙೗೘)

೙ೝ
ቂ(ఞℵା఍ఆ)௠ାః௚೑,್

೙ೝ ቃቇ
  

(166.1) 

Thus, in the context of deformed space 
symmetry, the new mean energy 
௡௖ܥ

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  of the I-IQHPM is (ߞ
equal to the corresponding values in the usual 
3D-NRQM symmetry ܥ௤௛

௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈), plus 
the impact of deformed space on it: 

௡௖ܥ
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ = ௤௛ܥ

௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) −

ଶߚ݇−
ർ௓೜೓

೛ ඀
(೙೗೘)

೙ೝ
ቂ(ఞℵା఍ఆ)௠ାః௚೑,್

೙ೝ ቃ
మ

௘௫௣ቆଶఉർ௓೜೓
೛ ඀

(೙೗೘)

೙ೝ
ቂ(ఞℵା఍ఆ)௠ାః௚೑,್

೙ೝ ቃቇ
  

(166.2)  

The impact of deformed space 
௡௖ܵ߂

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  on the entropy (ߞ
ܵ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) is determined by applying 
the following formula: 

௡௖ܵ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ ≡
ܵ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ −
ܵ௡௟

௤௛(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) =
ଶߚ݇ డ

డఉ
൫ܨ߂௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  ൯     (167)(ߞ

After a straightforward calculation, the 
impact of deformed space on the entropy 
௡௖ܵ߂

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  of the I-IQHPM can (ߞ
be expressed as follows: 

௡௖ܵ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ ≡

ߚ݇
ർ௓೜೓

೛ ඀
(೙೗೘)

೙ೝ
ቂ(ఞℵା఍ఆ)௠ାః௚೑,್

೙ೝ ቃ

ଵିఉർ௓೜೓
೛ ඀

(೙೗೘)

೙ೝ
ቂ(ఞℵା఍ఆ)௠ାః௚೑,್

೙ೝ ቃ
     (168) 

Thus, in 3D-NR(NCQS) symmetries, the new 
entropy ܵ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  of the I-IQHPM (ߞ
is equal to the values ܵ௤௛

௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) in the 
context of 3D-NRQM symmetry, plus the impact 
of deformed space on the I-IQHPM in Eq. (168), 
as follows: 

ܵ௡௖
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ = ܵ௤௛

௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) +

ߚ݇
ർ௏೓೛

೛ ඀
(೙೗೘)

೙ೝ
ቂ(ఞℵା఍ఆ)௠ାః௚೑,್

೙ೝ ቃ

ଵିఉർ௓೜೓
೛ ඀

(೙೗೘)

೙ೝ
ቂ(ఞℵା఍ఆ)௠ାః௚೑,್

೙ೝ ቃ
     (169) 

with 

ܵ௤௛
௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) = ݇ ݈݊ ܼ௤௛

௡௥ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈) −

ߚ݇
డ ௟௡ ௓೜೓

೙ೝ(௡,஺,஻,ఉ,ఒ,௟)

ఉ
       (170) 

If the space deformation effect vanishes when 
the simultaneous limits (ߔ, ߯, (ߞ → (0,0,0) are 
satisfied, the additive thermodynamic parts 
௡௟ܼ߂

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  ,(ߞ
௡௟ܷ߂

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  ,(ߞ
௡௟ܨ߂

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, ,(ߞ ௡௟ܵ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  (ߞ

and ܥ߂௡௟
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  also vanish, and (ߞ

the following results are achieved: 

݈݅݉
(ః,ఞ,఍)→(଴,଴,଴)

௡௟ܼ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ = 0 ⇔

݈݅݉
(ః,ఞ,఍)→(଴,଴,଴)

ܼ௡௖
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ =

ܼ௡௟
௤௛(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈),       (171) 

݈݅݉
(ః,ఞ,఍)→(଴,଴,଴)

௡௟ܷ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ = 0 ⇔

݈݅݉
(ః,ఞ,఍)→(଴,଴,଴)

ܷ௡௖
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ =

ܷ௡௟
௤௛(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈),       (172) 

݈݅݉
(ః,ఞ,఍)→(଴,଴,଴)

௡௟ܨ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ = 0 ⇔

݈݅݉
(ః,ఞ,఍)→(଴,଴,଴)

௡௖ܨ
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ =

௡௟ܨ
௤௛(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈),       (173) 

݈݅݉
(ః,ఞ,఍)→(଴,଴,଴)

௡௟ܵ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ = 0 ⇔

݈݅݉
(ః,ఞ,఍)→(଴,଴,଴)

ܵ௡௖
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ =

ܵ௡௟
௤௛(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈),       (174) 

and  

݈݅݉
(ః,ఞ,఍)→(଴,଴,଴)

௡௟ܥ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ = 0 ⇔

݈݅݉
(ః,ఞ,఍)→(଴,଴,଴)

௡௖ܥ
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ =

௡௟ܥ
௤௛(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈).       (175) 

We end this section by searching for special 
cases of importance by applying the same data 
that we included in the fourth paragraph of our 
current research. 

 In the case of ܤ = ߙ = 0, one obtains 
the new PF ܼ௡௖

௖௣(݊, ,ܣ ,ߚ ݈, ,ߔ ߯,  mean energy ,(ߞ
ܷ௡௖

௖௣(݊, ,ܣ ,ߚ ݈, ,ߔ ߯,  free new energy ,(ߞ
௡௖ܨ

௖௣(݊, ,ܣ ,ߚ ݈, ,ߔ ߯,  the new entropy ,(ߞ
ܵ௡௖

௖௣(݊, ,ܣ ,ߚ ݈, ,ߔ ߯,  and specific new heat ,(ߞ
capacity ܥ௡௖

௖௣(݊, ,ܣ ,ߚ ݈, ,ߔ ߯,  ,Equations (148) .(ߞ
(157), (163), (166.1), and (167) under the new 
modified Coulomb potential in 3D-(R and NR)-
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NCQS symmetries are expressed as: 

ܼ௡௖
௖௣(݊, ,ܣ ,ߚ ݈, ,ߔ ߯, (ߞ =

݈݅݉
(0,0)→(ߙ,ܤ)

ܼ௡௖
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  (176)     ,(ߞ

ܷ௡௖
௖௣(݊, ,ܣ ,ߚ ݈, ,ߔ ߯, (ߞ =

݈݅݉
(0,0)→(ߙ,ܤ)

ܷ௡௖
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  (177)     ,(ߞ

௡௖ܨ
௖௣(݊, ,ܣ ,ߚ ݈, ,ߔ ߯, (ߞ =

݈݅݉
(0,0)→(ߙ,ܤ)

௡௖ܨ
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  (178)     ,(ߞ

ܵ௡௖
௖௣(݊, ,ܣ ,ߚ ݈, ,ߔ ߯, (ߞ =

݈݅݉
(0,0)→(ߙ,ܤ)

S௡௖
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  (179)     ,(ߞ

and  

௡௖ܥ
௖௣(݊, ,ܣ ,ߚ ݈, ,ߔ ߯, (ߞ =

݈݅݉
(0,0)→(ߙ,ܤ)

,݊)ܥ ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  (180)     .(ߞ

 In the case of ܣ = 0, we can get the new 
PF ܼ௡௖

௜௤௬(݊, ,ܤ ,ߚ ݈, ,ߔ ߯,  mean energy ,(ߞ
ܷ௡௖

௜௤௬(݊, ,ܤ ,ߚ ݈, ,ߔ ߯,  free new energy ,(ߞ
௡௖ܨ

௜௤௬(݊, ,ܤ ,ߚ ݈, ,ߔ ߯,  the new entropy ,(ߞ
ܵ௡௖

௜௤௬(݊, ,ܤ ,ߚ ݈, ,ߔ ߯,  and specific new heat ,(ߞ
capacity ܥ௡௖

௜௤௬(݊, B, ,ߚ ݈, ,ߔ ߯,  These quantities .(ߞ
follow from Eqs. (148), (157), (163), (166.1), 
and (167) under the modified IQYP, in 3D-(R 
and NR)-NCQS symmetries as: 

ܼ௡௖
௜௤௬(݊, ,ܤ ,ߚ ݈, ,ߔ ߯, (ߞ =

݈݅݉
0→ܣ

ܼ௡௖
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  (181)      ,(ߞ

ܷ௡௖
௜௤௬(݊, ,ܣ ,ߚ ݈, ,ߔ ߯, (ߞ =

݈݅݉
0→ܣ

ܷ௡௖
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  (182)      ,(ߞ

௡௖ܨ
௜௤௬(݊, ,ܣ ,ߚ ݈, ,ߔ ߯, (ߞ =

݈݅݉
0→ܣ

௡௖ܨ
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  (183)      ,(ߞ

ܵ௡௖
௜௤௬(݊, ,ܣ ,ߚ ݈, ,ߔ ߯, (ߞ =

݈݅݉
0→ܣ

S௡௖
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  (184)        ,(ߞ

and  

௡௖ܥ
௜௤௬(݊, ,ܣ ,ߚ ݈, ,ߔ ߯, (ߞ =

݈݅݉
0→ܣ

,݊)ܥ ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  (185)      .(ߞ

Physically, this means that we obtain the 
values of the TPs in the three-dimensional non-
relativistic quantum mechanics symmetry when 
the three limits (ߔ, ߯, (ߞ → (0,0,0) are applied 
simultaneously. 

 

7. Conclusion 
In the present work, we have considered the 

3D-RQM and 3D-NRQM mechanical 
implications of a non-commutative geometric 
model in which the parameters of the non-
commutativity are constants. We solved the 
deformed relativistic wave equations (both 3D-
DKGE and 3D-DDE) and 3D-DSE for the I-
IQHPM. We obtained new analytical 
expressions for its energy eigen solutions in the 
framework of deformation space-space 
symmetry using the well-known Bopp's shift 
method and independent time standard 
perturbation theory. The new relativistic energy 
eigenvalues appear to be sensitive to quantum 
numbers (݊, ݆, ݈,  mixed potential ,(݉ ݀݊ܽ ݏ
depths (ܣ and ܤ), the screening parameter ߙ, and 
non-commutativity parameters (ߚ ,ߔ and ߞ). 
Furthermore, different special cases of the 
improved inversely quadratic Hellmann potential 
model have been obtained by changing the 
potential's parameters, including a new modified 
Coulomb potential and a new inversely quadratic 
Yukawa potential. We investigated the spin-
averaged mass spectra of heavy mesons under 
the I-IQHPM in 3D-NRQM and 3D-NR(NCQS) 
symmetries, the spin-averaged mass spectra 
௡௟ܯ

௤௛ି௛௠ in 3D-NR(NCQS), equal to the spin-
averaged mass spectra ܯ௡௟

௤௛ି௛௠ of heavy mesons 
(ܿܿ and ܾܾ) in 3D-NRQM symmetries, plus the 
effect of deformation space-space ܯߜ௡௖ି௡௟

௠௬ି௛௠, as 
given in Eq. (137). We also analyzed the effect 
of space deformation on thermodynamic 
quantities, including the induced PF 
௡௟ܼ߂

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  the generated mean ,(ߞ
energy ܷ߂௡௟

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  the induced ,(ߞ
free energy ܨ߂௡௟

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  the ,(ߞ
generated entropy ܵ߂௡௟

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  and ,(ߞ
the induced specific heat capacity 
௡௟ܥ߂

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  We have shown that .(ߞ
the corresponding new thermodynamic 
quantities in 3D-NR-NCQS symmetries (the new 
PF ܼ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  mean energy ,(ߞ
ܷ௡௖

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  free energy ,(ߞ
௡௖ܨ

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  entropy ,(ߞ
ܵ௡௖

௤௛(ߚ, ݈, ,ߔ ߯,  and specific heat capacity ,(ߞ
௡௖ܥ

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  for the I-IQHPM are ,((ߞ
equal to their values in the literature (the new 
PFܼ௤௛

௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈), the mean energy 
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ܷ௤௛
௡௟ (݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈), the free energy 

௤௛ܨ
௡௟(݊, ,ܣ ,ܤ ,ߚ ,ߣ ݈), the entropy ܵ௤௛

௡௟ ,ߚ) ,ߣ ݈), and 
specific heat capacity ܥ௤௛

௡௟ ,ߚ) ,ߣ ݈)) plus the effect 
of the deformation of space-
space(ܼ߂௡௟

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  ,(ߞ
߂ ௡ܷ௟

௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯, ௡௟ܨ߂ ,(ߞ
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  ,(ߞ

௡௟ܵ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  and ,(ߞ

௡௟ܥ߂
௤௛(݊, ,ܣ ,ܤ ,ߚ ݈, ,ߔ ߯,  respectively). It is worth ,(ߞ

noting that we recovered the energy equations 
for the KGE, DE, and SE in the framework of 
three-dimensional relativistic quantum 
mechanics and three-dimensional non-relativistic 
quantum mechanics symmetries for the three 
simultaneous limits (ߔ, ߯, (ߞ → (0,0,0). 
Physically, this means that we obtained the 
values of the relativistic and non-relativistic 
energy of bosonic and fermionic particles with 

high and low energies, or the TPs observed in 
previous studies [10-13, 20], within the 
framework of relativistic and non-relativistic 
quantum mechanics known in the literature. This 
new formulation provides a fresh look at 
relativistic and non-relativistic quantum 
mechanics based on 3D-KGE, 3D-DE, and 3D-
SE under I-IQHPM in non-commutative space 
and inspires some innovative mathematical 
structures.  
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