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Abstract: In this paper, we apply the Homotopy Perturbation Transform Method (HPTM) 
to obtain the solution of Non-Linear RLC Circuit Equation. This method is a combination 
of the Laplace transform method with the homotopy perturbation method. The HPTM can 
provide analytical solutions to nonlinear equations just by employing the initial conditions 
and the nonlinear term decomposed by using the He’s polynomials. 
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1. Introduction 

Many problems are modeled in terms of 
nonlinear partial and ordinary differential 
equations in physics and engineering. Still, it is 
very difficult to obtain exact or approximate 
solutions of such problems. Several methods are 
available in the mathematical physics literature 
which can be used to find approximate solutions 
of linear and nonlinear differential equations, 
such as the Homotopy Perturbation Transform 
Method (HPTM) [1 − 8], Adomain’s 
Decomposition Method (ADM) [9], Tanh 
Method [10] and Variational Iteration Method 
(VIM) [11].  

The main objective of this work is to apply 
the homotopy perturbation transform method to 
solve Non-linear RLC circuit equation. The other 
methods [9, 10, 11] are for the time being under 
investigation, where mathematical details on 
each method will be the subject of forth coming 
publications. The inherent nonlinearity source in 
electrical systems arises from resistive, inductive 
and capacitive elements. Given the importance 
of RLC circuit systems in many areas of physics 
and modern engineering applications, we 

propose to derive the differential equation of a 
nonlinear RLC circuit. 

The outline of this paper is as follows: 
Section two is devoted to the formulation of the 
problem, Section three presents the homotopy 
perturbation transform method, Section four 
gives the solution of the nonlinear differential 
equation, Section five contains the numerical 
estimation for typical electrical components of 
the circuit and finally, Section six resumes the 
conclusion. 

2. Formulation of the Problem  
The potential applications of nonlinear 

electrical circuits have been studied many years 
ago by Martienssen [12], Biermanns [13] and 
later by Hayashi [14] and Ueda [15]. The circuit 
consists of a nonlinear inductor and a linear 
capacitor; the circuit also has a resistor, but it is 
neglected here in order to focus on the 
nonlinearity of the problem. Our aim in this 
section is to formulate the problem in equation 
form. 
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By applying Kirchhoff’s voltage law, we get: 

ܰ
݀߮
ݐ݀

+
ܳ
ܥ

=  (1)                                              (ݐ)ܧ

where the potential difference across the 
inductor ܸ is given by: 

ܸ = ܰ
݀߮
ݐ݀

                                                         (2) 

ܰis the number of turns of the inductor coil 
and ߮ is the magnetic flux in the inductor core. 

The potential difference across the 
capacitance ܸis given by  

ܸ =
ܳ
ܥ

                                                               (3) 

 is the voltage (ݐ)ܧ is the capacitance and ܥ
source. 

The nonlinear relationship between the 
current and the magnetic flux can be represented 
by several different functions. However, a 
simple representation is as a power series in ߮ as 
in Biermanns [13] and Hayashi [14] 
݅ = ܽଵ߮ + ܽଷ߮ଷ + ܽହ߮ହ + ⋯                          (4) 

assuming a harmonic supply voltage of the form: 
(ݐ)ܧ = ܸ cos ݐ߱  .                                            (5) 

Differentiating Eq. (1) with respect to time 
gives: 

ܰ
݀ଶ߮
ଶݐ݀ +

݅
ܿ

= ߱ ܸ cos ݐ߱                                  (6) 

where ݅ = ௗொ
ௗ௧

is the current. 

Truncating Eq. (4) to third order and 
substituting for the current in Eq. (6) from Eq. 
(4) give [16]: 
݀ଶ߮(ݐ)

ଶݐ݀ +
ܽଵ

ܰܥ (ݐ)߮ +
ܽଷ

ܰܥ ߮ଷ(ݐ) =
߱ ܸ

ܰ cos  (7)  ݐ߱

which can be written in the form: 
݀ଶ߮(ݐ)

ଶݐ݀ + (ݐ)߮ߚ + (ݐ)ଷ߮ߛ = ܸ cos ݐ߱           (8) 

where ߚ = భ
ே

 is a constant called natural 
frequency of the system, while ߛ = య

ே
 and 

ܸ = ఠబ
ே

 are constants.  

In the following section, we will solve Eq. 
(8) using the Homotopy Perturbation Transform 
method. 

3. Homotopy Perturbation Transform 
Method (HPTM) 

This method is introduced by Khan and Wu 
[1]; they combined the homotopy perturbation 
method and the Laplace transform method to 
solve nonlinear partial and ordinary differential 
equations. 

To illustrate the basic idea of the method, we 
consider a general nonlinear differential 
equation:  
(ݐ)ݑܦ + (ݐ)ݑܴ + (ݐ)ݑܰ =  (9)                     (ݐ)݃

with initial conditions:  
(0)ݑ = ℎ,     (0)ݐݑ = ݂                                 (10) 

where (ݐ)ݑ is unknown function, ܦ is the 
second-order linear differential operator = ௗమ

ௗ௧మ, ܴ 
is the linear differential operator of less order 
than ܦ, ܰ represents the general nonlinear 
differential operator and ݃(ݐ) is the source term. 

Taking the Laplace transform, ℒ, on both 
sides of Eq. (9), we get: 
ℒ[(ݐ)ݑܦ] + ℒ[ܴ(ݐ)ݑ] + ℒ[ܰ(ݐ)ݑ] = ℒ[݃(ݐ)] (11) 

Using the differentiation property of the 
Laplace transform, we have: 
ℒ[(ݐ)ݑܦ] = [(ݐ)ݑ]ଶℒݏ − (0)ݑݏ −  (12)       (0)ݑ̇

So, Eq. (11) becomes: 

ℒ[(ݐ)ݑ] =
ℎ
ݏ

+
݂
ଶݏ −

1
ଶݏ ℒ[ܴ(ݐ)ݑ] +

1
ଶݏ ℒ[݃(ݐ)]

−
1
ଶݏ ℒ[ܰ(ݐ)ݑ]                     (13) 

Operating with the Laplace inverse on both 
sides of Eq. (12) gives: 

(ݐ)ݑ = (ݐ)ܩ − ℒିଵ ቈ
1
ଶݏ ℒ[ܴ(ݐ)ݑ + [(ݐ)ݑܰ     (14) 

where (ݐ)ܩ = ℒିଵ  ଵ
௦మ ℒ[݃(ݐ)]൨ represents the 

term arising from the source term and the 
prescribed initial conditions in Eq. (10). 

Now, we apply the homotopy perturbation 
method: 

(ݐ)ݑ =  (ݐ)ݑ
∞

ୀ

                                       (15) 
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And, the nonlinear term can be decomposed 
as: 

(ݐ)ݑܰ =  (ݑ)ܪ
∞

ୀ

 .                                 (16) 

For some He’s polynomials ܪ[17] that are 
given by: 

,ݑ)ܪ ଵݑ , ⋯ , (ݑ = ଵ
!

డ

డ ൣܰ൫∑ ݑ
∞
ୀ ൯൧ୀ, 

݊ = 0,1,2,3, ⋯                                                 (17) 

Substituting Eq. (14) and Eq. (15) in Eq. 
(13), we get: 

∑ ∞(ݐ)ݑ
ୀ =

(ݐ)ܩ −  ቀℒିଵ  ଵ
௦మ ℒ[ܴ ∑ ∞(ݐ)ݑ

ୀ +

∑ ∞(ݑ)ܪ
ୀ ]൨ቁ                                               (18)  

which is the coupling of the Laplace transform 
and the homotopy perturbation method using 
He’s polynomials. Comparing the coefficient of 
like powers of , the following approximations 
are obtained: 
(ݐ)ݑ : =   (ݐ)ܩ

(ݐ)ଵݑ :ଵ = − ቀℒିଵ  ଵ
௦మ ℒ[ܴݑ(ݐ) +   ൨ቁ[(ݑ)ܪ

(ݐ)ଶݑ :ଶ = − ቀℒିଵ  ଵ
௦మ ℒ[ܴݑଵ(ݐ) +

൨ቁ[(ݑ)ଵܪ                                                           (19)  

(ݐ)ଷݑ :ଷ = − ቀℒିଵ  ଵ
௦మ ℒ[ܴݑଶ(ݐ) +   ,൨ቁ[(ݑ)ଶܪ

… and so on. 

4. Solution of the Nonlinear 
Differential Equation 

In this section, we will present the solution of 
nonlinear RLC circuit equation using HPTM. 
Eq. (9), presented in Section 2, is chosen as a 
model of nonlinear second-order differential of 
the form: 
݀ଶ߮(ݐ)

ଶݐ݀ + (ݐ)߮ߚ + (ݐ)ଷ߮ߛ = ܸ cos ݐ߱         (8) 

Here, ߮(ݐ) is the unknown function. 

Subject to the initial conditions:  
߮̇(0) = 0 .                                                       (20) 

Taking the Laplace transform on both sides of 
Eq. (8) yields: 

ℒ[߮̈(ݐ)] + [(ݐ)߮]ℒߚ + [(ݐ)ଷ߮]ℒߛ =
ܸℒ[cos   (21)                                                       [ݐ߱

And using the differentiation property of 
Laplace transform, we have: 
ℒ[߮(ݐ) ] = ߱ ℒ[cos  2^ݏ/ܸ [ ݐ − /ߚ
[ (ݐ)߮]ℒ  2^ݏ −   (22)             [ (ݐ) 3^߮]ℒ  2^ݏ/ߛ

Operating with Laplace inverse on both sides 
of Eq. (21), gives: 

(ݐ)߮ = ℒିଵ ቂ 
௦(௦మାఠమ)ቃ − ℒିଵ  ఉ

௦మ ℒ[߮(ݐ)]൨ −

ℒିଵ  ఊ
௦మ ℒ[߮ଷ(ݐ)]൨  .                                          (23)  

Now, we apply the homotopy perturbation 
method as follows: 

∑ ,ݔ)ݑ ∞(ݐ
ୀ = ℒିଵ ቂ 

௦(௦మାఠమ)ቃ −

 ቀℒିଵ  ఉ
௦మ ℒ[∑ ,ݔ)ݑ ∞(ݐ

ୀ ] +
ఊ
௦మ ℒ[∑ ∞(ݑ)ܪ

ୀ ]൨ቁ                                  (24)  

where ܪ  are He’s polynomials that represent 
the nonlinear terms. 

From Eq. (16), the first few components of 
He’s polynomials are given by:  

ܪ = ߮
ଷ(ݐ)  

ଵܪ = 3߮
ଶ(ݐ)߮ଵ(ݐ)  

ଶܪ = 3߮
ଶ(ݐ)߮ଶ(ݐ) + 3߮ଵ

ଶ(ݐ)߮(ݐ)  

ଷܪ = 3߮
ଶ(ݐ)߮ଶ(ݐ) + 6߮(ݐ)߮ଵ(ݐ)߮ଶ(ݐ) +

߮ଵ
ଷ(ݐ)  

(25) 
… and so on. 

Comparing the coefficients of like powers of 
 :we have ,

(ݐ): ߮ = ܸℒିଵ ቂ ଵ
௦(௦మାఠమ)ቃ  

(ݐ)ଵ: ߮ଵ = −ℒିଵ  ఉ
௦మ ℒ[߮(ݐ)] + ఊ

௦మ ℒ[ܪ]൨  

(ݐ)ଶ: ߮ଶ = −ℒିଵ  ఉ
௦మ ℒ[߮ଵ(ݐ)] + ఊ

௦మ ℒ[ܪଵ]൨  

(ݐ)ଷ: ߮ଷ = −ℒିଵ  ఉ
௦మ ℒ[߮ଶ(ݐ)] + ఊ

௦మ ℒ[ܪଶ]൨  

(26) 
… etc. 

The solution of ߮(ݐ)is:  
߮(ݐ) = 1)ߤ − cos  (27)                                  (ݐ߱
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Here, ߤ is a constant given as: 

ߤ =
ܸ

߱ଶ  .                                                          (28) 

The solution of ߮ଵ(ݐ) is given as:  

߮ଵ(ݐ) = −ℒିଵ 
ߚ
ଶݏ ℒ[߮(ݐ)] +

ߛ
ଶݏ ℒ[ܪ]൩     (29) 

where 

ܪ = ߮
ଷ(ݐ) =

ܸଷ

߱ (1 − cos  ଷ                  (30)(ݐ߱

So,  

߮ଵ(ݐ) = − ቆ(ߤ ߚ) + ቀହ ఊ ఓయ

ଶ
ቁቇ ቀ௧మ

ଶ!
ቁ +

ቆቀఉ ఓ
ఠమ ቁ + ቀଵହ ఊ ఓయ

ସ ఠమ ቁቇ (1 − cos (ݐ߱ −

ቀଷ ఊ ఓయ

଼ఠమ ቁ (1 − cos (ݐ2߱ + ቀ ఊ ఓయ

ଷ ఠమቁ (1 − cos   (ݐ3߱

(31) 
Eq. (31) can be rewritten as: 

߮ଵ(ݐ) = − (ܽଵ) ቀ௧మ

ଶ!
ቁ + (ܽଶ)(1 − cos (ݐ߱  −

 (ܽଷ)(1 − cos (ݐ2߱  + (ܽସ)(1 − cos   (32)  (ݐ3߱
where ܽ,ܽଵ, ܽଶ, ܽଷ and ܽସ are constants given 
by: 

ܽଵ = ቆ(ߤ ߚ) + ቀହ ఊ ఓయ

ଶ
ቁቇ  

ܽଶ = ቆቀఉ ఓ
ఠమ ቁ + ቀଵହ ఊ ఓయ

ସ ఠమ ቁቇ  

ܽଷ = ቀଷ ఊ ఓయ

଼ఠమ ቁ  

ܽସ = ቀ ఊ ఓయ

ଷ ఠమቁ                                                        (33)  

The solution of ߮ଶ(ݐ) becomes: 

߮ଶ(ݐ) = −ℒିଵ 
ߚ
ଶݏ ℒ[߮ଵ(ݐ)] +

ߛ
ଶݏ ℒ[ܪଵ]൩     (34) 

where 

ଵܪ = 3߮
ଶ߮ଵ = 1)(ଶܽଵߤ3)− − cos ଶ(ݐ߱ ቀ௧మ

ଶ!
ቁ +

1)(ଶܽଶߤ3)  − cos ଶ(1(ݐ߱ − cos (ݐ߱ −
1)(ଶܽଷߤ3)  −  cos ଶ(1(ݐ߱ − cos (ݐ2߱ +
1)(ଶܽସߤ3)  − cos ଶ(1(ݐ߱ − cos   (35)          (ݐ3߱
 
 

߮ଶ(ݐ) = − ቆ(ܽߚଶ) − (ଷܽߚ) + (ସܽߚ) +

ቀଵହ ఓమఊ మ
ଶ

ቁ −  ቀଵହఓమఊయ
ସ

ቁ + ቀଽఓమఊర
ଶ

ቁቇ ቀ௧మ

ଶ!
ቁ +

ቆ(ߚ ܽଵ) + ቀଽ ఓమఊభ
ଶ

ቁቇ ቀ௧ర

ସ!
ቁ −

ቀଵଶఓమఊభ
ఠయ ቁ sin)(ݐ) (ݐ߱ +

ቀଶସఓమఊభ
ସఠయ ቁ sin)(ݐ) (ݐ2߱ +

ቀଷ ఓమఊభ
ఠమ ቁ cos)(ଶݐ) (ݐ߱ −

ቀఓమఊభ
ଷଶఠమ ቁ cos)(ଶݐ) (ݐ2߱ + ቆቀସହ ఓమఊ మ

ସఠమ ቁ −

ቀଷఓమఊయ
ఠమ ቁ + ቀଶఓమఊర

ସఠమ ቁ + ቀଵ଼ఓమఊభ
ఠర ቁ +

ቀఉ మ
ఠమ ቁቇ (1 − cos (ݐ߱ − ቆቀସହ ఓమఊభ

ଷଶఠమ ቁ +

ቀଷఓమఊయ
ସఠమ ቁ + ቀଽఓమఊర

଼ఠమ ቁ + ቀఉ య
ସఠమ ቁቇ (1 −

cos (ݐ2߱ + ቆቀఓమఊ మ
ଵଶఠమ ቁ + ቀఓమఊయ

ଷఠమ ቁ + ቀఓమఊర
ଶఠమ ቁ +

ቀఉ ర
ଽఠమ ቁቇ (1 − cos (ݐ3߱ − ቆቀ൫ଷఓమఊయ൯

ସఠమ ቁ +

ቀଷఓమఊర
ଵఠమ ቁቇ (1 − cos (ݐ4߱ + ቀଷఓమఊర

ଵఠమ ቁ (1 −

cos   (36)                                                     (ݐ5߱
Eq. (36) can be rewritten as: 

߮ଶ = −ܾଵ ቀ௧మ

ଶ!
ቁ + ܾଶ ቀ௧ర

ସ!
ቁ − ܾଷ(ݐ)(sin (ݐ߱ +

ܾସ(ݐ)(sin (ݐ2߱ + ܾହ(ݐଶ)(cos (ݐ߱ −
ܾ(ݐଶ)(cos (ݐ2߱ + ܾ(1 − cos (ݐ߱ −
଼ܾ(1 − cos (ݐ2߱ + ܾଽ(1 − cos (ݐ3߱ −
ܾଵ(1 − cos (ݐ4߱ + ܾଵଵ(1 − cos   (37)  (ݐ5߱

where ܾଵ,ܾଶ, ܾଷ, ܾସ, ܾହ, ܾ, ܾ, ଼ܾ, ܾଽ, ܾଵ and ܾଵଵ 
are constants: 

ܾଵ = ቆ(ܽߚଶ) − (ଷܽߚ) + (ସܽߚ) + ቀଵହ ఓమఊ మ
ଶ

ቁ −

 ቀଵହఓమఊయ
ସ

ቁ + ቀଽఓమఊర
ଶ

ቁቇ  

ܾଶ = ቆ(ߚ ܽଵ) + ቀଽ ఓమఊభ
ଶ

ቁቇ  

ܾଷ = ቀଵଶఓమఊభ
ఠయ ቁ  

ܾସ  = ቀଶସఓమఊభ
ସఠయ ቁ  

ܾହ = ቀଷ ఓమఊభ
ఠమ ቁ  
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ܾ = ቀఓమఊభ
ଷଶఠమ ቁ  

ܾ = ቆቀସହ ఓమఊ మ
ସఠమ ቁ − ቀଷఓమఊయ

ఠమ ቁ + ቀଶఓమఊర
ସఠమ ቁ +

ቀଵ଼ఓమఊభ
ఠర ቁ + ቀఉ మ

ఠమ ቁቇ  

଼ܾ = ቆቀସହ ఓమఊభ
ଷଶఠమ ቁ + ቀଷఓమఊయ

ସఠమ ቁ + ቀଽఓమఊర
଼ఠమ ቁ +

ቀఉ య
ସఠమ ቁቇ  

ܾଽ = ቆቀఓమఊ మ
ଵଶఠమ ቁ + ቀఓమఊయ

ଷఠమ ቁ + ቀఓమఊర
ଶఠమ ቁ + ቀఉ ర

ଽఠమ ቁቇ   

ܾଵ = ቆቀ൫ଷఓమఊయ൯
ସఠమ ቁ + ቀଷఓమఊర

ଵఠమ ቁቇ  

 ܾଵଵ = ቀଷఓమఊర
ଵఠమ ቁ                        (38) 

And, the solution of ߮ଷ(ݐ) is: 

߮ଷ(ݐ) = −ℒିଵ 
ߚ
ଶݏ ℒ[߮ଶ(ݐ)] +

ߛ
ଶݏ ℒ[ܪଶ]൩   (39)  

where 

ଶܪ = 3߮
ଶ߮ଶ + 3߮߮ଵ

ଶ = −൫(6ܽߤଵܽଶ) −
൯(ଶܾଵߤ3) ቀ௧మ

ଶ!
ቁ (1 − cos ଶ(ݐ߱ +

(ଶܾଶߤ3) ቀ௧ర

ସ!
ቁ (1 − cos ଶ(ݐ߱ − 1)(ଶܾଷߤ3) −

cos sin)(ݐ)ଶ(ݐ߱ (ݐ߱ + 1)(ଶܾସߤ3) −
cos sin)(ݐ)ଶ(ݐ߱ (ݐ2߱ + 1)(ଶܾହߤ3) −
cos cos)(ଶݐ)ଶ(ݐ߱ (ݐ߱ − 1)(ଶܾߤ3) −
cos cos)(ଶݐ)ଶ(ݐ߱ (ݐ2߱ + ൫(3ߤଶܾ) +
൯(1(ଶ(ଶܽ)ߤ3) − cos ଷ(ݐ߱ − ൫(3ߤଶ଼ܾ) +
൯(1(ଶܽଷܽߤ6) − cos ଶ(1(ݐ߱ − cos (ݐ2߱ +
൫(3ߤଶܾଽ) + ൯(1(ଶܽସܽߤ6) − cos ଶ(1(ݐ߱ −
cos (ݐ3߱ − 1)(ଶܾଵߤ3) − cos ଶ(1(ݐ߱ −
cos (ݐ4߱ + 1)(ଶܾଵଵߤ3) − cos ଶ(1(ݐ߱ −
cos (ݐ5߱ + (ଶ(ଵܽ)ߤ18) ቀ௧ర

ସ!
ቁ (1 − cos (ݐ߱ +

1)(ଶ(ଷܽ)ߤ3) − cos 1)(ݐ߱ − cos ଶ(ݐ2߱ +
1)(ଶ(ସܽ)ߤ3) − cos 1)(ݐ߱ − cos ଶ(ݐ3߱ +
(ଵܽଷܽߤ6) ቀ௧మ

ଶ!
ቁ (1 − cos 1)(ݐ߱ − cos (ݐ2߱ −

(ଵܽସܽߤ6) ቀ௧మ

ଶ!
ቁ (1 − cos 1)(ݐ߱ − cos (ݐ3߱ −

1)(ଷܽସܽߤ6)  − cos 1)(ݐ߱ − cos 1)(ݐ2߱ −
cos   (40)                                                     (ݐ3߱
So, 

߮ଷ(ݐ) =

−

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ܾߚ) − ଼ܾߚ + ଽܾߚ − ଵܾߚ + (ଵଵܾߚ

+ ቀଵହఊఓమళ
ଶ

ቁ + ቀଵହఊఓ(మ)మ

ଶ
ቁ

− ቀଵହఊఓమఴ
ସ

ቁ − ቀଷఊఓమయ
ସ

ቁ

+ ቀଽఊఓమవ
ଶ

ቁ + ቀଵ଼ఊఓమర
ଶ

ቁ

− ቀଽఊఓమభబ
ଶ

ቁ + ቀଽఊఓమభభ
ଶ

ቁ

+ ቀଽఊఓ(య)మ

ଶ
ቁ + ቀଽఊఓ(ర)మ

ଶ
ቁ

− ቀଵ଼ఊఓయర
ସ

ቁ − ቀସହఊఓ(భ)మఠఴ

ఠభమ ቁ

+ ቀଵ଼ఊఓ(భ)మఠల

ఠభబ ቁ + ቀଶఊఓ(భ)మఠభబ

ఠభర ቁ
⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

ቀ௧మ

ଶ!
ቁ  

+

⎝

⎜
⎜
⎜
⎜
⎛

ଵܾߚ + ቀଵ଼ఊఓభమ
ଶ

ቁ − ቀଽఊఓమభ
ଶ

ቁ
(ଵܽଷܽߤߛ6)− + (ଵܽସܽߤߛ6)

(ଶܾହߤߛ6)+ + ቀଷఊఓమల
ଶ

ቁ

− ቀଽఊఓ(భ)మఠఴ

ఠభబ ቁ

+ ቀଽఊఓ(భ)మఠభబ

ఠభమ ቁ ⎠

⎟
⎟
⎟
⎟
⎞

ቀ௧ర

ସ!
ቁ  

− ቆቀ൫ଽఊఓమమ൯
ଶ

ቁ + ቀଵ଼ఊఓ(భ)మఠభబ

ఠభబ ቁ + ቇ(ଶܾߚ) ቀ௧ల

!
ቁ  

− 

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ቀଷఊఓభమ
ଶఠయ ቁ − ቀଵ଼ఊఓమభ

ଶఠయ ቁ

+ ቀଵହఊఓమయఠ
ସఠయ ቁ + ቀఊఓమరఠ

ଶఠయ ቁ

+ ቀଷఊఓమఱ
ସఠయ ቁ + ቀସ଼ఊఓభమ

଼ఠయ ቁ

− ቀଶସఊఓమభ
଼ఠయ ቁ + ቀସଶఊఓమఱ

଼ఠయ ቁ

+ ቀଶସఊఓమల
଼ఠయ ቁ − ቀଵଶఊఓభయ

଼ఠయ ቁ

+ ቀଶସఊఓభర
଼ఠయ ቁ − ቀଶହହఊఓ(భ)మఠఴ

ଷ଼ସఠభయ ቁ

+ ቀସହఊఓ(భ)మఠమ

ଷ଼ସఠళ ቁ + ቀଵହఊఓమమ
଼ఠఱ ቁ

− ቀ଼ସఊఓమమ
ଷ଼ସఠఱ ቁ + ቀଶଵఊఓమమ

ଵଶଶ଼଼ఠఱ ቁ

+ ቀଵ଼ఊఓమల
ଶఠయ ቁ − ቀଵ଼ఊఓభయ

ସఠయ ቁ

+ ቀଵ଼ఊఓభర
ଶఠయ ቁ + ቀଵଶఊఓమమ

ଵఠఱ ቁ

+ ቀଵହହఊఓ(భ)మఠల

ଷ଼ସఠభభ ቁ

− ቀଶହଵଵఊఓ(భ)మఠర

ଷ଼ସఠవ ቁ

+ ቀଵଵଽଷఊఓ(భ)మఠభబ

ହఠభఱ ቁ + ቀఉయ
ఠమ ቁ

+ ቀఉఱ
ఠయ ቁ + ቀଵହఉఱ

ସఠయ ቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

sin)(ݐ)   (ݐ߱
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+

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ቀ ଵ଼
ଷଶఠయ ଵܽଶቁܽߤߛ − ቀ ଽ

ଷଶఠయ ଶܾଵቁߤߛ

+ ቀଵଶఊఓమయఠ
ଵఠయ ቁ + ቀଵ଼ఊఓమరఠ

ଵఠయ ቁ

+ ቀଵ଼ఊఓమఱ
ଵఠయ ቁ + ቀଶఊఓమల

ଵఠయ ቁ

+ ቀଵ଼ఊఓభయ
ଵఠయ ቁ + ቀଵ଼ఊఓభర

ଷଶఠయ ቁ

+ ቀଵଶఊఓభమ
ସఠయ ቁ − ቀఊఓమభ

ସఠయ ቁ

+ ቀଶସఊఓమఱ
ସఠయ ቁ + ቀଷఊఓమల

ସఠయ ቁ

+ ቀଶସఊఓభయ
ସఠయ ቁ + ቀଵଶఊఓభర

ସఠయ ቁ

+ ቀହఊఓమమ
ହଵଶఠఱ ቁ + ቀଷఊఓమమ

ହଵଶఠఱ ቁ

+ ቀఉర
ସఠమቁ + ቀ ఉల

ଷଶఠయቁ + ቀଵହఉల
ଷଶ ఠయ ቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

sin)(ݐ)   (ݐ2߱

−  

⎝

⎜
⎜
⎜
⎜
⎜
⎛

ቀଽఊఓమయఠ
ଵ଼ఠయ ቁ + ቀଵ଼ఊఓమరఠ

ହସఠయ ቁ

+ ቀଽఊఓమఱ
ଵ଼ఠయ ቁ + ቀଵ଼ఊఓమల

ହସఠయ ቁ

+ ቀଵ଼ఊఓభయ
ଵ଼ఠయ ቁ + ቀଵ଼ఊఓభర

ହସఠయ ቁ

+ ቀఊఓమఱ
ଶଵఠయ ቁ + ቀଶସఊఓమల

ଶଵఠయ ቁ

+ ቀଵଶఊఓభయ
ଶଵఠయ ቁ + ቀଶସఊఓభర

ଶଵఠయ ቁ⎠

⎟
⎟
⎟
⎟
⎟
⎞

sin)(ݐ)   (ݐ3߱

+  ቆቀఊఓమర
ଵଶ଼ఠమ ቁ + ቀଽఊఓమల

ଶହఠయ ቁ + ቀଵ଼ఊఓభర
ଶହఠయ ቁ +

ቀଵଶఊఓభర
ହଵଶఠయ ቁ + ቀఊఓమల

ହଵଶఠయ ቁቇ sin)(ݐ)   (ݐ4߱

+  

⎝

⎜
⎜
⎜
⎛

− ቀଶఊఓ(భ)మఠఴ

ଷ଼ସఠభభ ቁ + ቀଶఊఓ(భ)మఠమ

ସఠఱ ቁ

− ቀଽఊఓమమ
ଵଽଶఠయ ቁ + ቀଵଶఊఓమమ

ସ଼ఠయ ቁ

+ ቀଷଽఊఓ(భ)మఠల

ଷ଼ସఠవ ቁ − ቀଵଶఊఓ(భ)మఠర

ଷ଼ସఠళ ቁ

+ ቀଵଶఊఓ(భ)మఠభబ

ହఠళ ቁ ⎠

⎟
⎟
⎟
⎞

(ଷݐ) sin   ݐ߱

−  ቆቀଷఊఓమమ
ଷ଼ସఠయ ቁ − ቀଶସఊఓమమ

ଵହଷఠయ ቁቇ (ଷݐ) sin   ݐ2߱

+ 

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ቀସ଼ఊఓభమ
଼ఠయ ቁ − ቀଶସఊఓమభ

଼ఠయ ቁ

+ ቀସଶఊఓమఱ
଼ఠయ ቁ + ቀଶସఊఓమల

଼ఠయ ቁ

− ቀଵଶఊఓభయ
଼ఠయ ቁ + ቀଶସఊఓభర

଼ఠయ ቁ

− ቀଷଷହఊఓ(భ)మఠఴ

ଷ଼ସఠభమ ቁ

+ ቀସହఊఓ(భ)మఠమ

ଷ଼ସఠల ቁ

+ ቀଷఊఓమమ
଼ఠర ቁ − ቀ଼ସఊఓమమ

ଷ଼ସఠర ቁ

+ ቀସଷଶఊఓమమ
ଵଶଶ଼଼ఠర ቁ + ቀଵଶఊఓమమ

ଵఠర ቁ

+ ቀଷଶఊఓ(భ)మఠల

ଷ଼ସఠభబ ቁ

− ቀ଼ଷఊఓ(భ)మఠర

ଷ଼ସఠఴ ቁ

+ ቀଵହଽହఊఓ(భ)మఠభబ

ହఠభర ቁ

+ ቀఉఱ
ସఠమቁ + ቀଷఉఱ

ସఠమ ቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

(ଶݐ) cos   ݐ߱

−  

⎝

⎜
⎜
⎜
⎜
⎜
⎛

ቀଵଶఊఓభమ
ଷଶఠమ ቁ − ቀఊఓమభ

ଷଶఠమ ቁ

+ ቀଶସఊఓమఱ
ଷଶఠమ ቁ + ቀଷఊఓమల

ଷଶఠమ ቁ

+ ቀଶସఊఓభయ
ଷଶఠమ ቁ + ቀଵଶఊఓభర

ଷଶఠమ ቁ

+ ቀଵହఊఓమమ
ଶହఠర ቁ + ቀଷఊఓమమ

ଶହఠర ቁ

+ ቀ ఉల
ଵఠమቁ + ቀ ଷఉల

ଵ ఠమቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎞

(ଶݐ) cos   ݐ2߱

+  ቆቀఊఓమఱ
ଶఠమ ቁ + ቀଶସఊఓమల

ଶఠమ ቁ + ቀଵଶఊఓభయ
ଶఠమ ቁ +

ቀଶସఊఓభర
ଶఠమ ቁቇ (ଶݐ) cos   ݐ3߱

−  ቆቀଵଶఊఓభర
ଵଶ଼ఠమ ቁ + ቀఊఓమల

ଵଶ଼ఠమ ቁቇ (ଶݐ) cos   ݐ4߱

− 

⎝

⎜
⎛

ቀଶఊఓ(భ)మఠమ

ଷ଼ସఠర ቁ − ቀଽఊఓ(భ)మఠఴ

ଷ଼ସఠభబ ቁ

+ ቀଽఊఓమమ
ଷ଼ସఠమ ቁ + ቀଵ଼ఊఓ(భ)మఠల

ଷ଼ସఠఴ ቁ

− ቀଽఊఓ(భ)మఠర

ଷ଼ସఠల ቁ + ቀଵ଼ఊఓ(భ)మఠభబ

ଷ଼ସఠభమ ቁ⎠

⎟
⎞

(ସݐ) cos   ݐ߱

+  ቀଶସఊఓమమ
ଵହଷఠమ ቁ (ସݐ) cos   ݐ2߱
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+

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ቀଷఊఓభమ
ఠర ቁ − ቀଵ଼ఊఓమభ

ఠర ቁ

+ ቀଵହఊఓమయ ఠ
ଶఠర ቁ + ቀఊఓమరఠ

ఠర ቁ

+ ቀଷఊఓమఱ
ଶఠర ቁ + ቀସହఊఓమళ

ସఠమ ቁ

+ ቀସହఊఓ(మ)మ

ସఠమ ቁ + ቀଷఊఓమఴ
ఠమ ቁ

+ ቀఊఓమయ
ఠమ ቁ + ቀଶఊఓమవ

ସఠమ ቁ

+ ቀହସఊఓమర
ସఠమ ቁ − ቀఊఓమభబ

ఠమ ቁ

+ ቀఊఓమభభ
ఠమ ቁ + ቀଷఊఓ(య)మ

ଶఠమ ቁ

+ ቀଽఊఓ(ర)మ

ଶఠమ ቁ + ቀଵ଼ఊఓమల
ఠర ቁ

− ቀଵ଼ఊఓభయ
ଶఠర ቁ + ቀଵ଼ఊఓభర

ఠర ቁ

− ቀଵଷହఊఓ(భ)మఠఴ

ఠభర ቁ + ቀଷఊఓమమ
ఠల ቁ

+ ቀଽఊఓ(భ)మఠల

ఠభమ ቁ − ቀଽఊఓ(భ)మఠర

ఠభబ ቁ

+ ቀଷఊఓ(భ)మఠభబ

ఠభల ቁ

+ ቀଶఉయ
ఠయ ቁ + ቀఉఱ

ఠర ቁ + ቀఉళ
ఠమ ቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

(1 − cos   (ݐ߱

−

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ቀ ଵ଼
ଷଶఠర ଵܽଶቁܽߤߛ − ቀଽఊఓమభ

ଷଶఠర ቁ

+ ቀଵଶఊఓమయఠ
ଵఠర ቁ + ቀଵ଼ఊఓమరఠ

ଵఠర ቁ

+ ቀଵ଼ఊఓమఱ
ଵఠర ቁ + ቀଶఊఓమల

ଵఠర ቁ

+ ቀଵ଼ఊఓభయ
ଵఠర ቁ + ቀଽఊఓమళ

଼ఠమ ቁ

+ ቀଽఊఓ(మ)మ

଼ఠమ ቁ + ቀଷఊఓమఴ
ସఠమ ቁ

+ ቀఊఓమయ
ସఠమ ቁ + ቀଽఊఓమవ

଼ఠమ ቁ

+ ቀଵ଼ఊఓమర
଼ఠమ ቁ + ቀଵ଼ఊఓభర

ଷଶఠర ቁ

+ ቀଵହఊఓమమ
ଵଶ଼ఠల ቁ − ቀଷఊఓమభబ

ଵఠమ ቁ

+ ቀଷఊఓమభభ
଼ఠమ ቁ − ቀఊఓ(య)మ

ସఠమ ቁ

+ ቀଷఊఓ(ర)మ

ସఠమ ቁ + ቀଵ଼ఊఓయర
ଵఠమ ቁ

+ ቀఉర
ସఠయቁ + ቀଷఉల

ଵఠరቁ + ቀఉఴ
ସఠమቁ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

(1 − cos   (ݐ2߱

+  

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ቀଽఊఓమయఠ
ଵଶఠర ቁ + ቀଵ଼ఊఓమరఠ

଼ଵఠర ቁ

+ ቀଽఊఓమఱ
ଵଶఠర ቁ + ቀଷఊఓమళ

ଷఠమ ቁ

+ ቀଷఊఓ(మ)మ

ଷఠమ ቁ + ቀଷఊఓమఴ
ଽఠమ ቁ

+ ቀఊఓమయ
ଽఠమ ቁ + ቀଽఊఓమవ

ଵ଼ఠమ ቁ

+ ቀଵ଼ఊఓమర
ଵ଼ఠమ ቁ + ቀଵ଼ఊఓమల

଼ଵఠర ቁ

+ ቀଵ଼ఊఓభయ
ଵଶఠర ቁ + ቀଵ଼ఊఓభర

଼ଵఠర ቁ

+ ቀଷఊఓమభబ
ଽఠమ ቁ − ቀଷఊఓమభభ

ଷఠమ ቁ

− ቀଽఊఓ(య)మ

ଷఠమ ቁ + ቀఊఓ(ర)మ

ଽఠమ ቁ

− ቀఊఓయర
ଵ଼ఠమ ቁ + ቀఉవ

ଽఠమቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

(1 − cos   (ݐ3߱

−  

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

+ ቀଷఊఓమవ
ଵఠమ ቁ + ቀఊఓమర

ଵఠమ ቁ

+ ቀଽఊఓమభబ
ଷଶఠమ ቁ + ቀଷఊఓమభభ

ଵఠమ ቁ

+ ቀଵହఊఓమఴ
ଶହఠమ ቁ + ቀଷఊఓమయ

ଶହఠమ ቁ

+ ቀଷఊఓ(ర)మ

ଵఠమ ቁ − ቀఊఓయర
ସఠమ ቁ

+ ቀଷఊఓ(య)మ

ଷଶఠమ ቁ + ቀఊఓమరఠ
ଶହఠర ቁ

+ ቀଽఊఓమల
ହଵଶఠర ቁ + ቀଵ଼ఊఓభర

ହଵଶఠర ቁ

+ ቀఉభబ
ଵఠమቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

(1 − cos   (ݐ4߱

+  

⎝

⎜
⎜
⎜
⎛

ቀଷఊఓమవ
ଵఠమ ቁ + ቀఊఓమర

ଵఠమ ቁ

+ ቀଷఊఓమభబ
ଶହఠమ ቁ + ቀଽఊఓమభభ

ହఠమ ቁ

+ ቀଷఊఓ(ర)మ

ଵఠమ ቁ + ቀఊఓయర
ହఠమ ቁ

+ ቀଷఊఓ(య)మ

ଵఠమ ቁ + ቀఉభభ
ଶହఠమቁ ⎠

⎟
⎟
⎟
⎞

(1 − cos   (ݐ5߱

− ቌ
ቀଷఊఓమభబ

ଵସସఠమ ቁ + ቀଷఊఓమభభ
ଷఠమ ቁ

+ ቀଷఊఓ(ర)మ

ଶఠమ ቁ + ቀఊఓయర
ଵସସఠమ ቁ

ቍ (1 − cos   (ݐ6߱

+ ቆቀଷఊఓమభభ
ଵଽఠమ ቁ + ቀଷఊఓ(ర)మ

ଵଽఠమ ቁቇ ൫(1 − cos   ൯      (41)(ݐ7߱

Eq. (39) can be rewritten as: 

߮ଷ(ݐ) = −ܿଵ ቀ௧మ

ଶ!
ቁ +  ܿଶ ቀ௧ర

ସ!
ቁ − ܿଷ ቀ௧ల

!
ቁ  

− ܿସ(ݐ)(sin (ݐ߱ + ܿହ(ݐ)(sin (ݐ2߱ −
 ܿ(ݐ)(sin (ݐ3߱ + ܿ(ݐ)(sin   (ݐ4߱
(ଷݐ)଼ܿ + sin ݐ߱ − ܿଽ(ݐଷ) sin ݐ2߱ +
 ܿଵ(ݐଶ) cos ݐ߱ − ܿଵଵ(ݐଶ) cos   ݐ2߱
+ ܿଵଶ(ݐଶ) cos ݐ3߱ − ܿଵଷ(ݐଶ) cos ݐ4߱ −
 ܿଵସ(ݐସ) cos ݐ߱ + ܿଵହ(ݐସ) cos   ݐ2߱
+ ܿଵ(1 − cos (ݐ߱ −  ܿଵ(1 − cos (ݐ2߱ +
 ܿଵ଼(1 − cos (ݐ3߱ −  ܿଵଽ(1 − cos   (ݐ4߱
+ ܿଶ(1 − cos (ݐ5߱ − ܿଶଵ(1 − cos (ݐ6߱ +
 ܿଶଶ൫(1 − cos   ൯                                  (42)(ݐ7߱

where 

ܿଵ, ܿଶ, ܿଷ, ܿସ, ܿହ, ܿ, ܿ, ଼ܿ, ܿଽ, ܿଵ, ܿଵଵ ,  

ܿଵଶ, ܿଵଷ , ܿଵସ, ܿଵହ , ܿଵ, ܿଵ, ܿଵ଼, ܿଵଽ, ܿଶ , ܿଵଶ and ܿଶଶ  

are constants: 
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ଵܥ =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ܾߚ) − ଼ܾߚ + ଽܾߚ − ଵܾߚ + (ଵଵܾߚ

+ ቀଵହఊఓమళ
ଶ

ቁ + ቀଵହఊఓ(మ)మ

ଶ
ቁ

− ቀଵହఊఓమఴ
ସ

ቁ − ቀଷఊఓమయ
ସ

ቁ

+ ቀଽఊఓమవ
ଶ

ቁ + ቀଵ଼ఊఓమర
ଶ

ቁ

− ቀଽఊఓమభబ
ଶ

ቁ + ቀଽఊఓమభభ
ଶ

ቁ

+ ቀଽఊఓ(య)మ

ଶ
ቁ + ቀଽఊఓ(ర)మ

ଶ
ቁ

− ቀଵ଼ఊఓయర
ସ

ቁ − ቀସହఊఓ(భ)మఠఴ

ఠభమ ቁ

+ ቀଵ଼ఊఓ(భ)మఠల

ఠభబ ቁ + ቀଶఊఓ(భ)మఠభబ

ఠభర ቁ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

  

ଶܥ =

⎝

⎜
⎜
⎜
⎜
⎜
⎛

ଵܾߚ + ቀଵ଼ఊఓభమ
ଶ

ቁ

− ቀଽఊఓమభ
ଶ

ቁ
(ଵܽଷܽߤߛ6)− + (ଵܽସܽߤߛ6)

(ଶܾହߤߛ6)+

+ ቀଷఊఓమల
ଶ

ቁ − ቀଽఊఓ(భ)మఠఴ

ఠభబ ቁ

+ ቀଽఊఓ(భ)మఠభబ

ఠభమ ቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎞

  

ଷܥ =  ቆቀ൫ଽఊఓమమ൯
ଶ

ቁ + ቀଵ଼ఊఓ(భ)మఠభబ

ఠభబ ቁ +   ቇ(ଶܾߚ)

ସܥ =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ቀଷఊఓభమ
ଶఠయ ቁ − ቀଵ଼ఊఓమభ

ଶఠయ ቁ

+ ቀଵହఊఓమయఠ
ସఠయ ቁ + ቀఊఓమరఠ

ଶఠయ ቁ

+ ቀଷఊఓమఱ
ସఠయ ቁ + ቀସ଼ఊఓభమ

଼ఠయ ቁ

− ቀଶସఊఓమభ
଼ఠయ ቁ + ቀସଶఊఓమఱ

଼ఠయ ቁ

+ ቀଶସఊఓమల
଼ఠయ ቁ − ቀଵଶఊఓభయ

଼ఠయ ቁ

+ ቀଶସఊఓభర
଼ఠయ ቁ − ቀଶହହఊఓ(భ)మఠఴ

ଷ଼ସఠభయ ቁ

+ ቀସହఊఓ(భ)మఠమ

ଷ଼ସఠళ ቁ + ቀଵହఊఓమమ
଼ఠఱ ቁ

− ቀ଼ସఊఓమమ
ଷ଼ସఠఱ ቁ + ቀଶଵఊఓమమ

ଵଶଶ଼଼ఠఱ ቁ

+ ቀଵ଼ఊఓమల
ଶఠయ ቁ − ቀଵ଼ఊఓభయ

ସఠయ ቁ

+ ቀଵ଼ఊఓభర
ଶఠయ ቁ + ቀଵଶఊఓమమ

ଵఠఱ ቁ

+ ቀଵହହఊఓ(భ)మఠల

ଷ଼ସఠభభ ቁ

− ቀଶହଵଵఊఓ(భ)మఠర

ଷ଼ସఠవ ቁ

+ ቀଵଵଽଷఊఓ(భ)మఠభబ

ହఠభఱ ቁ

+ ቀఉయ
ఠమ ቁ + ቀఉఱ

ఠయ ቁ + ቀଵହఉఱ
ସఠయ ቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

  

ହܥ =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ቀ ଵ଼
ଷଶఠయ ଵܽଶቁܽߤߛ − ቀ ଽ

ଷଶఠయ ଶܾଵቁߤߛ

+ ቀଵଶఊఓమయఠ
ଵఠయ ቁ + ቀଵ଼ఊఓమరఠ

ଵఠయ ቁ

+ ቀଵ଼ఊఓమఱ
ଵఠయ ቁ + ቀଶఊఓమల

ଵఠయ ቁ

+ ቀଵ଼ఊఓభయ
ଵఠయ ቁ + ቀଵ଼ఊఓభర

ଷଶఠయ ቁ

+ ቀଵଶఊఓభమ
ସఠయ ቁ − ቀఊఓమభ

ସఠయ ቁ

+ ቀଶସఊఓమఱ
ସఠయ ቁ + ቀଷఊఓమల

ସఠయ ቁ

+ ቀଶସఊఓభయ
ସఠయ ቁ + ቀଵଶఊఓభర

ସఠయ ቁ

+ ቀହఊఓమమ
ହଵଶఠఱ ቁ + ቀଷఊఓమమ

ହଵଶఠఱ ቁ

+ ቀఉర
ସఠమቁ + ቀ ఉల

ଷଶఠయቁ + ቀଵହఉల
ଷଶ ఠయ ቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

  

ܥ =

⎝

⎜
⎜
⎜
⎜
⎜
⎛

ቀଽఊఓమయఠ
ଵ଼ఠయ ቁ + ቀଵ଼ఊఓమరఠ

ହସఠయ ቁ

+ ቀଽఊఓమఱ
ଵ଼ఠయ ቁ + ቀଵ଼ఊఓమల

ହସఠయ ቁ

+ ቀଵ଼ఊఓభయ
ଵ଼ఠయ ቁ + ቀଵ଼ఊఓభర

ହସఠయ ቁ

+ ቀఊఓమఱ
ଶଵఠయ ቁ + ቀଶସఊఓమల

ଶଵఠయ ቁ

+ ቀଵଶఊఓభయ
ଶଵఠయ ቁ + ቀଶସఊఓభర

ଶଵఠయ ቁ⎠

⎟
⎟
⎟
⎟
⎟
⎞

  

ܥ =  ቌ
ቀఊఓమర

ଵଶ଼ఠమ ቁ + ቀଽఊఓమల
ଶହఠయ ቁ

+ ቀଵ଼ఊఓభర
ଶହఠయ ቁ + ቀଵଶఊఓభర

ହଵଶఠయ ቁ + ቀఊఓమల
ହଵଶఠయ ቁ

ቍ  

଼ܥ =  

⎝

⎜
⎜
⎜
⎛

− ቀଶఊఓ(భ)మఠఴ

ଷ଼ସఠభభ ቁ + ቀଶఊఓ(భ)మఠమ

ସఠఱ ቁ

− ቀଽఊఓమమ
ଵଽଶఠయ ቁ + ቀଵଶఊఓమమ

ସ଼ఠయ ቁ

+ ቀଷଽఊఓ(భ)మఠల

ଷ଼ସఠవ ቁ − ቀଵଶఊఓ(భ)మఠర

ଷ଼ସఠళ ቁ

+ ቀଵଶఊఓ(భ)మఠభబ

ହఠళ ቁ ⎠

⎟
⎟
⎟
⎞

  

ଽܥ =  ቆቀଷఊఓమమ
ଷ଼ସఠయ ቁ − ቀଶସఊఓమమ

ଵହଷఠయ ቁቇ  
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ଵܥ =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ቀସ଼ఊఓభమ
଼ఠయ ቁ − ቀଶସఊఓమభ

଼ఠయ ቁ

+ ቀସଶఊఓమఱ
଼ఠయ ቁ + ቀଶସఊఓమల

଼ఠయ ቁ

− ቀଵଶఊఓభయ
଼ఠయ ቁ + ቀଶସఊఓభర

଼ఠయ ቁ

− ቀଷଷହఊఓ(భ)మఠఴ

ଷ଼ସఠభమ ቁ + ቀସହఊఓ(భ)మఠమ

ଷ଼ସఠల ቁ

+ ቀଷఊఓమమ
଼ఠర ቁ − ቀ଼ସఊఓమమ

ଷ଼ସఠర ቁ

+ ቀସଷଶఊఓమమ
ଵଶଶ଼଼ఠర ቁ + ቀଵଶఊఓమమ

ଵఠర ቁ

+ ቀଷଶఊఓ(భ)మఠల

ଷ଼ସఠభబ ቁ − ቀ଼ଷఊఓ(భ)మఠర

ଷ଼ସఠఴ ቁ

+ ቀଵହଽହఊఓ(భ)మఠభబ

ହఠభర ቁ

+ ቀఉఱ
ସఠమቁ + ቀଷఉఱ

ସఠమ ቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

  

ଵଵܥ =  

⎝

⎜
⎜
⎜
⎜
⎜
⎛

ቀଵଶఊఓభమ
ଷଶఠమ ቁ − ቀఊఓమభ

ଷଶఠమ ቁ

+ ቀଶସఊఓమఱ
ଷଶఠమ ቁ + ቀଷఊఓమల

ଷଶఠమ ቁ

+ ቀଶସఊఓభయ
ଷଶఠమ ቁ + ቀଵଶఊఓభర

ଷଶఠమ ቁ

+ ቀଵହఊఓమమ
ଶହఠర ቁ + ቀଷఊఓమమ

ଶହఠర ቁ

+ ቀ ఉల
ଵఠమቁ + ቀ ଷఉల

ଵ ఠమቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎞

  

ଵଶܥ =  ቌ
ቀఊఓమఱ

ଶఠమ ቁ + ቀଶସఊఓమల
ଶఠమ ቁ

+ ቀଵଶఊఓభయ
ଶఠమ ቁ + ቀଶସఊఓభర

ଶఠమ ቁ
ቍ  

ଵଷܥ =  ቆቀଵଶఊఓభర
ଵଶ଼ఠమ ቁ + ቀఊఓమల

ଵଶ଼ఠమ ቁቇ  

ଵସܥ =

⎝

⎜
⎛

ቀଶఊఓ(భ)మఠమ

ଷ଼ସఠర ቁ − ቀଽఊఓ(భ)మఠఴ

ଷ଼ସఠభబ ቁ

+ ቀଽఊఓమమ
ଷ଼ସఠమ ቁ + ቀଵ଼ఊఓ(భ)మఠల

ଷ଼ସఠఴ ቁ

− ቀଽఊఓ(భ)మఠర

ଷ଼ସఠల ቁ + ቀଵ଼ఊఓ(భ)మఠభబ

ଷ଼ସఠభమ ቁ⎠

⎟
⎞

  

ଵହܥ =  ቀଶସఊఓమమ
ଵହଷఠమ ቁ  

ଵܥ =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ቀଷఊఓభమ
ఠర ቁ − ቀଵ଼ఊఓమభ

ఠర ቁ

+ ቀଵହఊఓమయఠ
ଶఠర ቁ + ቀఊఓమరఠ

ఠర ቁ

+ ቀଷఊఓమఱ
ଶఠర ቁ + ቀସହఊఓమళ

ସఠమ ቁ

+ ቀସହఊఓ(మ)మ

ସఠమ ቁ + ቀଷఊఓమఴ
ఠమ ቁ

+ ቀఊఓమయ
ఠమ ቁ + ቀଶఊఓమవ

ସఠమ ቁ

+ ቀହସఊఓమర
ସఠమ ቁ − ቀఊఓమభబ

ఠమ ቁ

+ ቀఊఓమభభ
ఠమ ቁ + ቀଷఊఓ(య)మ

ଶఠమ ቁ

+ ቀଽఊఓ(ర)మ

ଶఠమ ቁ + ቀଵ଼ఊఓమల
ఠర ቁ

− ቀଵ଼ఊఓభయ
ଶఠర ቁ + ቀଵ଼ఊఓభర

ఠర ቁ

− ቀଵଷହఊఓ(భ)మఠఴ

ఠభర ቁ + ቀଷఊఓమమ
ఠల ቁ

+ ቀଽఊఓ(భ)మఠల

ఠభమ ቁ − ቀଽఊఓ(భ)మఠర

ఠభబ ቁ

+ ቀଷఊఓ(భ)మఠభబ

ఠభల ቁ

+ ቀଶఉయ
ఠయ ቁ + ቀఉఱ

ఠర ቁ + ቀఉళ
ఠమ ቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

  

ଵܥ =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ቀ ଵ଼
ଷଶఠర ଵܽଶቁܽߤߛ − ቀଽఊఓమభ

ଷଶఠర ቁ

+ ቀଵଶఊఓమయఠ
ଵఠర ቁ + ቀଵ଼ఊఓమరఠ

ଵఠర ቁ

+ ቀଵ଼ఊఓమఱ
ଵఠర ቁ + ቀଶఊఓమల

ଵఠర ቁ

+ ቀଵ଼ఊఓభయ
ଵఠర ቁ + ቀଽఊఓమళ

଼ఠమ ቁ

+ ቀଽఊఓ(మ)మ

଼ఠమ ቁ + ቀଷఊఓమఴ
ସఠమ ቁ

+ ቀఊఓమయ
ସఠమ ቁ + ቀଽఊఓమవ

଼ఠమ ቁ

+ ቀଵ଼ఊఓమర
଼ఠమ ቁ + ቀଵ଼ఊఓభర

ଷଶఠర ቁ

+ ቀଵହఊఓమమ
ଵଶ଼ఠల ቁ − ቀଷఊఓమభబ

ଵఠమ ቁ

+ ቀଷఊఓమభభ
଼ఠమ ቁ − ቀఊఓ(య)మ

ସఠమ ቁ

+ ቀଷఊఓ(ర)మ

ସఠమ ቁ + ቀଵ଼ఊఓయర
ଵఠమ ቁ

+ ቀఉర
ସఠయቁ + ቀଷఉల

ଵఠరቁ + ቀఉఴ
ସఠమቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

  

ଵ଼ܥ =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

ቀଽఊఓమయఠ
ଵଶఠర ቁ + ቀଵ଼ఊఓమరఠ

଼ଵఠర ቁ

+ ቀଽఊఓమఱ
ଵଶఠర ቁ + ቀଷఊఓమళ

ଷఠమ ቁ

+ ቀଷఊఓ(మ)మ

ଷఠమ ቁ + ቀଷఊఓమఴ
ଽఠమ ቁ

+ ቀఊఓమయ
ଽఠమ ቁ + ቀଽఊఓమవ

ଵ଼ఠమ ቁ

+ ቀଵ଼ఊఓమర
ଵ଼ఠమ ቁ + ቀଵ଼ఊఓమల

଼ଵఠర ቁ

+ ቀଵ଼ఊఓభయ
ଵଶఠర ቁ + ቀଵ଼ఊఓభర

଼ଵఠర ቁ

+ ቀଷఊఓమభబ
ଽఠమ ቁ − ቀଷఊఓమభభ

ଷఠమ ቁ − ቀଽఊఓ(య)మ

ଷఠమ ቁ

+ ቀఊఓ(ర)మ

ଽఠమ ቁ − ቀఊఓయర
ଵ଼ఠమ ቁ + ቀఉవ

ଽఠమቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞
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ଵଽܥ =  

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

+ ቀଷఊఓమవ
ଵఠమ ቁ + ቀఊఓమర

ଵఠమ ቁ

+ ቀଽఊఓమభబ
ଷଶఠమ ቁ + ቀଷఊఓమభభ

ଵఠమ ቁ

+ ቀଵହఊఓమఴ
ଶହఠమ ቁ + ቀଷఊఓమయ

ଶହఠమ ቁ

+ ቀଷఊఓ(ర)మ

ଵఠమ ቁ − ቀఊఓయర
ସఠమ ቁ

+ ቀଷఊఓ(య)మ

ଷଶఠమ ቁ

+ ቀఊఓమరఠ
ଶହఠర ቁ + ቀଽఊఓమల

ହଵଶఠర ቁ

+ ቀଵ଼ఊఓభర
ହଵଶఠర ቁ + ቀ ఉభబ

ଵఠమቁ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

  

ଶܥ =  

⎝

⎜
⎛

ቀଷఊఓమవ
ଵఠమ ቁ + ቀఊఓమర

ଵఠమ ቁ + ቀଷఊఓమభబ
ଶହఠమ ቁ

+ ቀଽఊఓమభభ
ହఠమ ቁ + ቀଷఊఓ(ర)మ

ଵఠమ ቁ + ቀఊఓయర
ହఠమ ቁ

+ ቀଷఊఓ(య)మ

ଵఠమ ቁ + ቀ ఉభభ
ଶହఠమቁ ⎠

⎟
⎞

  

ଶଵܥ =  ቌ
ቀଷఊఓమభబ

ଵସସఠమ ቁ + ቀଷఊఓమభభ
ଷఠమ ቁ

+ ቀଷఊఓ(ర)మ

ଶఠమ ቁ + ቀఊఓయర
ଵସସఠమ ቁ

ቍ  

ଶଶܥ =  ቆቀଷఊఓమభభ
ଵଽఠమ ቁ + ቀଷఊఓ(ర)మ

ଵଽఠమ ቁቇ                 (43)   

So, the solution of ߮(ݐ) is given by: 

߮ = −(ܽଵ + ܾଵ + ܿଵ) ቀ௧మ

ଶ!
ቁ + (ܾଶ +  ܿଶ) ቀ௧ర

ସ!
ቁ −

 ܿଷ ቀ௧ల

!
ቁ + ൫−(ܾଷ +  ܿସ)(sin (ݐ߱ + (ܾସ +

ܿହ)(sin (ݐ2߱ − (ܿ)(sin (ݐ3߱ +
(ܿ)(sin (ݐ)൯(ݐ4߱ − ൫−(଼ܿ)(sin (ݐ߱ +
(ܿଽ)(sin (ଷݐ)൯(ݐ2߱ − ൫−(ܾହ +  ܿଵ)(cos (ݐ߱ +
(ܾ + ܿଵଵ)(cos (ݐ2߱ − (ܿଵଶ)(cos (ݐ3߱ +
(ܿଵଷ)(cos (ଶݐ)൯(ݐ4߱ +  ൫−(ܿଵସ)(cos (ݐ߱ +
(ܿଵହ)(cos (ସݐ)൯(ݐ2߱ + (ܽଶ + ܾ + + ߤ
 ܿଵ)(1 − cos (ݐ߱ − (ܽଷ + ଼ܾ +  ܿଵ)(1 −
cos (ݐ2߱ +  ൫(ܽସ) + ܾଽ + ܿଵ଼൯(1 − cos (ݐ3߱ −
(ܾଵ +  ܿଵଽ)(1 − cos (ݐ4߱ + (ܾଵଵ + ܿଶ)(1 −
cos (ݐ5߱ −  ܿଶଵ(1 − cos (ݐ6߱ + ܿଶଶ൫(1 −
cos ൯(ݐ7߱ + ⋯                                                    (44)  

Hence, the general form of solution becomes: 

(ݐ)߮ =
∑ ()ܣ

ஶ
ୀଵ (−1) ቀ௧మ

ଶ!
ቁ +

∑ (−1)ൣݐଶ ൫∑ (−1)ܤ
 cos ஶݐ݆߱

 ൯ −ஶ
ୀଵ

∑ଶିଵ൫ݐ (−1)ܥ
 sin ஶݐ߱݇

ୀଵ ൯൧  −
∑ (−1)ܦ(1 − cos ஶ(ݐ߱݊

ୀଵ                  (45) 

 

 

 

5. Numerical Result 
Fig.1 shows the approximate solution of the 

nonlinear RLC circuit for the assumed typical 
values of circuit parameters: ܿ = 4 × 10ିସ 
farad, ܸ = 20volt, ܰ = 1000, ܽଵ = 1, ܽଶ = 3 
and the values of constants in Eq. (8) are 
displayed1 in Table 1: 
TABLE 1. The values of constants ߚ, ,ߛ ݂ and ߱. 

constant value 
ߚ =

ܽଵ

ܰܥ
 0.25 

ߛ =
ܽଶ

ܰܥ
 0.75 

݂ =
߱ ܸ

ܰ
 1 

߱ 0 

So, the values of the constants in Eqs. 
(28), (33), (38) and (43) become as in Table 2 
below: 

TABLE 2. Values of constants in Eqs. 
(28), (33), (38) and (43). 

Constant value 
4 ߤ × 10ିସ 
ܽଵ 0.0001 
ܽଶ 4.00001 × 10ି଼ 
ܽଷ 7.2 × 10ିଵହ 
ܽସ 5.33333 × 10ିଵ 
ܾଵ 1.00001 × 10ି଼ 

ܾଶ 0.0000250001 
ܾଷ 1.728 × 10ିଵହ 
ܾସ 3.6 × 10ିଵ 
ܾହ 1.44 × 10ିଵସ 
ܾ 9.00001 × 10ିଵ 
ܾ 4.00006 × 10ିଵଶ 
଼ܾ 5.40073 × 10ିଵହ 
ܾଽ 1.65926 × 10ିଵଽ 
ܾଵ 2.1 × 10ିଶ 
ܾଵଵ 7.68 × 10ିଶ଼ 
ܿଵ 9.98673 × 10ିଵଷ 
ܿଶ 2.50002 × 10ିଽ 
ܿଷ 6.25009 × 10ି 
ܿସ 1.34657 × 10ିଵ଼ 
ܿହ 7.36885 × 10ିଶଵ 
ܿ 9.8489 × 10ିଶ 
ܿ 1.35 × 10ିଶ଼ 
଼ܿ 1.92001 × 10ିଵ 
ܿଽ 1.50001 × 10ିଵ଼ 
ܿଵ 1.87657 × 10ିଵ 
ܿଵଵ 1.96876 × 10ିଵଽ 
ܿଵଶ 8.85334 × 10ିଶ 
ܿଵଷ 2.625 × 10ିଶ 
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Constant value 
ܿଵସ 1.2 × 10ିଵହ 
ܿଵହ 1.88236 × 10ିଵ 
ܿଵ 4.00048 × 10ିଵ 
ܿଵ 1.35552 × 10ିଵଽ 
ܿଵ଼ 3.39305 × 10ିଶଷ 

Constant value 
ܿଵଽ 1.51974 × 10ିଶ 
ܿଶ 3.95607 × 10ିଷଵ 
ܿଶଵ 4.46942 × 10ିଷ଼ 
ܿଶଶ 1.08669 × 10ିଷଽ 

 
 

Flux [߮(ݐ)] 

Time [ݐ] 
FIG. 1. Graphical representation of the solution of nonlinear RLC circuit. This figure is sketched using Wolfram 

Mathematic 6.0.[18]. 
 

6. Conclusion 
In this paper, we found an approximate series 

solution of a Nonlinear RLC circuit equation. 
Needless to say that the series is convergent, 
otherwise the method will be useless. The 
homotopy perturbation transform method 
(HPTM) is successfully used to develop the 
solution. The result shows that HPTM is a 
powerful mathematical tool for finding the exact 
and approximate solutions of nonlinear 
equations. It is worth mentioning that the method 
is capable of reducing the volume of 

computational work required to solve nonlinear 
ordinary differential equations as compared to 
the classical methods, like HPM. Comparison 
between HPTM and other methods shows that 
these methods when applied to solve nonlinear 
equations will be in good agreement. 
Furthermore, HPTM has the advantage of 
overcoming the difficulties arising in the 
calculation of Adomian’s polynomials; the 
solution procedure by using He’s polynomials is 
simple, but the calculation is complex. 
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