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Abstract: We constructed the Hamiltonian formulation of continuous field systems with
third order. A combined Riemann—Liouville fractional derivative operator is defined and a
fractional variational principle under this definition is established. The fractional Euler
equations and the fractional Hamilton equations are obtained from the fractional variational
principle. Besides, it is shown that the Hamilton equations of motion are in agreement with
the Euler-Lagrange equations for these systems. We have examined one example to
illustrate the formalism.
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1. Introduction

Fractional derivatives, or more precisely,
derivatives of arbitrary orders, are a
generalization of classical calculus and have
been used successfully in various fields of
science and engineering. Nowadays, physicists
have used this powerful tool to deal with some
problems, which are not solvable in the classical
sense. Therefore, fractional calculus becomes
one of the most powerful and widely useful tools
in describing and explaining some physical
complex systems, such as fractal theory [1],
viscoelasticy [2], electrodynamics [3,4], optics
[5,6] and thermodynamics [7]. The study of
fractional Lagrangian mechanics and
Hamiltonian mechanics is a subject of current
strong research of mathematics, physics and
mechanics, and has achieved a series of
important results [8-16].

Although many laws of nature can be
obtained using certain functionals and the
calculus of variations theory, some problems
cannot be solved this way. For example,
although almost all systems contain internal

damping, yet traditional energy-based approach
cannot be used to obtain equations describing the
behavior of non-conservative systems. Riewe
[17-19] used fractional calculus to develop a new
approach which can be used for both
conservative and non-conservative systems. His
approach allows fractional derivatives to appear
in the Lagrangian and the Hamiltonian, whereas
traditional Lagrangian mechanics often deals
with first-order derivatives. In a sequel to
Riewe’s work, Agrawal [20-21] presented Euler-
Lagrange equations for unconstrained and
constrained fractional variational problems and
developed a formulation of Euler Lagrange
equations for continuous systems. He also
presented the transversality condition for
fractional variational problems. Eqab et al. [22,
23] developed a general formula for determining
the potentials of arbitrary forces, conservative
and non-conservative, using the Laplace
transform of fractional integrals and fractional
derivatives. In another work, Rabei et al. [24]
obtained the Hamilton equations of motion in the
same manner as obtained by using the
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formulation of Euler—Lagrange equations from
variational problems within the Riemann—
Liouville fractional derivatives.

Diab et al. [25] presented classical fields with
fractional derivatives using the fractional
Hamiltonian formulation. They obtained the
fractional Hamilton's equations for two classical
field examples. The formulation presented and
the resulting equations are very similar to those
appearing in classical field theory.

Recently, Ola Jarab'ah ef al. [26] investigated
non-conservative systems with second-order
Lagrangian using the fractional derivatives. They
obtained the fractional Hamilton's equations for
these systems. The resulting equations are very

similar to the fractional Euler-Lagrange
equations.
In this work, these formulations are

generalized to be applicable for continuous
systems with third-order fractional derivatives.
The method is applied to Lee-Wick generalized
electrodynamics.

The remainder of this paper is organized as
follows: In Section 2, the definitions of
fractional derivatives are discussed briefly. In
Section 3, the fractional form of Euler-
Lagrangian equation is presented. In Section 4,
the fractional Hamiltonian of continuous systems
with third-order Lagrangian is constructed. In
Section 5, one illustrative example is examined.
Then, in Section 6, we obtain fractional Lee-
Wick equations using the Euler-Lagrange
equations. The work closes with some
concluding remarks (Section 7).

2. Basic Definitions

In this part of the study, we briefly present
some fundamental definitions used in this work.
The left and right Riemann- Liouville fractional
derivatives are defined as follows:

The left
derivative
aDJ‘cx f (X) =

n
(L) Fa-oretif@dn (1)

r(n—-a)

Riemann- Liouville fractional

The right Riemann- Liouville fractional

derivative
DEf) == (-4) [Fa -
X)L f (r)d. (2

36

where I' denotes the Gamma function and « is
the order of the derivative such that n— 1<
a < n. If a is an integer, these derivatives are
defined in the usual sense; i.e.:

DI = ()" £ ) 3)
DEf@) = (L) £ @
a=1,2,.

By direct calculation, we observe that the RL
derivative of a constant is not-zero; namely

_ . -a)®
=¢ r(i—-a) (5)

a
aDic

The RL fractional derivatives have general
properties which can be written as:

DF (D7UF®) = DFUF) (6)

under the assumptions that f'(¢) is continuous and
p3q30.Forp>0and?>a, we get:

oDF (D7 F()) = £(1) 7)
The general formula of semi-group property
is written as [27]:

D8 (DEF©) = DFPf0) ®)

Let fand g be two continuous functions on
[a,b]. Then, for all ¢ €[a,b], the following
property holds for:

m >0,
12 (aDPf®) g0t =
12 £ (Drg(®) dt ©)

3. Fractional Form of Euler-

Lagrangian Equation

We start our formalism by taking the
Lagrangian density to be a function of field
amplitude y and its fractional derivatives with
respect to space and time as:

L=
W oDED, (0, 8), 2, Dh,(x, )]
oDZ oDE P, (x, 1),

L %, Db x, Db, (x, 1)
aD3, aDx, aDip (x, 1),
qulf anlf xelelpp (x, t)

(10)
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Euler-Lagrange equation for such Lagrangian
density in fractional form can be given as:

-a_L L L §
0p 0 aDEWp(0L) | 0, DY)
L
9 aDg” aDggll)p(x.t)
L
+ax pf 2 DEp, ()
uw’bXxXg”b TP
a aaL a +
0 an” aDxy aDxgWp(x.0)
L
dx,0F . D, pPy,(x0)

Xu~b Xc~ b Xe"h

+

=0 (11

+

Using the variational principle, we can write:
8S = [ 6L d*x=0 (12)
Using Eq. (11), the variation of L is:

oL =
L )
oy, 6,
o a
3 oD, bp(xt) 8 oD%, ¥p(x, 1)
oL B
oo Sxly o lxit
0, DY), KD Y, (x, 1)
oL y
d aD,(?H aDggll)p (x,t)

s aDJ‘cx” aDJ‘cxglpp (x,t)
aL

+ X 3
35, Db x DRV, d°x (13)

B B

SxHDb x Dy P, (x, 1)
aL x

9 aDg” aDgg aDgSWp(xvt)
s aDJ‘cx” aDJ?g ancxg"Up (x,t)

aL

T F B oF X

0Py x4Pp 2Py ¥p (0:1)

8,08 %, Db x.Db,(x, 1)

+

Substituting Eq. (13) into Eq. (12) and using
the following commutation relation:

6 aDL P, (x,8) = oD, 6 (x, 1)
8, DEW,(x, 1) = 5 Dl 8, (x,8)
6 WD, (DL, (x,1) =
oDE oDE 5, (x, 0)
8,05 %, Dy, (x,t) =
quf <, DESY, (x, 1)

(14)

(15)

————————

[6 aDJ‘cx” aDJ‘cxg aDJ‘cxgwp (x,t) Z]
[ aDJ‘cx” aDJ‘cxg aDJ‘cxe&abp (x,t) |
| 62,05 4,08 x. D5 ) = |

| 2.D5 %, Db Db 61, (x, 1) |
we get,

oL
oy, O¥r
oL
i) aD,‘?Hll)p (x,t)

1) aD,‘fuw,bp (x,t)
oL
0x,Dp (D))

85,05, (x, )
oL
X
9 aDg” aDggV)p (x,0)

T 6aDE, aDEbp(x,0)
L

+ N X
aqub xgPp 1/)(x,t)p

85,0} %, Db, (x, )
L
X
9 aDg” aDgg aDgSWp(xvt)
s aDJ‘cx” aDJ‘cxg aDJ‘Cxewp (x,t)
L
X
T oF P DFy,x)

Xu~b Xc~ b Xe"bh

+

+

8,08 D D5, (x,1) |

(16)

dx=0 (17)

Integrating by parts the second, third, fourth,
fifth, sixth and seventh terms in Eq. (17) leads to

Euler — Lagrange equations.
oL « oL :
> aPx (Z—
0P, 0 oDY, Yp(x,t)
_ B oL
b 5. pFy,xp)

xub
L
+ D . DZ
azxy a xaaau,‘gfu aDE Wp(xt)

aL
5,08 x,0f —7—5
n 9x,DPp xgDp Yo (x,0)
a a a
- an” ano— aD;vqE X
aL
9 aDg” aD%y aDxWp(x,t)
B B B
~x, Db x,Pp x:Dp %
aL

dx,0F . D, pPy,(x0)

Xu~bXc~ b Xe"h

=0 (18)

The above equation represents the Euler-
Lagrange equations for the fractional calculus of
variations problem with third-order derivatives.
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Fora=p=1, We introduce the generalized momenta as
a — ﬁ — a d a a [28]
aDx, = Oy, x, Dy = — 0y and oDy, oDy, ) ot - ot
= all 60" xyleanlf o = a an‘llJp(x,t) ooart a aDEalpP(x't)’
== au d, and Dalcx aDJ‘cxo— DJ‘cxg 5 oL a oL
=0.90.0 Dﬁ Dﬁ Dﬁ e = a - aDt 2a ’
= Y0 Y x,Yp xs"b x, d aDtllip(x, t) d D, lpp(x, t)
=—0,0,0;
3. (22)
Ta =73 aDE P (xt)’
1 _ 2 _
and the last equation reduces to the standard In many cases, we take mg=0,mp =

Euler-Lagrange  equation  of  third-order

Lagrangian.
oL oL
o0, M3, a(auwp) 0w 09 56, 0,0,)
aL
aﬂ 6(, agm— 0 (19)

4. Fractional Hamiltonian Formulation
of Continuous Systems of third Order

The Lagrangian of classical field containing
fractional partial derivatives is a function of the
form:

Yur D3, W (x, 1),
2 DE W, (e, 0,1, (x, 1),
oD, aDE 5 DY x DY, (x, 1),
aDE, oD, aDEP, (x, 1),
D5 x,Dp %Dy (%, D)

(20)

where (u = 0,i), (6 =0,r) and (¢ =0, f)
Expand p, 0, eanduy in  terms of

(0,D(0,7),(0,i) and (0, f), respectively, we
can write Eq. (18) as follows:

[ Yo, aDEWps aDEYps aDE“Yp, ]
oDt aDx,Wp, aDx; aDEWY)p,
aDx; aDx,Wp,

D3, D DE,,
oDt oDy, oDy,
aD¢ oDy, oD Wy,
oD% DZY,, (D DE DLy,
aDx; Dz, aDf Y,
oD% DE. DI,

(21)

38

define (in the
Lagrangian density and the Hamiltonian density)
the time derivative in the right side as
D&Y, DE*Y and ,D3% Y, so that:

ol = oL _ n2 = oL _
8 DEY, (D) P 9 DEY, ()

oL —0
8 oD% P, (x,t) ’

0 and ng = 0, because we

and } =

Therefore, take né =0, né = 0and ng =0.
Thus, the Hamiltonian reads:

H = mg oDEP,(x, ) + 1% oDE%P, (x, t) +

g oD, (1, ) —

Ypr aDEYp, aDxihp,
oDy, oDF oDZ W),
aDx; oDiWp, aDx; aDx, Wy,

Ll D¢ oDf anx'al’p: aDf oDE oDy f¢p:
oDt aDx, oDiWp, oDf oD, aDx ),
oD% D DEYp, DE oD DYy,

| DE oD WDfWp, (DL oD DL, ]

(23)

Calculating the total differential of this
Hamiltonian, we get:
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Substituting the values of the conjugate

dng oDfp, + mad (DEY,
+d7—[§c aDg aDglpp + T[éd aDg aDglpp
+d”g aDg aDg aDglpp
oL
+7ng aDg aDta aDglpp —adl[)p

oL oL
——d ,DfY, ————d D¥
3 DY, @ t lpp 3 DY, a x,lpp
o
0 oDf an‘l[Jp
_ aL
9 Df aDJ‘erlpp
oL
—————d D¢ DfY, —
9 DL DEW, ax; a’t ll)p
oL
9 CLDJ‘?i aDJ‘erlpp
oL
- =  d.D% D% D% —
aan‘an‘an‘IPp a”t a¥t a tlpp
aL
9 oD oDf aDJ‘folpp
_ oL
0 aD¢ aDx;, D)
oL d 4DF DE DF
aan‘ aDJ‘?r aDJ‘?f"pp a”t a¥xr a xflpp
L
_ D& pa pa
9 oD%, aPf aD‘tx'pﬂda T ant Ve
-
3 uD DF oD,y
_ oL
3 D% DT D,
aL
aDJ‘?f aDJ‘erlpp

d oD oaD{,

d oDf oDx Py

d oDx; oD, ¥

d DF DF D,

d aDg aD;gr aDglpp

d DE oDF DL,

d oDx; oDz, DY)

— a a a
aani d ani anf anrlpp,

momenta, we obtain:

L 7 aD;gi aD;gf aD;clrlpp

aDglpp d T[(}c + aDg aDglppdT[é
a a a 3 oL
+ aDt aDt aDt lppd”a _a—ll)pdlpp
aL
9 ,DEY,
aL
9 DE DI,
aL
9 o Dg DY,
oL d D% DEY
aanfi anfJ/)p atx; a¥x,.¥p
aL
aaDg aDg aDa(gfI/)p
aL
0 oD¢* oDy, oDf Wy
oL d D¢ ,DE DE
d aDg aD;clr anffll)p a~t a¥xy a¥xgvp
_ oL
0 oDy, oDf oDfWp
aL
0 oDE oDE DE Y
aL
0 oDy, oDx, oD Py
aL

d aD;f[,l/)p
d oDf oDy,

d oDx; DY)

d DF oDF WD,

d aDg aD;gr aDglpp

d D% WDF D,
d D% D DEPy

d oDx; oDy, oD{ W)

d aD;gi aD;cIf aDa(clrlpp

(24)

(25)

This means that the Hamiltonian is a function

of the form:
H=
[ T[L}u”é'”guwp' aDJ‘ch-'abp'

ath“x aDJ‘cxrwp' aDJ‘ch- aDéxwpv

a a
ani anr'abpv

ath“x aDJ‘cxr aDJ‘fowp'

ath“x ath“x aDJ‘fowp' ath“x aDJ‘cxr ath“xlppv

aDJ‘cxi aDfo aDéxwpv aDJ‘ch- aDéx aDglcxpr;
| DZ DL oDfWp, DE WD oD,

(26)

Thus, the total differential of the Hamiltonian

takes the form:

r oH oH
—dnl +-—=dn2
omy @ + onz @
oH oH
—dn3 +—d
+an,§ “+awp IIJP
oH
—d D%
+aaD£‘i v, %a AU
oH
——d ,D¥ Df
+6aD;‘?l.aDgll’p alx; a tl/}p
oH
———d ,Df DY
+Ban‘aDgﬂl’p alt a xrl/}p
oH
——d D% DY
+aaD:?i DLy, - axia xrl/}p
oH
—d Da' Da' Da'
dH = aan‘an‘aD;‘?flbp a”t a¥t a xfl/}P (27)
oH
—d Da' Da' Da'
3aDé"aD;‘?raDé"¢p a”t a“xyr a tl/}p
oH
—d Da' Da' Da'
aaDgaDJ?raD;cszp a”t a“xyr a xfl/}p
oH
——— d D% D& ,DZ
aaDJ‘ch- aDgcaDglpp a“x;i a”t a tl/}p
oH
——d D% ,Df D%
+3aD;‘?iaDgaD:?f¢p alx; alt a xfl/}p
oH
—Fd D% ,D% _D¥
aaDchZl- aDchZr aDchpp a“xi a”xy a~t l/}p
oH
+——7———d ,D% ,D¥ .D¥
| aaDJ?i aDJ?f P Vp amxparxsa le/}p_
Comparing (25) and (27), we get the
Hamilton’s equations of motion:
{a}r e (28)
v, v,
9% a
ank = D¢ l/}p
o L (29)
0 aDJ?ilpp 0 aDgl-lpp
OH a a
Bné - aDt aDt l/}p
o oL
0 aDJlCZl' aDgclpp 0 aDJlCZl' aDglpp
ow o (30)
0 oD aD:‘chlpp 0 oD aD:‘chll’p
9% _ oL
aaDJ?i aDHWp

0 aDgl- aDWp

39
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;Ta = D¢ Df aDtal/}p
a7 _ L
9 oDf oDf aD:?fll’p 9 oDf oDf aD:?fll)p
a7t _ L
0 aDJ?i aD% aDfWp 0 aDJ?i aD%y aDfPp
a7 _ L
1 2 oD D% DfWy 0 uDF oD, DT, (1)
9% _ L
0 aD¥; oD oDy ) aD%; aPf aPEPp
a7t _ L
0 aDJ?i aDff aD:?flpp Ta aDJ?i aDff aDJ?fIPp
a7t _ L
0 aDgl- aDJ?f aD¥Wp 0 aDJ?i aDJ?f aDPHWp

Eq. (28) can be rewritten using the Euler-
Lagrange; then, this equation takes the form:

2% _
oYy
aL
- pa — —~—
l[ a~xy 5 aD,‘?”wp(x,t) }
| « pa o |
| + an” ana P) aDJ‘cZ” aDJ‘cxgwp(xrt) | (32)

oL
_ @ pa pa

aDx, aDx, aDx, 0 DL o DE oD p i)

Expand x,, x,, X, in terms of (t,x;),(t,x,)
and (t, xf), respectively, the equation takes the

form:

e
9 (DEY,(x,t)
_pe_ %
MO G DEY,(x, 1)
2a oL
+ 4Dt 3 athallip(X, )
« nma oL
+ ani aDt P aD;CIi aDg'l/)p(X,t)
@ na oL
+ D¢ anr 9 D anfJ/)p(x: £
3 oL
9T 9 DR, (%, 1)
oH 2a a oL
6—1/),, = — oDt anf 9 atha agfflpp(x' t) (33)
2a a
— oDt anr P atha aD,‘frllJp(X, t)
— Df D DZ oL
a”t a¥x, a xfa aDg anfr aD;gfl/)p(x' t)
2a a oL
—aDf® oDy, 3 D2 DY, (x, 1)
— D% D DF oL
a“x; a”t a xfa anfi aDg anfflljp(x»t)
a a a oL
- ani anr aDt P anfi aD;gr aDtal/)p(x; t)
- aDa(g' aD;g aD;g o
L ‘ " 7o aD;gi aD;gr aD;clflpp(x: t),

40

5. Illustrative Example

Fractional
Density

Electromagnetic = Lagrangian
The most general form of Lagrangian density

for a four-vector field is given by the so-called
Lee-Wick Lagrangian density [28]

1 1
Liw= — ZFIWFMV - mﬁwaaaaFﬂv -
9,4
2§

where m is a parameter that has mass dimension,
Ju = (pc,j)is the usual four-vector current and

= JuA¥ (34)

& is a gauge-fixing parameter, F*¥ is a four-
dimensional antisymmetric second-rank tensor
and A* is the four — vector potential.

To rewrite the Lee-Wick Lagrangian density
in Riemann—Liouville fractional form, use these
relations:

E, = ,D*¥ A, — ,D* A
[ 72% a J;” v oa x‘: u] (35)
FHV = anyAv - anvA”

Oq = aDJ‘cx” = (aDIf“x' aD;txi) (36)
0% = a g‘cxﬂz(aDéx'_aD::i)

E
2[ aDE, Ay DEA” — oDE Ay DGA] (37)
Fpy 0 0% FH =
2| aD§, Ay aD§, oD% (DSuA —

oDE Ay aDS, oD% oD% AH| (38)
A= (A
[ (& 2 (39)
Aq = (b, -4)

wherey =0,i=1,23andv =0, j =123
anda =0,k =123 .

Expand p,v and a in terms of 0,1, 0,j and 0.k,
respectively and use the definition of left
Riemann-Liouville fractional derivative; then,
the fractional electromagnetic —Lagrangian
density formulation takes the form:

I
2 2
L= _I _( aDJ‘ch-qb) + aDJ‘cx-q5 ath“xAi

L

2
[ —(aDEA;))" + JDEA; aD;}quIl
I
I

-4
l+( ancszi)z — oDx4; anch-AiJ
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aDEA; oDE%A;
D,?‘A] ank aD,fJ‘A]-
+ ath“xAj aDta aDJ‘cxiqb
+ ath“xAj aDJ%,‘cx aDJ‘cxiqb
oDY® oDE* oD,
2 _aDJ‘ch-qb DJ%]‘: aDch5
am?| 4 aDg P (DFCA
+ aDJ‘cxiqb aDJ%,‘cx aDL{x
+ D“AjaDZ“ Dg A
oD&AT (D2 (DL A;
aDJ‘ch-Aj atha aDJ‘ch-Ai
aDE AT (DZY (DEA; |

_athf) axLL

2 +]0¢ ]l

(40)

6. Fractional Form of Euler-Lagrange

Equations of Lee-Wick Density

Let us start with the definition of fractional
Lee-Wick Lagrangian density and use the
generalization formula of Euler—Lagrange (Eq.
(18)) to obtain the equations of motion from

Lee-Wick Lagrangian density.
Take the first field variable ¢, then:

[ oL a_9L a_0L
09 “Troanfe o wge
oL
+ D
8 D?%¢
oL
a
+ DxL Dt 208 Df‘¢>
612
+ D& sz—
alt abx 5 DE DI ¢
oL
_ D30c
“TE 9 .apP
2a pa oL
_aDt Dxfa Dza Daf¢
D2 oL =0
D% 5 o7 %
oL
D& ,DE DY
a7t axr a¥Xr G bF DF, DE @
oL
2a a
_llD DxLa tha Da¢)
oL
a a a _
oPx oD oD g e o bt 0
oL
a a _
anL' anr Dt P Da D’(Zt aDt¢
3
oL
a a a
ani anT‘ Dxfa Da Dg‘r anf¢

(41)

Calculating these derivatives ¢ yields:

(oL _ _ 1
0 oDf'ep 28
r__,
9 oDE%
aL _
9 oDY oDfd
aL _
d oDE DED
aL
\ 9 ,03% =0

( oL
0 aD;‘Z‘L-¢>
1 2a a 2a a
2 <_ aDf aDAj¢_ ank ani¢
4m?2 3a 2a a
\ +aDt Ai + ank aDt
aL _
9 oDE* aDaf‘i’ B
~ 7z (D4 = oD5y9)
aL _
8 oDE% oD% ¢

DfA, — DE )
9L
9 aDE” aDx;®
DA = oD5)
aL _

a a a
a anl aDx; anf¢

— (DEA; -

—(— oDED + oDFA;)

4m2 (

4m2 (

DL)

T am?

( oL _

0 oDff oDZ. anf¢ B
oL _

7 D%, DF D5 D
aL

\ 0 oDx; oD%y aD{'P

(42)

) (43)

(44)

(45)

Substituting Eqs. (42, 43, 44 and 45) into Eq.

, We get:
41 get
% (32
]0 2&
_(_ aDJCcli(p + aDtaAi)
5 _ DZa Da(p
tozaDE| - WD DS
+ oD3%A; + D2 DFA;
4m?2 @ t xXf ( aDtaAf - aDJCc(f(p)
2 2a a a a
+ 27 oD oDf  (4DFA, — .DE})
2 2a a a a
+4_,m’2 aDt ani( oD A; — ani(p)
4m?2 @ Dacclr aDaf ( aDtaAi - aDJCc(f(p)_

(46)

41
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This represents the first non-homogeneous
equation in fractional form.

Now, use the general formula (18) to obtain
other equations of motion from the other fields'

variables A’ and A’.
9L _ pa_0L T
24; 27t 5 .pla;

aL
- aDa—'i' atha

X9 ,Dg A;

aL
8 oDE%A;
aL
J(CZL' aDgAi

aL
+aDf oDy 57—
ro aDg aDgrAi
aL

— p3e_—
azt 0 aD?aAi

aL
DZDC DDC
t
@ @ xfaatha aDngi

_ DZDC DDC oL
avt Ty D Df A
9L
— D& D& D&
avt a¥xra xfaaDg aDgr aDngi
« aL
a xiaatha aDD(CZL'AL'
9L
— D& p&a p« "~
avxpatt a xfaaDgL- an‘ aDngi
Da aL
a7t 9 ,DE DE DFA;
alx; abxy att Ai

L
- aDJ‘ch- aDJ‘cxr aDJ‘cxf a pa a
0 ani anr anfAi_

a a
+ ani aDt 9D
a

(47)

2a
- aDt

_ a a
ani anr

Calculating these derivatives yields:
( oL _
04; - ]l
2
2 ( aDJ‘cxiqb)
2 ag .
—(a054)

=0

oL
d oDEA;
oL
\0 aDJ(CZL'AL' B

(48)

( aL
8 ,D2%A;

aL

9 aDgL- aDgAi
aL
a pa =0

0 aDt anrAi
aL _

\ 9 ,D3%4;

(49)

L

0 aDg aDgr aDngi
L

\ 0 aDgL- aDf aDngi

(50)

42

5}

aL

aL

aL

aL

aL

2

aDt @ aDD(CZfAL'
2

0 aDt @ aDgrAi
2

0 aDt @ aDD(CZL'AL'

0 aDgL- aDgr aDgAi

_%mz( aD;CxiAf)

- 4;12 aD"‘XiAT)
= ——(aDgA;) (51)

_42?( ankaqb)

\9 aDgL- aDx, aDngi

: ( aD;kaAi)

4m?2

Substituting equations (48, 49, 50 and 51)
into Eq. (47), we get:

+
+
+
+

2

|+

and

am

— aDa

=i = 2 aDL{x( aDJ‘ch-qb)

4

+2 g ( aD;;fjA,-)
tha aD;fxf( llD?‘fxiAi)

4m? @

2
2
4m? @
2
4m? @
2
44m

D% oDF ((DEA)
D2 DE.(aDEA,)
oz D oDE(DEA)
+ Lz aD;sz aDJ‘fxr an‘( ‘1ng¢)

am

2 aDJ‘ch- aDJ‘cxr aDJ‘cxf( aDJ‘cxkAi)_

aL

a4,

— aDa

+ oD% D

+.D

_ 3a
aDt

_ 2
aDt

_ 2a a
aDt aD

— aDa

_ 2a a
aDt aD

- aDJCcll- aD

- aDJCcll- aD

J

aL aL
19 (DEA;

a
t

a

a
¢ oD oDy, 5 D& D& DE A

a

LT 9 GDE DY (DEA;

a

Xy At
et 9 DE Dg

a a
% alx D g e b De A

(52)

D aL
“7t 9 DEA;
+ atha —2

0 DA,
oL
"0 ,Dg DFA;
oL

DY ———————

¢ Xra aDta aDJCcerj
aL
0 D4,
aL
DY ——————
i 0 atha aDJCc(fAj
aL
19 DE* ,DE A

aL

(53)

a

Xr a
oL
%19 D% ,DEA;
oL

Xf]

Daf
Xf ]

aL
D&

DZA;

Xy @

aL

xyr alxptl |
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Calculating these derivatives yields:

( 613
aA
oL

0 athaAJ' =0
Iy (54)

a a,.
d ani aDi Aj
aL
\0 aDg aDgrAj

=0

=0

( a‘;—;] = —2(DE @ +2 DFA))
2 aDtBaAj - aDJ%,‘: ath“xA'
4m? atha aDJ‘cqu5 + aDJ%,‘: aDa ¢
4 (55)
af)—;AJ = -2(2.D84; - DA

2a a 2a a
2 aDt anL-Aj - ank anL-Aj

\ am? \ — atha aDJ‘cqu5 + aDJ%,‘: aDJ‘cxin

( aL =0
0 aDg aDgrAj
oL
9 oDP%A; B
\ oL _ 0 (56)
0 aDt aDgr a xf
L ~0
\ 9 aDgL- aDf aDngJ
(%  __ a
d oD% ;DF.A; 4m2 aDxp4j
a“t a Xf ]
9L 2
= — — Da A;
d D2% aDgrAj 4m?2 ( a=Xr ])
9L 2
- = .
1 902" D Aj 4m2 \ @ Dz ) (57)

aL
T o = e (DA
0 aDY; aDE. aDZAj  4m

oL a )
\0 oD¥. aD¥ 4-m2( Dx A

a
x; aPxy anfAJ

Substituting equations (54, 55, 56 and 57)
into Eq. (53), we get:

oD (DEd+2 aD“A-) _
D34,

— D2 aD“A

+ Dza Da

+ Dza Da

Xk a

BN

oz P

D(ZDA +

4 ax;
D? D,‘g‘lA]
— D2 aD,gA]

DZa Da
+ o D2% D“A

Xk a

a
4m? “Dxl

2 2a a a
+4—mz aDt anf( Dfo]

2
Tame @

2
+4m2 atha aD;CI( DaA])

2
~ oDE DY DE( 4 Dg, A)—

tha aDgr( aDgrAj)

| oz oD% DS oDE, (D5 4)) |

Adding Egs. (52) and (58) yields:

2 2a a a

+4m2 Dt anf( aniAj)
2

+4—mz atha aD;gf( aD;giAr)
2

+4m2 atha aDgr( aDgiAr)
2

+ o oD DL ( oDEA;)

—2 D% DE( DY

+amz aPxia (D 9)

2
+ 2z @D oD%, D“( oDEA;)

i D ( DED+2 D“A-)

2
i,

+5 oD%, (2aD8A;— DEA;)+

2 . < «DE% DEA; — D2 DEA;

D3A; — (D2 DEA;
oDF® oDE ¢+ D2 (D,

Xk a

x4
4m? CN\ — (DE* (DEd + DI JDLA;

Xk a

2

+
4m?2
N 2
4m?2
2
+—4m2 oD D ( oDEA;)

2
_4m2 aDa Da( D )

oD?% D, (aDEA))

atha aD,(fr( aD;grA]')

L 4m? °

2 DE oDE oDY, ((uDE A7)

—J; = z Da( Da¢)+4a xl( DxJA]) _

o
)

(58)

(59)
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This represents the second non-homogeneous T O
equation in fractional form. PO DEP TTTIO DL
If a goes to 1, Egs. (52) and (59) go to the + D ——
standard equations. 0 .D{%¢
aL
The conjugate momenta are defined as: +oDF oDf
oL 0 ani aDt ¢
(1 _ aL
my =
a( D + DF D& —————
, e AT D DL
= ———
! 9(aDfA;) _ aDtSaa—L
7'[3 — a—L 0 aDtsa(p
1 6( aDgAj) — D2a pa —aL
a’t aVx 2
o 0k o3 19 JDE DE
a( DF%d) —= oL (62)
2 oL o — D2 D ——
V% = a0y (60) T3 DI D¢
o L
3 _ JaL — D2 pa pa
2 6( athaAj) avr @ avag 0 aDta aDJCclr aDJCclf(p
T[% = T 2¢ pa 0L
ot P PG D D
2
3 = —————~ aL
37 a(apE%ay) — D&  DF DE ———
7'[3 _ a—L ’ 1o ani aDt anf(P
"3 7 a(ap3%a;) v e oL
. . . . _ani anr aDr d D& ,D¥ D¢
Then, using Eq.(23), the Hamiltonian density a¥x; atxy att
can be written as: _ pa pe pa oL
1 a 5 “ i a“x; a”xy a¥xr dJ aD:Ccll- aDacclr aDJCclf(p_
H = mj oDfY,(x,t) + 11 oDEP,(x,t) + ) oL ar
i oDE, (x, 1) + 13 (D%, (x, ) + ~ oD g pan T WPug e
3 oDEPp(x,t) + 3 (DEYYp(x,t) + I
+ —_—
3 (D2, (x, t) + 5 (D%, (x, t) + @7t 9 DA,
7'[33 aDtBai,l)p (X, t) —L (61) + D2 p« aL_
. . aTxaTt 0 aDJCcl- aDtaAi
Using the fields’ variables (Ao, A;, A]-) and by é I
re-writing Eq. (33), we get: + D7 aD;‘c‘,W
30 0L
Py
a™t l
— DtZa D% a—L
a a~x
o0H 1o atha aDJCleAi
24; 2 0L (63)
! = oDt oD, 52 e
e aDt aDJCC(rAi
— DF ,DE DZ 0L
a”t a¥xy a XfaaDta: aDgraD;?fAi
— D2« pa a—L
avt arm 0 atha aDJCcliAi
— D% D« pa 0L
aTxaTt amy 0 aDJCcll- aDta aDJCclfAi
— D% pa p« 0L
@ @t 0 aDJCcll- aDJCclr aDtaAi
— D% pa pa 0L
| GRAT AT g aDJCcll- aDJCclr aDJCc(fAi_
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_ pa_9% _ pa_ 0L Using Hamiltonian Eq. (63), by taking the
=t 9 .pa;  YTXio DA ati : i
t aPx; derivative with respect to A*, we get:
oL
+ oD 9 4DE%A; =Ji = Dfx( Dg¢)
« oL
+ aDx; oD¢ 3 aDE, aDFA; +_ aD’?i(aD’?jAf)
+ D DE —2£ +4 7 oD% DY (aDEA;)
9 oDE D Aj
D; 2a oD¥ D
— oD e +4 2 Lalitr) (66)
o a,é +t— 2 atha DJ‘cxr( Dylcx-A )
— aD?® oDF 55— " L
e _ TNy |t oD oDE(DEA)
FYvh oL
04, _ p2a pa ____9%
j oDE% oDg, 0P 0% 4 +4 > oDE oDE (DE( DE D)
oL
aDéx aDJ‘?r D?fa Dt D DS Aj _+4m2 llDJ‘CxL DJ‘er D?f(aD?kAi)_
T i ]
_ D@ D oL And using Eq. (64), with respect to A/, we
a Xt g D%, DEAj get:
a a a oL - 2 -
aDx; oDt alx 5 oD% aDff DS Aj 0=7 oDf ( aDx;¢ + 2 oDf j)
3
aDx; oD%, oDF + alt aA.
L AT xr 9 oDE, oDE oDEA; o
) DEA
DE (DZ ,DE o ol T
alx; alxy axr g D,‘Z‘ D& DE xf m2 aD + DtZUC sz
Using Hamiltonian Eq. (62), by taking the \‘*‘ aD%¢ oDY, 9 /
derivative with respect to ¢, we get: 2 D?i (2 DEA; — D“ A )
Jo = ~(= DS + oDEA) o, D,@A\
oDi 2a oD
xL¢ 5 | D%,‘cx aD,‘(xLA (67)
2a zx + a |
+-2 pal|” ka anL 4m? COXG—  DEY (DY@
4m? a~x;i J /
2a a
\+ D,g;; aD / + WD WDEA;
a a
f +-25 oD oD, ((uDEA))
tmz aDE* (65) +4 ~ D?% D“( D,‘("rA-)
D Dtx < ) +4, 2 aD D;CXL( D )
4 4m? @ r\— a a a
4m2 anL Dxr Dt( D )
2 appe o0, (70 ) bt 0, a0, (D)
T a xiq5 ) .
DEA. This result is the same as that obtained by
— aDgL aDE. Dgf( a tal ) Euler-Lagrange, see Eq. (46).
4 - anf¢

Add Egs. (66) and (67) to obtain:
The above equation is exactly the same as the

equation that has been derived by (Eq. (46)) in
fractional form.
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_]l Déx( D ¢)
Dg( oD% 4;)
4= DZuc sz ( szA )

42‘1

D¢ oDF( aDFAr)

+

42‘1

+— oD o DE( oDEA,)

42‘1

+ oz D2 oDE(aDFA:)

4 2‘1
DE ,DE DF( DED)
mza % (oD% A)
aDt ( aDJ‘cqub + 2 aDéxAj)

)
— oDZ% aD,_?fA

2 1
4m2a |+ DtZDC DDC
¢/

2¢ pa
+ oDy, aDx

+

42‘1

+ Dy oD%, oD

(68)

2
2 D¢ (22034 - aD,‘j‘in)
aDE* (DL A; \
5 . — oDZ% oDLA;
am? 47X

oDE% oDY, ¢ |
+oDZY oDF A /
7% oD%, ( aDg,4))
4))
4))

+t—a
+4 > oD?% DE ( DE.
+4 > oD oD (o DE
mz oD% aD¥, oDF( aDEAi)
~ oz aD5 oD fo(anfAf)-

This represents the second non-homogeneous
equation in fractional form.

7. Conclusion

In this paper, we have studied the
Hamiltonian formulation for continuous systems
with third-order fractional derivatives and
presented the Hamilton equations. Our results
are the same as those derived by using the
formulation of Euler- Lagrange. For derivatives
of integer orders only for example (@ = 1), the
classical results are found as a specific case of
the fractional formulation.
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