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Abstract: We constructed the Hamiltonian formulation of continuous field systems with 
third order. A combined Riemann–Liouville fractional derivative operator is defined and a 
fractional variational principle under this definition is established. The fractional Euler 
equations and the fractional Hamilton equations are obtained from the fractional variational 
principle. Besides, it is shown that the Hamilton equations of motion are in agreement with 
the Euler-Lagrange equations for these systems. We have examined one example to 
illustrate the formalism. 
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1. Introduction 

Fractional derivatives, or more precisely, 
derivatives of arbitrary orders, are a 
generalization of classical calculus and have 
been used successfully in various fields of 
science and engineering. Nowadays, physicists 
have used this powerful tool to deal with some 
problems, which are not solvable in the classical 
sense. Therefore, fractional calculus becomes 
one of the most powerful and widely useful tools 
in describing and explaining some physical 
complex systems, such as fractal theory [1], 
viscoelasticy [2], electrodynamics [3,4], optics 
[5,6] and thermodynamics [7]. The study of 
fractional Lagrangian mechanics and 
Hamiltonian mechanics is a subject of current 
strong research of mathematics, physics and 
mechanics, and has achieved a series of 
important results [8-16]. 

Although many laws of nature can be 
obtained using certain functionals and the 
calculus of variations theory, some problems 
cannot be solved this way. For example, 
although almost all systems contain internal 

damping, yet traditional energy-based approach 
cannot be used to obtain equations describing the 
behavior of non-conservative systems. Riewe 
[17-19] used fractional calculus to develop a new 
approach which can be used for both 
conservative and non-conservative systems. His 
approach allows fractional derivatives to appear 
in the Lagrangian and the Hamiltonian, whereas 
traditional Lagrangian mechanics often deals 
with first-order derivatives. In a sequel to 
Riewe’s work, Agrawal [20-21] presented Euler-
Lagrange equations for unconstrained and 
constrained fractional variational problems and 
developed a formulation of Euler Lagrange 
equations for continuous systems. He also 
presented the transversality condition for 
fractional variational problems. Eqab et al. [22, 
23] developed a general formula for determining 
the potentials of arbitrary forces, conservative 
and non-conservative, using the Laplace 
transform of fractional integrals and fractional 
derivatives. In another work, Rabei et al. [24] 
obtained the Hamilton equations of motion in the 
same manner as obtained by using the 
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formulation of Euler–Lagrange equations from 
variational problems within the Riemann–
Liouville fractional derivatives. 

Diab et al. [25] presented classical fields with 
fractional derivatives using the fractional 
Hamiltonian formulation. They obtained the 
fractional Hamilton's equations for two classical 
field examples. The formulation presented and 
the resulting equations are very similar to those 
appearing in classical field theory. 

Recently, Ola Jarab'ah et al. [26] investigated 
non-conservative systems with second-order 
Lagrangian using the fractional derivatives. They 
obtained the fractional Hamilton's equations for 
these systems. The resulting equations are very 
similar to the fractional Euler-Lagrange 
equations.  

In this work, these formulations are 
generalized to be applicable for continuous 
systems with third-order fractional derivatives. 
The method is applied to Lee-Wick generalized 
electrodynamics. 

The remainder of this paper is organized as 
follows: In Section 2, the definitions of 
fractional derivatives are discussed briefly. In 
Section 3, the fractional form of Euler-
Lagrangian equation is presented. In Section 4, 
the fractional Hamiltonian of continuous systems 
with third-order Lagrangian is constructed. In 
Section 5, one illustrative example is examined. 
Then, in Section 6, we obtain fractional Lee-
Wick equations using the Euler-Lagrange 
equations. The work closes with some 
concluding remarks (Section 7). 

2. Basic Definitions 
In this part of the study, we briefly present 

some fundamental definitions used in this work. 
The left and right Riemann- Liouville fractional 
derivatives are defined as follows:  

The left Riemann- Liouville fractional 
derivative  

ܦ ௫
ఈ݂(ݔ) =

ଵ
(ିఈ) ቀ ௗ

ௗ௫
ቁ


∫ ݔ) − ߬)ିఈାଵ݂(߬)݀߬.        (1)௫

   

The right Riemann- Liouville fractional 
derivative 

௫ܦ 
ఈ݂(ݔ) = ଵ

(ିఈ) ቀ− ௗ
ௗ௫

ቁ


∫ (߬ −௫


  ିఈାଵ݂(߬)݀߬.                                           (2)(ݔ

where Γ denotes the Gamma function and ߙ is 
the order of the derivative such that ݊ −  1 <
ߙ  <  ݊. If ߙ is an integer, these derivatives are 
defined in the usual sense; i.e.: 

ܦ ௫
ఈ݂(ݔ) = ቀ ௗ

ௗ௫
ቁ


   (3)                                  (ݔ)݂

ܦ ௧
ఈ݂(ݔ) = ቀ ௗ

ௗ௫
ቁ


  (4)                                      (ݐ)݂

ߙ = 1, 2, .. 
By direct calculation, we observe that the RL 

derivative of a constant is not-zero; namely 

ܦ ௧
ఈܿ = ܿ (௧ି)షഀ

Γ(ଵିఈ)                                                 (5)  

The RL fractional derivatives have general 
properties which can be written as:  

ܦ ௧
 ቀ ܦ ௧

ି݂(ݐ)ቁ = ܦ ௧
ି݂(ݐ)                      (6)  

under the assumptions that f (t) is continuous and 
p ³ q ³ 0. For p ˃0 and t ˃a, we get: 

ܦ ௧
 ቀ ܦ ௧

ି݂(ݐ)ቁ =   (7)                                   (ݐ)݂

The general formula of semi-group property 
is written as [27]: 

ܦ ௧
ఈ ൬ ܦ ௧

ఉ݂(ݐ)൰ = ܦ ௧
ఈାఉ݂(ݐ)                       (8)  

Let f and g be two continuous functions on 
[a,b]. Then, for all t ∈[a,b], the following 
property holds for: 

݉ > 0,
∫ ቀ ܦ ௧

݂(ݐ)ቁ ݐ݀(ݐ)݃ =


   ∫ (ݐ)݂ ቀ ܦ ௧
݃(ݐ)ቁ  ݐ݀

                                     (9)   

3. Fractional Form of Euler-
Lagrangian Equation 

We start our formalism by taking the 
Lagrangian density to be a function of field 
amplitude ψ and its fractional derivatives with 
respect to space and time as: 

ℒ =

          ℒ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡߰ఓ , ܦ ௫ഋ

ఈ ߰ఘ(ݔ, ,(ݐ ௫ഋܦ 
ఉ߰ఘ(ݔ, ,(ݐ

ܦ ௫ഋ
ఈ ܦ ௫

ఈ ߰ఘ(ݔ, ,(ݐ

௫ഋܦ 
ఉ ௫ܦ 

ఉ߰ఘ(ݔ, (ݐ

ܦ ௫ഋ
ఈ ܦ ௫

ఈ ܦ ௫ഄ
ఈ ߰ఘ(ݔ, ,(ݐ

௫ഋܦ 
ఉ ௫ܦ 

ఉ ௫ഄܦ 
ఉ߰ఘ(ݔ, (ݐ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 (10)  
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Euler-Lagrange equation for such Lagrangian 
density in fractional form can be given as:  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

డℒ
డటഐ

+ డℒ
డ ೌ ೣഋ

ഀ టഐ(௫,௧)
+ డℒ

డ ೣഋ ್
ഁటഐ(௫,௧)

+ డℒ
డ ೌ ೣഋ

ഀ ೌ ೣ
ഀ టഐ(௫,௧)

+ డℒ

డ ೣഋ ್
ഁ ೣ ್

ഁటഐ(௫,௧)

+ డℒ
డ ೌ ೣഋ

ഀ ೌ ೣ
ഀ ೌ ೣഄ

ഀ టഐ(௫,௧)
+

డℒ

డ ೣഋ ್
ഁ ೣ ್

ഁ ೣഄ ್
ഁటഐ(௫,௧) ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= 0      (11)  

Using the variational principle, we can write: 

ܵߜ = ∫  (12)         0=ݔℒ ݀ସߜ
Using Eq. (11), the variation of ℒ is: 

ℒߜ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

డℒ
డటഋ

ఘ߰ߜ

+ డℒ
డ ೌ ೣഋ

ഀ టഐ(௫,௧)
ߜ ܦ ௫ഋ

ఈ ߰ఘ(ݔ, (ݐ

+ డℒ

డ ೣഋ ್
ഁట(௫,௧)ഐ

ߜ ௫ഋܦ 
ఉ߰ఘ(ݔ, (ݐ

+ డℒ
డ ೌ ೣഋ

ഀ ೌ ೣ
ഀ టഐ(௫,௧)

×

ߜ ܦ ௫ഋ
ఈ ܦ ௫

ఈ ߰ఘ(ݔ, (ݐ

+ డℒ

డ ೣഋ ್
ഁ ೣ ್

ഁట(௫,௧)ഐ
×

ߜ ௫ഋܦ 
ఉ ௫ܦ 

ఉ߰ఘ(ݔ, (ݐ

+ డℒ
డ ೌ ೣഋ

ഀ ೌ ೣ
ഀ ೌ ೣഄ

ഀ టഐ(௫,௧)
×

ߜ ܦ ௫ഋ
ఈ ܦ ௫

ఈ ܦ ௫ഄ
ఈ ߰ఘ(ݔ, (ݐ

+ డℒ

డ ೣഋ ್
ഁ ೣ ್

ഁ ೣഄ ್
ഁటഐ(௫,௧)

×

ߜ ௫ഋܦ 
ఉ ௫ܦ 

ఉ ௫ഄܦ 
ఉ߰ఘ(ݔ, (ݐ

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

݀ଷ(13)              ݔ  

Substituting Eq. (13) into Eq. (12) and using 
the following commutation relation: 

අ
ߜ ܦ ௫ഋ

ఈ ߰ఘ(ݔ, (ݐ = ܦ ௫ഋ
ఈ ,ݔ)ఘ߰ߜ (ݐ

ߜ ௫ഋܦ 
ఉ߰ఘ(ݔ, (ݐ = ௫ഋܦ 

ఉ߰ߜఘ(ݔ, (ݐ
ඉ              (14)  

⎢
⎢
⎢
⎢
⎢
ߜ⎡ ܦ ௫ഋ

ఈ ܦ ௫
ఈ ߰ఘ(ݔ, (ݐ =

ܦ    ௫ഋ
ఈ ܦ ௫

ఈ ,ݔ)ఘ߰ߜ (ݐ

ߜ ௫ഋܦ 
ఉ ௫ܦ 

ఉ߰ఘ(ݔ, (ݐ =

௫ഋܦ     
ఉ ௫ܦ 

ఉ߰ߜఘ(ݔ, (ݐ ⎥
⎥
⎥
⎥
⎥
⎤

                                  (15)  

⎢
⎢
⎢
⎢
⎢
ߜ⎡ ܦ ௫ഋ

ఈ ܦ ௫
ఈ ܦ ௫ഄ

ఈ ߰ఘ(ݔ, (ݐ =

ܦ      ௫ഋ
ఈ ܦ ௫

ఈ ܦ ௫ഄ
ఈ ,ݔ)ఘ߰ߜ (ݐ

ߜ ௫ഋܦ 
ఉ ௫ܦ 

ఉ ௫ഄܦ 
ఉ߰ఘ(ݔ, (ݐ =

௫ഋܦ      
ఉ ௫ܦ 

ఉ ௫ഄܦ 
ఉ߰ߜఘ(ݔ, ⎥(ݐ

⎥
⎥
⎥
⎥
⎤

                        (16)  

we get, 

∫

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

డℒ
డటഐ

ఘ߰ߜ

+ డℒ
డ ೌ ೣഋ

ഀ టഐ(௫,௧)
×

ߜ      ܦ ௫ഋ
ఈ ߰ఘ(ݔ, (ݐ

+ డℒ

డ ೣഋ ್
ഁట(௫,௧)ഐ

×

ߜ      ௫ഋܦ 
ఉ߰ఘ(ݔ, (ݐ

+ డℒ
డ ೌ ೣഋ

ഀ ೌ ೣ
ഀ టഐ(௫,௧)

×

ߜ      ܦ ௫ഋ
ఈ ܦ ௫

ఈ ߰ఘ(ݔ, (ݐ

+ డℒ

డ ೣഋ ್
ഁ ೣ ್

ഁట(௫,௧)ഐ
×

ߜ      ௫ഋܦ 
ఉ ௫ܦ 

ఉ߰ఘ(ݔ, (ݐ

+ డℒ
డ ೌ ೣഋ

ഀ ೌ ೣ
ഀ ೌ ೣഄ

ഀ టഐ(௫,௧)
×

ߜ      ܦ ௫ഋ
ఈ ܦ ௫

ఈ ܦ ௫ഄ
ఈ ߰ఘ(ݔ, (ݐ

+ డℒ

డ ೣഋ ್
ഁ ೣ ್

ഁ ೣഄ ್
ഁటഐ(௫,௧)

×

ߜ      ௫ഋܦ 
ఉ ௫ܦ 

ఉ ௫ഄܦ 
ఉ߰ఘ(ݔ, ⎦(ݐ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

݀ସݔ = 0    (17)  

Integrating by parts the second, third, fourth, 
fifth, sixth and seventh terms in Eq. (17) leads to 
Euler – Lagrange equations. 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

డℒ
డటഐ

− ܦ ௫ഋ
ఈ డℒ

డ ೌ ೣഋ
ഀ టഐ(௫,௧)

− ௫ഋܦ 
ఉ డℒ

డ ೣഋ ್
ഁటഐ(௫,௧)

+ ܦ ௫ഋ
ఈ ܦ ௫

ఈ డℒ
డ ೌ ೣഋ

ഀ ೌ ೣ
ഀ టഐ(௫,௧)

+ ௫ഋܦ 
ఉ ௫ܦ 

ఉ డℒ

డ ೣഋ ್
ഁ ೣ ್

ഁటഐ(௫,௧)

− ܦ ௫ഋ
ఈ ܦ ௫

ఈ ܦ ௫ഄ
ఈ ×

డℒ
డ ೌ ೣഋ

ഀ ೌ ೣ
ഀ ೌ ೣഄ

ഀ టഐ(௫,௧)

− ௫ഋܦ 
ఉ ௫ܦ 

ఉ ௫ഄܦ 
ఉ ×

డℒ

డ ೣഋ ್
ഁ ೣ ್

ഁ ೣഄ ್
ഁటഐ(௫,௧) ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= 0             (18)  

The above equation represents the Euler-
Lagrange equations for the fractional calculus of 
variations problem with third-order derivatives.  
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For α = β = 1,  

ܦ ௫ഋ
ఈ = ∂ఓ , ௫ഋܦ 

ఉ = − ∂ఓ ܦ ݀݊ܽ  ௫ഋ
ఈ ܦ ௫

ఈ

= ∂ఓ ∂ఙ , ௫ഋܦ 
ఉ ௫ܦ 

ఉ

= − ∂ఓ ∂ఙ ܦ ݀݊ܽ  ௫ഋ
ఈ ܦ ௫

ఈ ܦ ௫ഄ
ఈ

= ∂ఓ ∂ఙ ∂ఌ , ௫ഋܦ 
ఉ ௫ܦ 

ఉ ௫ഄܦ 
ఉ

= − ∂ఓ ∂ఙ ∂ఌ 

and the last equation reduces to the standard 
Euler-Lagrange equation of third-order 
Lagrangian.  
డℒ

డటഐ
− ∂ఓ

డℒ
డ൫பഋటഐ൯ + ∂ఓ ∂ఙ

డℒ
డ൫பഋ பటഐ൯ −

∂ఓ ∂ఙ ∂ఌ
డℒ

డ൫பഋ ப பഄటഐ൯ = 0                           (19)  

4. Fractional Hamiltonian Formulation 
of Continuous Systems of third Order 

The Lagrangian of classical field containing 
fractional partial derivatives is a function of the 
form: 

ܮ = ℒ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ߰ఓ , ܦ ௫ഋ

ఈ ߰ఘ(ݔ, ,(ݐ

௫ഋܦ 
ఉ߰ఘ(ݔ, ,(ݐ ߰ఘ(ݔ, ,(ݐ

ܦ ௫ഋ
ఈ ܦ ௫

ఈ , ௫ഋܦ 
ఉ ௫ܦ 

ఉ߰ఘ(ݔ, ,(ݐ

ܦ ௫ഋ
ఈ ܦ ௫

ఈ ܦ ௫ഄ
ఈ ߰ఘ(ݔ, ,(ݐ

௫ഋܦ 
ఉ ௫ܦ 

ఉ ௫ഄܦ 
ఉ߰ఘ(ݔ, (ݐ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

      (20)  

where (ߤ = 0, ߪ) ,(݅ = 0, ߝ) and  (ݎ = 0, ݂)  

Expand ߩ, ,ߪ  in terms of ߤ and ߝ
  (0, ݈)(0, ,(ݎ (0, ݅)  and (0, ݂), respectively, we 
can write Eq. (18) as follows: 

ܮ = ℒ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ߰ఘ , ܦ ௧

ఈ߰ఘ, ܦ ௫
ఈ ߰ఘ, ܦ ௧

ଶఈ߰ఘ ,
ܦ ௧

ఈ ܦ ௫ೝ
ఈ ߰ఘ, ܦ ௫

ఈ ܦ ௧
ఈ߰ఘ,

ܦ ௫
ఈ ܦ ௫ೝ

ఈ ߰ఘ,
ܦ ௧

ଷఈ߰ఘ, ܦ ௧
ଶఈ ܦ ௫

ఈ ߰ఘ,

ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ߰ఘ,

ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߰ఘ,

ܦ ௫
ఈ ܦ ௧

ଶఈ߰ఘ, ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ߰ఘ,

ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ߰ఘ,

ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߰ఘ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 (21) 

 

We introduce the generalized momenta as 
[28]: 

ఈߨ
ଵ = డℒ

డ ೌ 
ഀటഐ(௫,௧)

− ܦ ௧
ଶఈ డℒ

డ ೌ 
యഀటഐ(௫,௧)

,       

ఈߨ
ଶ =    

߲ℒ

߲ ܽܦ ݐ
ߙ

,ݔ)ߩ߰ (ݐ
− ܽܦ ݐ

ߙ ߲ℒ

߲ ܽܦ ݐ
ߙ2

,ݔ)ߩ߰ (ݐ
 , 

ఈߨ
ଷ = డℒ

డ ೌ 
యഀటഐ(௫,௧)

,                                            (22)  

In many cases, we take ߨఉ
ଵ = 0, ఉߨ

ଶ =
ఉߨ ݀݊ܽ 0

ଷ = 0, because we define (in the 
Lagrangian density and the Hamiltonian density) 
the time derivative in the right side as 

ܦ ௧
ఈ߰, ܦ ௧

ଶఈ߰ ܽ݊݀ ܦ ௧
ଷఈ߰, so that: 

ఈߨ 
ଵ = డℒ

డ ೌ 
ഀటഐ(௫,௧)

= ఈߨ ,0
ଶ = డℒ

డ ೌ 
మഀటഐ(௫,௧)

= 0,

and ߨఈ
ଷ = డℒ

డ ೌ 
యഀటഐ(௫,௧)

= 0, 

Therefore, take ߨఉ
ଵ = 0, ఉߨ

ଶ = 0 and ߨఉ
ଷ = 0. 

Thus, the Hamiltonian reads: 

ܪ  = ఈߨ 
ଵ ܦ ௧

ఈ߰ఘ(ݔ, (ݐ + ఈߨ
ଶ ܦ ௧

ଶఈ߰ఘ(ݔ, (ݐ +
ఈߨ

ଷ ܦ ௧
ଷఈ߰ఘ(ݔ, (ݐ −  

ܮ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ߰ఘ , ܦ ௧

ఈ߰ఘ, ܦ ௫
ఈ ߰ఘ,

ܦ ௧
ଶఈ߰ఘ, ܦ ௧

ఈ ܦ ௫ೝ
ఈ ߰ఘ,

ܦ ௫
ఈ ܦ ௧

ఈ߰ఘ, ܦ ௫
ఈ ܦ ௫ೝ

ఈ ߰ఘ,
ܦ ௧

ఈ ܦ ௧
ఈ ܦ ௧

ఈ߰ఘ, ܦ ௧
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ߰ఘ,

ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ߰ఘ, ܦ ௧

ఈ ܦ ௫ೝ
ఈ ܦ ௫

ఈ ߰ఘ,

ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௧
ఈ߰ఘ, ܦ ௫

ఈ ܦ ௧
ఈ ܦ ௫

ఈ ߰ఘ,

ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ߰ఘ, ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௫

ఈ ߰ఘ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

   (23) 

Calculating the total differential of this 
Hamiltonian, we get:  
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ܪ݀ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ఈߨ ݀ 

ଵ ܦ ௧
ఈ߰ఘ + ఈߨ 

ଵ ݀ ܦ ௧
ఈ߰ఘ

ఈߨ݀+
ଶ ܦ ௧

ఈ ܦ ௧
ఈ

ఘ߰ + ఈߨ
ଶ݀ ܦ ௧

ఈ ܦ ௧
ఈ߰ఘ

ఈߨ݀+
ଷ ܦ ௧

ఈ ܦ ௧
ఈ ܦ ௧

ఈ߰ఘ

ఈߨ+
ଷ݀ ܦ ௧

ఈ ܦ ௧
ఈ ܦ ௧

ఈ߰ఘ − డℒ
డటഐ

݀߰ఘ

− డℒ
డ ೌ 

ഀటഐ
݀ ܦ ௧

ఈ߰ఘ − డℒ
డ ೌ ೣ

ഀ టഐ
݀ ܦ ௫

ఈ ߰ఘ

− డℒ
డ ೌ 

ഀ ೌ 
ഀటഐ

݀ ܦ ௧
ఈ ܦ ௧

ఈ
ఘ߰

− డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ టഐ

݀ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ߰ఘ

− డℒ
డ ೌ ೣ

ഀ ೌ 
ഀటഐ

݀ ܦ ௫
ఈ ܦ ௧

ఈ߰ఘ −

డℒ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ టഐ

݀ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ߰ఘ

− డℒ
డ ೌ 

ഀ ೌ 
ഀ ೌ 

ഀటഐ
݀ ܦ ௧

ఈ ܦ ௧
ఈ ܦ ௧

ఈ߰ఘ −
డℒ

డ ೌ 
ഀ ೌ 

ഀ ೌ ೣ
ഀ టഐ

݀ ܦ ௧
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ߰ఘ

− డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ ೌ 

ഀటഐ
݀ ܦ ௧

ఈ ܦ ௫ೝ
ఈ ܦ ௧

ఈ߰ఘ

−

డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ ೌ ೣ

ഀ టഐ
ௗ ೌ 

ഀ ೌ ೣೝ
ഀ ೌ ೣ

ഀ టഐ

ି ങℒ
ങ ವೌ ೣ

ഀ ವೌ 
ഀ ವೌ 

ഀഗഐ
ௗ ೌ ೣ

ഀ ೌ 
ഀ ೌ 

ഀటഐ

− డℒ
డ ೌ ೣ

ഀ ೌ 
ഀ ೌ ೣ

ഀ టഐ
݀ ܦ ௫

ఈ ܦ ௧
ఈ ܦ ௫

ఈ
ఘ߰

− డℒ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ ೌ 

ഀటഐ
݀ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௧

ఈ߰ఘ

− డℒ
డ ೌ ೣ

ഀ ೌ ೣ
ഀ ೌ ೣೝ

ഀ టഐ
݀ ܦ ௫

ఈ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ߰ఘ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

            (24)  

Substituting the values of the conjugate 
momenta, we obtain:  

ܪ݀ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ܦ ௧

ఈ߰ఘ ݀ ߨఈ
ଵ + ܦ ௧

ఈ ܦ ௧
ఈ߰ఘ݀ߨఈ

ଶ

+ ܦ ௧
ఈ ܦ ௧

ఈ ܦ ௧
ఈ߰ఘ݀ߨఈ

ଷ −
߲ℒ

߲߰ఘ
݀߰ఘ

−
߲ℒ

߲ ܦ ௫
ఈ ߰ఘ

݀ ܦ ௫
ఈ ߰ఘ

−
߲ℒ

߲ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ߰ఘ
݀ ܦ ௧

ఈ ܦ ௫ೝ
ఈ ߰ఘ

−
߲ℒ

߲ ܦ ௫
ఈ ܦ ௧

ఈ߰ఘ
݀ ܦ ௫

ఈ ܦ ௧
ఈ߰ఘ

−
߲ℒ

߲ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ߰ఘ
݀ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ߰ఘ −

߲ℒ
߲ ܦ ௧

ఈ ܦ ௧
ఈ ܦ ௫

ఈ ߰ఘ
݀ ܦ ௧

ఈ ܦ ௧
ఈ ܦ ௫

ఈ ߰ఘ

−
߲ℒ

߲ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ߰ఘ

݀ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ߰ఘ

−

߲ℒ
߲ ܦ ௧

ఈ ܦ ௫ೝ
ఈ ܦ ௫

ఈ ߰ఘ
݀ ܦ ௧

ఈ ܦ ௫ೝ
ఈ ܦ ௫

ఈ ߰ఘ

− ߲ℒ
߲ ܦ ௫

ఈ ܦ ௧
ఈ ܦ ௧

ఈ߰ఘ
݀ ܦ ௫

ఈ ܦ ௧
ఈ ܦ ௧

ఈ߰ఘ

−
߲ℒ

߲ ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ߰ఘ

݀ ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ߰ఘ

−
߲ℒ

߲ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ߰ఘ

݀ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ߰ఘ

−
߲ℒ

߲ ܦ ௫
ఈ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ߰ఘ

݀ ܦ ௫
ఈ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ߰ఘ

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

     (25) 

This means that the Hamiltonian is a function 
of the form: 

ℋ=

ℋ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ఈߨ

ଵ , ఈߨ
ଶ , ఈߨ

ଷ , ߰ఘ, ܦ ௫
ఈ ߰ఘ ,

ܦ ௧
ఈ ܦ ௫ೝ

ఈ ߰ఘ, ܦ ௫
ఈ ܦ ௧

ఈ߰ఘ,
ܦ ௫

ఈ ܦ ௫ೝ
ఈ ߰ఘ,

ܦ ௧
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ߰ఘ, ܦ ௧

ఈ ܦ ௫ೝ
ఈ ܦ ௧

ఈ߰ఘ,

ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߰ఘ,

ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௧
ఈ߰ఘ, ܦ ௫

ఈ ܦ ௧
ఈ ܦ ௫

ఈ ߰ఘ,

ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ߰ఘ, ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௫

ఈ ߰ఘ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

  (26) 

Thus, the total differential of the Hamiltonian 
takes the form: 

݀ℋ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

డℋ
డగഀ

భ ఈߨ݀
ଵ + డℋ

డగഀ
మ ఈߨ݀

ଶ

+ డℋ
డగഀ

య ఈߨ݀
ଷ + డℋ

డటഐ
݀߰ఘ

+ డℋ
డ ೌ ೣ

ഀ టഐ
݀ ܦ ௫

ఈ ߰ఘ

+ డℋ
డ ೌ ೣ

ഀ ೌ 
ഀటഐ

݀ ܦ ௫
ఈ ܦ ௧

ఈ߰ఘ

+ డℋ
డ ೌ 

ഀ ೌ ೣೝ
ഀ టഐ

݀ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ߰ఘ

+ డℋ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ టഐ

݀ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ߰ఘ

+ డℋ
డ ೌ 

ഀ ೌ 
ഀ ೌ ೣ

ഀ టഐ
݀ ܦ ௧

ఈ ܦ ௧
ఈ ܦ ௫

ఈ ߰ఘ

+ డℋ
డ ೌ 

ഀ ೌ ೣೝ
ഀ ೌ 

ഀటഐ
݀ ܦ ௧

ఈ ܦ ௫ೝ
ఈ ܦ ௧

ఈ߰ఘ

+ డℋ
డ ೌ 

ഀ ೌ ೣೝ
ഀ ೌ ೣ

ഀ టഐ
݀ ܦ ௧

ఈ ܦ ௫ೝ
ఈ ܦ ௫

ఈ ߰ఘ

+ డℋ
డ ೌ ೣ

ഀ ೌ 
ഀ ೌ 

ഀటഐ
݀ ܦ ௫

ఈ ܦ ௧
ఈ ܦ ௧

ఈ߰ఘ

+ డℋ
డ ೌ ೣ

ഀ ೌ 
ഀ ೌ ೣ

ഀ టഐ
݀ ܦ ௫

ఈ ܦ ௧
ఈ ܦ ௫

ఈ ߰ఘ

+ డℋ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ ೌ 

ഀటഐ
݀ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௧

ఈ߰ఘ

+ డℋ
డ ೌ ೣ

ഀ ೌ ೣ
ഀ ೌ ೣೝ

ഀ టഐ
݀ ܦ ௫

ఈ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ߰ఘ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 (27) 

Comparing (25) and (27), we get the 
Hamilton’s equations of motion: 

൜ డℋ
డటഐ

= − డℒ
డటഐ

                                                                (28)  

ቐ

డℋ
డగഀ

భ = ܦ ௧
ఈ߰ఘ

డℋ
డ ೌ ೣ

ഀ టഐ
= − డℒ

డ ೌ ೣ
ഀ టഐ

                                                 (29)  

⎩
⎪
⎪
⎨

⎪
⎪
⎧

డℋ
డగഀ

మ = ܦ ௧
ఈ ܦ ௧

ఈ߰ఘ

డℋ
డ ೌ ೣ

ഀ ೌ 
ഀటഐ

= − డℒ
డ ೌ ೣ

ഀ ೌ 
ഀటഐ

డℋ
డ ೌ 

ഀ ೌ ೣೝ
ഀ టഐ

= − డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ టഐ

డℋ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ టഐ

= − డℒ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ టഐ

                                (30)  
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⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧

డℋ
డగഀ

య = ܦ ௧
ఈ ܦ ௧

ఈ ܦ ௧
ఈ߰ఘ

డℋ
డ ೌ 

ഀ ೌ 
ഀ ೌ ೣ

ഀ టഐ
= − డℒ

డ ೌ 
ഀ ೌ 

ഀ ೌ ೣ
ഀ టഐ

డℋ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ ೌ 

ഀటഐ
= − డℒ

డ ೌ ೣ
ഀ ೌ ೣೝ

ഀ ೌ 
ഀటഐ

డℋ
డ ೌ 

ഀ ೌ ೣೝ
ഀ ೌ 

ഀటഐ
= − డℒ

డ ೌ 
ഀ ೌ ೣೝ

ഀ ೌ 
ഀటഐ

డℋ
డ ೌ ೣ

ഀ ೌ 
ഀ ೌ 

ഀటഐ
= − డℒ

డ ೌ ೣ
ഀ ೌ 

ഀ ೌ 
ഀటഐ

డℋ
డ ೌ ೣ

ഀ ೌ 
ഀ ೌ ೣ

ഀ టഐ
= − డℒ

డ ೌ ೣ
ഀ ೌ 

ഀ ೌ ೣ
ഀ టഐ

డℋ
డ ೌ ೣ

ഀ ೌ ೣ
ഀ ೌ ೣೝ

ഀ టഐ
= − డℒ

డ ೌ ೣ
ഀ ೌ ೣ

ഀ ೌ ೣೝ
ഀ టഐ

               (31)  

Eq. (28) can be rewritten using the Euler- 
Lagrange; then, this equation takes the form: 
డℋ

డటഐ
=

⎣
⎢
⎢
⎢
⎢
⎡ − ܦ ௫ഋ

ఈ డℒ
డ ೌ ೣഋ

ഀ టഐ(௫,௧)

+ ܦ ௫ഋ
ఈ ܦ ௫

ఈ డℒ
డ ೌ ೣഋ

ഀ ೌ ೣ
ഀ టഐ(௫,௧)

− ܦ ௫ഋ
ఈ ܦ ௫

ఈ ܦ ௫ഄ
ఈ డℒ

డ ೣഋ ್
ഁ ೣ ್

ഁ ೣഄ ್
ഁటഐ(௫,௧)⎦

⎥
⎥
⎥
⎥
⎤

             (32)  

Expand ߤݔ , ,ߪݔ ,ݐ) in terms of ߝݔ ,(ݔ ,ݐ)  (ݔ
and ൫ݐ,  ൯, respectively, the equation takes theݔ
form: 

߲ℋ
߲߰ఘ

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ − ܦ ௧

ఈ ߲ℒ
߲ ܦ ௧

ఈ߰ఘ(ݔ, (ݐ

− ܦ ௫
ఈ ߲ℒ

߲ ܦ ௫
ఈ

ఘ߰(ݔ, (ݐ

+ ܦ ௧
ଶఈ ߲ℒ

߲ ܦ ௧
ଶఈ߰ఘ(ݔ, (ݐ

+ ܦ ௫
ఈ ܦ ௧

ఈ ߲ℒ
߲ ܦ ௫

ఈ ܦ ௧
ఈ߰ఘ(ݔ, (ݐ

+ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ߲ℒ
߲ ܦ ௧

ఈ ܦ ௫ೝ
ఈ ߰ఘ(ݔ, (ݐ

− ܦ ௧
ଷఈ ߲ℒ

߲ ܦ ௧
ଷఈ߰ఘ(ݔ, (ݐ

− ܦ ௧
ଶఈ ܦ ௫

ఈ ߲ℒ
߲ ܦ ௧

ଶఈ ܦ ௫
ఈ

ఘ߰(ݔ, (ݐ

− ܦ ௧
ଶఈ ܦ ௫ೝ

ఈ ߲ℒ
߲ ܦ ௧

ଶఈ ܦ ௫ೝ
ఈ ߰ఘ(ݔ, (ݐ

− ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߲ℒ

߲ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ

ఘ߰(ݔ, (ݐ

− ܦ ௧
ଶఈ ܦ ௫

ఈ ߲ℒ
߲ ܦ ௧

ଶఈ ܦ ௫
ఈ ߰ఘ(ݔ, (ݐ

− ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ

ఘ߰(ݔ, (ݐ

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ߰ఘ(ݔ, (ݐ

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߰ఘ(ݔ, ⎦(ݐ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

  (33) 

5. Illustrative Example 
Fractional Electromagnetic Lagrangian 
Density  

The most general form of Lagrangian density 
for a four-vector field is given by the so-called 
Lee-Wick Lagrangian density [28]  

ℒௐ =  − ଵ
ସ

ఓఔܨఓఔܨ −  ଵ
ସమ ఓఔܨఓఔ߲ఈ߲ఈܨ  −

డഋഋ

ଶక
−   ఓ                                                   (34)ܣఓܬ

where m is a parameter that has mass dimension, 
ఓܬ = ,ܿߩ)  ݆)is the usual four-vector current and 
ఓఔܨ ,is a gauge-fixing parameter ߦ  is a four-
dimensional antisymmetric second-rank tensor 
and ܣఓ  is the four – vector potential.  

To rewrite the Lee-Wick Lagrangian density 
in Riemann–Liouville fractional form, use these 
relations:  

ቈ
ఓఔܨ = ܦ ௫ഋ

ఈ ௩ܣ − ܦ ௫ೡ
ఈ ఓܣ

ఓఔܨ = ܦ ௫ഋ
ఈ ௩ܣ − ܦ ௫ೡ

ఈ ఓܣ
                            (35)  


߲ఈ = ܦ ௫ഋ

ఈ = ൫ ܦ ௧
ఈ , ܦ ௫

ఈ ൯

߲ఈ = ܦ ௫ഋ
ఈ = ൫ ܦ ௧

ఈ , − ܦ ௫
ఈ ൯

൩                     (36)  

ఓఔܨఓఔܨ =
2 ቂ ܦ ௫ഋ

ఈ ௩ܣ ܦ ௫ഋ
ఈ ௩ܣ − ܦ ௫ഋ

ఈ ௩ܣ ܦ ௫ೡ
ఈ ఓቃܣ (37)  

ఓఔܨఓఔ߲ఈ߲ఈܨ =
2 ቂ ܦ ௫ഋ

ఈ ௩ܣ ܦ ௫ഀ
ఈ ܦ ௫

ఈഀ ܦ ௫ഋ
ఈ ௩ܣ −

ܦ ௫ೡ
ఈ ఓܣ ܦ ௫ഀ

ఈ ܦ ௫
ఈഀ ܦ ௫ೡ

ఈ   ఓቃ                     (38)ܣ

ቈ
A = ൫ϕ, Aሬሬ⃗ ൯

A = ൫ϕ, −Aሬሬ⃗ ൯
                                                 (39)  

where ߤ = 0, ݅ = ݒ ݀݊ܽ 1,2,3 = 0, ݆ = 1,2,3   

and ߙ = 0, ݇ = 1,2,3  . 
Expand μ, ν and α  in terms of 0,i, 0,j and 0,k, 

respectively and use the definition of left 
Riemann–Liouville fractional derivative; then, 
the fractional electromagnetic Lagrangian 
density formulation takes the form:  

ℒ = − ଶ
ସ

⎣
⎢
⎢
⎢
⎡ −൫ ܦ ௧

ఈܣ൯
ଶ

+ ܦ ௧
ఈܣ ܦ ௫ೕ

ఈ ߶

−൫ ܦ ௫
ఈ ߶൯

ଶ
+ ܦ ௫

ఈ ߶ ܦ ௧
ఈܣ

+൫ ܦ ௫
ఈ ൯ܣ

ଶ
− ܦ ௫

ఈ ܣ ܦ ௫
ఈ ⎦ܣ

⎥
⎥
⎥
⎤
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− ଶ
ସమ

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ − ܦ ௧

ఈܣ ܦ ௧
ଷఈܣ

− ܦ ௧
ఈܣ ܦ ௫ೖ

ଶఈ ܦ ௧
ఈܣ

+ ܦ ௧
ఈܣ ܦ ௧

ଶఈ ܦ ௫
ఈ ߶

+ ܦ ௧
ఈܣ ܦ ௫ೖ

ଶఈ ܦ ௫
ఈ ߶

− ܦ ௫
ఈ ߶ ܦ ௧

ଶఈ ܦ ௫
ఈ ߶

− ܦ ௫
ఈ ߶ ܦ ௫ೖ

ଶఈ ܦ ௫
ఈ ߶

+ ܦ ௫
ఈ ߶ ܦ ௧

ଷఈܣ

+ ܦ ௫
ఈ ߶ ܦ ௫ೖ

ଶఈ ܦ ௧
ఈܣ

+ ܦ ௫
ఈ ܣ ܦ ௧

ଶఈ ܦ ௫
ఈ ܣ

− ܦ ௫
ఈ ܣ ܦ ௫ೖ

ଶఈ ܦ ௫
ఈ ܣ

− ܦ ௫
ఈ ܣ ܦ ௧

ଶఈ ܦ ௫
ఈ ܣ

+ ܦ ௫
ఈ ܣ ܦ ௫ೖ

ଶఈ ܦ ௫
ఈ ܣ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

  

− ೌ 
ഀథ

ଶξ
+

ೌ ೣ
ഀ 

ଶξ
         (40)ܣܬ −߶ܬ +

6. Fractional Form of Euler-Lagrange 
Equations of Lee-Wick Density  

Let us start with the definition of fractional 
Lee-Wick Lagrangian density and use the 
generalization formula of Euler–Lagrange (Eq. 
(18)) to obtain the equations of motion from 
Lee-Wick Lagrangian density. 

Take the first field variable ߶, then: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

డℒ
డథ

− ܦ ௧
ఈ డℒ

డ ೌ 
ഀథ

− ܦ ௫
ఈ డℒ

డ ೌ ೣ
ഀ థ

+ ܦ ௧
ଶఈ డℒ

డ ೌ 
మഀథ

+ ܦ ௫
ఈ ܦ ௧

ఈ డℒ
డ ೌ ೣ

ഀ ೌ 
ഀథ

+ ܦ ௧
ఈ ܦ ௫ೝ

ఈ డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ థ

− ܦ ௧
ଷఈ డℒ

డ ೌ 
యഀథ

− ܦ ௧
ଶఈ ܦ ௫

ఈ డℒ
డ ೌ 

మഀ ೌ ೣ
ഀ థ

− ܦ ௧
ଶఈ ܦ ௫ೝ

ఈ డℒ
డ ೌ 

మഀ ೌ ೣೝ
ഀ థ

− ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ డℒ

డ ೌ 
ഀ ೌ ೣೝ

ഀ ೌ ೣ
ഀ థ

− ܦ ௧
ଶఈ ܦ ௫

ఈ డℒ
డ ೌ 

మഀ ೌ ೣ
ഀ థ

− ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ డℒ

డ ೌ ೣ
ഀ ೌ 

ഀ ೌ ೣ
ഀ థ

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ డℒ

డ ೌ ೣ
ഀ ೌ ೣೝ

ഀ ೌ 
ഀథ

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ డℒ

డ ೌ ೣ
ഀ ೌ ೣೝ

ഀ ೌ ೣ
ഀ థ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= 0      (41)  

Calculating these derivatives ߶ yields: 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

డℒ
డ ೌ 

ഀథ
= − ଵ

ଶξ
డℒ

డ ೌ 
మഀథ

= 0
డℒ

డ ೌ ೣ
ഀ ೌ 

ഀథ
= 0 

డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ థ

= 0

డℒ
డ ೌ 

యഀథ
= 0

                                            (42)  

⎩
⎪
⎨

⎪
⎧

డℒ
డ ೌ ೣ

ഀ థ
= −൫− ܦ ௫

ఈ ߶ + ܦ ௧
ఈܣ൯

− ଶ
ସమ ൭

− ܦ ௧
ଶఈ ܦ ೕ

ఈ ߶ − ܦ ௫ೖ
ଶఈ ܦ ௫

ఈ ߶

+ ܦ ௧
ଷఈܣ + ܦ ௫ೖ

ଶఈ ܦ ௧
ఈܣ

൱
   (43)  

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎧

డℒ
డ ೌ 

మഀ ೌ ೣ
ഀ థ

=

− ଶ
ସమ ቀ ܦ ௧

ఈܣ − ܦ ௫
ఈ ߶ቁ

డℒ
డ ೌ 

మഀ ೌ ೣೝ
ഀ థ

=

− ଶ
ସమ ൫ ܦ ௧

ఈܣ − ܦ ௫ೝ
ఈ ߶൯

డℒ
డ ೌ 

మഀ ೌ ೣ
ഀ థ

=

− ଶ
ସమ ൫ ܦ ௧

ఈܣ − ܦ ௫
ఈ ߶൯

డℒ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ ೌ ೣ

ഀ థ
=

− ଶ
ସమ ൫ ܦ ௧

ఈܣ − ܦ ௫
ఈ ߶൯

                                      (44)  

⎩
⎪
⎨

⎪
⎧

డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ ೌ ೣ

ഀ థ
= 0

డℒ
డ ೌ ೣ

ഀ ೌ 
ഀ ೌ ೣ

ഀ థ
= 0

డℒ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ ೌ 

ഀథ
= 0

                                        (45)  

Substituting Eqs. (42, 43, 44 and 45) into Eq. 
(41), we get: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ܬ = ܦ ௧

ఈ ൬
1
2ξ

൰

−൫− ܦ ௫
ఈ ߶ + ܦ ௧

ఈܣ൯

+
2

4݉ଶ ܦ ௫
ఈ ൮

− ܦ ௧
ଶఈ ܦ ௫

ఈ ߶
− ܦ ௫ೖ

ଶఈ ܦ ௫
ఈ ߶

+ ܦ ௧
ଷఈܣ + ܦ ௫ೖ

ଶఈ ܦ ௧
ఈܣ

൲

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫

ఈ ቀ ܦ ௧
ఈܣ − ܦ ௫

ఈ ߶ቁ

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫ೝ

ఈ ൫ ܦ ௧
ఈܣ − ܦ ௫ೝ

ఈ ߶൯

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫

ఈ ൫ ܦ ௧
ఈܣ − ܦ ௫

ఈ ߶൯

+
2

4݉ଶ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ቀ ܦ ௧

ఈܣ − ܦ ௫
ఈ ߶ቁ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

     (46) 
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This represents the first non-homogeneous 
equation in fractional form. 

Now, use the general formula (18) to obtain 
other equations of motion from the other fields' 
variables ܣ and ݆ܣ. 

0 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

డℒ
డ

− ܦ ௧
ఈ డℒ

డ ೌ 
ഀ

− ܦ ௫
ఈ డℒ

డ ೌ ೣ
ഀ 

+ ܦ ௧
ଶఈ డℒ

డ ೌ 
మഀ

+ ܦ ௫
ఈ ܦ ௧

ఈ డℒ
డ ೌ ೣ

ഀ ೌ 
ഀ

+ ܦ ௧
ఈ ܦ ௫ೝ

ఈ డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ 

− ܦ ௧
ଷఈ డℒ

డ ೌ 
యഀ

− ܦ ௧
ଶఈ ܦ ௫

ఈ డℒ
డ ೌ 

మഀ ೌ ೣ
ഀ 

− ܦ ௧
ଶఈ ܦ ௫ೝ

ఈ డℒ
డ ೌ 

మഀ ೌ ೣೝ
ഀ 

− ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ డℒ

డ ೌ 
ഀ ೌ ೣೝ

ഀ ೌ ೣ
ഀ 

− ܦ ௧
ଶఈ ܦ ௫

ఈ డℒ
డ ೌ 

మഀ ೌ ೣ
ഀ 

− ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ డℒ

డ ೌ ೣ
ഀ ೌ 

ഀ ೌ ೣ
ഀ 

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ డℒ

డ ೌ ೣ
ഀ ೌ ೣೝ

ഀ ೌ 
ഀ

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ డℒ

డ ೌ ೣ
ഀ ೌ ೣೝ

ഀ ೌ ೣ
ഀ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

     (47)  

Calculating these derivatives yields: 

⎩
⎪
⎨

⎪
⎧

డℒ
డ

= ܬ−

డℒ
డ ೌ 

ഀ
= − ଶ

ସ
൫ ܦ ௫

ఈ ߶൯
డℒ

డ ೌ ೣ
ഀ 

= − ଶ
ସ

ቀ ܦ ௫ೕ
ఈ ቁܣ

                                (48)  

⎩
⎪
⎪
⎨

⎪
⎪
⎧

డℒ
డ ೌ 

మഀ
= 0

డℒ
డ ೌ ೣ

ഀ ೌ 
ഀ

= 0

డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ 

= 0

డℒ
డ ೌ 

యഀ
= 0

                                               (49)  

൞

డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ ೌ ೣ

ഀ 
= 0

డℒ
డ ೌ ೣ

ഀ ೌ 
ഀ ೌ ೣ

ഀ 
= 0

                                       (50)  

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

డℒ
డ ೌ 

మഀ ೌ ೣ
ഀ 

= − ଶ
ସమ ൫ ܦ ௫

ఈ ൯ܣ

డℒ
డ ೌ 

మഀ ೌ ೣೝ
ഀ 

= − ଶ
ସమ ൫ ܦ ௫

ఈ ൯ܣ

డℒ
డ ೌ 

మഀ ೌ ೣ
ഀ 

= − ଶ
ସమ ൫ ܦ ௫

ఈ ൯ܣ

డℒ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ ೌ 

ഀ
= − ଶ

ସమ ൫ ܦ ௫ೖ
ఈ ߶൯

డℒ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ ೌ ೣ

ഀ 
= − ଶ

ସమ ൫ ܦ ௫ೖ
ఈ ൯ܣ

           (51)  

Substituting equations (48, 49, 50 and 51) 
into Eq. (47), we get: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ܬ− = ଶ

ସ
ܦ ௧

ఈ൫ ܦ ௫
ఈ ߶൯

+ ଶ
ସ

ܦ ௫
ఈ ቀ ܦ ௫ೕ

ఈ ቁܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ൫ ܦ ௫

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ൫ ܦ ௫

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫ೝ
ఈ ൫ ܦ ௫

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ൫ ܦ ௫

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௧

ఈ൫ ܦ ௫ೖ
ఈ ߶൯

+ ଶ
ସమ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௫

ఈ ൫ ܦ ௫ೖ
ఈ ⎦൯ܣ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

                 (52)  

and 

0 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

߲ℒ
ܣ߲

− ܦ ௧
ఈ ߲ℒ

߲ ܦ ௧
ఈܣ

− ܦ ௫
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܣ

+ ܦ ௧
ଶఈ ߲ℒ

߲ ܦ ௧
ଶఈܣ

+ ܦ ௫
ఈ ܦ ௧

ఈ ߲ℒ
߲ ܦ ௫

ఈ ܦ ௧
ఈܣ

+ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ߲ℒ
߲ ܦ ௧

ఈ ܦ ௫ೝ
ఈ ܣ

− ܦ ௧
ଷఈ ߲ℒ

߲ ܦ ௧
ଷఈܣ

− ܦ ௧
ଶఈ ܦ ௫

ఈ ߲ℒ
߲ ܦ ௧

ଶఈ ܦ ௫
ఈ ܣ

− ܦ ௧
ଶఈ ܦ ௫ೝ

ఈ ߲ℒ
߲ ܦ ௧

ଶఈ ܦ ௫ೝ
ఈ ܣ

− ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߲ℒ

߲ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ܣ

− ܦ ௧
ଶఈ ܦ ௫

ఈ ߲ℒ
߲ ܦ ௧

ଶఈ ܦ ௫
ఈ ܣ

− ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ܣ

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈܣ

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ⎦ܣ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

       (53) 
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Calculating these derivatives yields: 

⎩
⎪
⎪
⎨

⎪
⎪
⎧

డℒ
డೕ

= 0
డℒ

డ ೌ 
మഀೕ

= 0
డℒ

డ ೌ ೣ
ഀ ೌ 

ഀೕ
= 0

డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ ೕ

= 0

                                               (54)  

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

డℒ
డ ೌ 

ഀೕ
= − ଶ

ସ
ቀ ܦ ௫ೕ

ఈ ߶ + 2 ܦ ௧
ఈܣቁ

− ଶ
ସమ ൭

ܦ ௧
ଷఈܣ − ܦ ௫ೖ

ଶఈ ܦ ௧
ఈܣ

ܦ ௧
ଶఈ ܦ ௫ೕ

ఈ ߶ + ܦ ௫ೖ
ଶఈ ܦ ௫ೕ

ఈ ߶
൱

డℒ
డ ೌ ೣ

ഀ ೕ
= − ଶ

ସ
ቀ2 ܦ ௫

ఈ ܣ − ܦ ௫ೕ
ఈ ቁܣ

− ଶ
ସమ ൭

ܦ ௧
ଶఈ ܦ ௫

ఈ ܣ − ܦ ௫ೖ
ଶఈ ܦ ௫

ఈ ܣ

− ܦ ௧
ଶఈ ܦ ௫ೕ

ఈ ߶ + ܦ ௫ೖ
ଶఈ ܦ ௫ೕ

ఈ ܣ
൱

  (55)  

⎩
⎪
⎪
⎨

⎪
⎪
⎧

డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ ೕ

= 0
డℒ

డ ೌ 
యഀೕ

= 0
డℒ

డ ೌ 
ഀ ೌ ೣೝ

ഀ ೌ ೣ
ഀ ೕ

= 0

డℒ
డ ೌ ೣ

ഀ ೌ 
ഀ ೌ ೣ

ഀ ೕ
= 0

                                       (56)  

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

డℒ
డ ೌ 

మഀ ೌ ೣ
ഀ ೕ

= − ଶ
ସమ ቀ ܦ ௫

ఈ ቁܣ

డℒ
డ ೌ 

మഀ ೌ ೣೝ
ഀ ೕ

= − ଶ
ସమ ൫ ܦ ௫ೝ

ఈ ൯ܣ

డℒ
డ ೌ 

మഀ ೌ ೣ
ഀ ೕ

= − ଶ
ସమ ൫ ܦ ௫

ఈ ൯ܣ

డℒ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ ೌ 

ഀೕ
= ଶ

ସమ ൫ ܦ ௫ೖ
ఈ ൯ܣ

డℒ
డ ೌ ೣ

ഀ ೌ ೣೝ
ഀ ೌ ೣ

ഀ ೕ
= ଶ

ସమ ቀ ܦ ௫
ఈ ቁܣ

              (57)  

 

Substituting equations (54, 55, 56 and 57) 
into Eq. (53), we get:  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0 =

2
4 ܦ ௧

ఈ ቀ ܦ ௫ೕ
ఈ ߶ + 2 ܦ ௧

ఈܣቁ

+
2

4݉ଶ ܦ ௧
ఈ

⎝

⎜⎜
⎛

ܦ ௧
ଷఈܣ

− ܦ ௫ೖ
ଶఈ ܦ ௧

ఈܣ

+ ܦ ௧
ଶఈ ܦ ௫ೕ

ఈ ߶

+ ܦ ௫ೖ
ଶఈ ܦ ௫ೕ

ఈ ߶⎠

⎟⎟
⎞

+
2
4 ܦ ௫

ఈ ቀ2 ܦ ௫
ఈ ܣ − ܦ ௫ೕ

ఈ ቁܣ +

2
4݉ଶ ܦ ௫

ఈ

⎝

⎜⎜
⎛

ܦ ௧
ଶఈ ܦ ௫

ఈ ܣ

− ܦ ௫ೖ
ଶఈ ܦ ௫

ఈ ܣ

− ܦ ௧
ଶఈ ܦ ௫ೕ

ఈ ߶

+ ܦ ௫ೖ
ଶఈ ܦ ௫ೕ

ఈ ⎠ܣ

⎟⎟
⎞

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫

ఈ ቀ ܦ ௫
ఈ ቁܣ

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫ೝ

ఈ ൫ ܦ ௫ೝ
ఈ ൯ܣ

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫

ఈ ൫ ܦ ௫
ఈ ൯ܣ

−
2

4݉ଶ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ൫ ܦ ௫ೖ

ఈ ൯ܣ −
2

4݉ଶ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ቀ ܦ ௫

ఈ ቁܣ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

                                (58) 

Adding Eqs. (52) and (58) yields: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ܬ− =

2
4 ܦ ௧

ఈ൫ ܦ ௫
ఈ ߶൯ +

2
4 ܦ ௫

ఈ ቀ ܦ ௫ೕ
ఈ ቁܣ

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫

ఈ ൫ ܦ ௫
ఈ ൯ܣ

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫

ఈ ൫ ܦ ௫
ఈ ൯ܣ

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫ೝ

ఈ ൫ ܦ ௫
ఈ ൯ܣ

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫

ఈ ൫ ܦ ௫
ఈ ൯ܣ

+
2

4݉ଶ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ൫ ܦ ௫ೖ

ఈ ߶൯

+
2

4݉ଶ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ൫ ܦ ௫ೖ

ఈ ൯ܣ

+
2
4 ܦ ௧

ఈ ቀ ܦ ௫ೕ
ఈ ߶ + 2 ܦ ௧

ఈܣቁ

+
2

4݉ଶ ܦ ௧
ఈ ൭

ܦ ௧
ଷఈܣ − ܦ ௫ೖ

ଶఈ ܦ ௧
ఈܣ

+ ܦ ௧
ଶఈ ܦ ௫ೕ

ఈ ߶ + ܦ ௫ೖ
ଶఈ ܦ ௫ೕ

ఈ ߶
൱

+
2
4 ܦ ௫

ఈ ቀ2 ܦ ௫
ఈ ܣ − ܦ ௫ೕ

ఈ ቁܣ +

2
4݉ଶ ܦ ௫

ఈ ൭
ܦ ௧

ଶఈ ܦ ௫
ఈ ܣ − ܦ ௫ೖ

ଶఈ ܦ ௫
ఈ ܣ

− ܦ ௧
ଶఈ ܦ ௫ೕ

ఈ ߶ + ܦ ௫ೖ
ଶఈ ܦ ௫ೕ

ఈ ܣ
൱

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫

ఈ ቀ ܦ ௫
ఈ ቁܣ

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫ೝ

ఈ ൫ ܦ ௫ೝ
ఈ ൯ܣ

+
2

4݉ଶ ܦ ௧
ଶఈ ܦ ௫

ఈ ൫ ܦ ௫
ఈ ൯ܣ

−
2

4݉ଶ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ൫ ܦ ௫ೖ

ఈ ൯ܣ −
2

4݉ଶ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ቀ ܦ ௫

ఈ ቁܣ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

           (59) 
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This represents the second non-homogeneous 
equation in fractional form.  

If ߙ goes to 1, Eqs. (52) and (59) go to the 
standard equations. 

The conjugate momenta are defined as: 

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎧ ଵߨ

ଵ =  డ
డ൫ ೌ 

ഀథ൯ 

ଵߨ
ଶ =  డ

డ൫ ೌ 
ഀ൯ 

ଵߨ
ଷ =  డ

డ൫ ೌ 
ഀೕ൯ 

ଶߨ
ଵ =  డ

డ൫ ೌ 
మഀథ൯ 

ଶߨ
ଶ =  డ

డ൫ ೌ 
మഀ൯ 

ଶߨ
ଷ =  డ

డ൫ ೌ 
మഀೕ൯ 

ଷߨ
ଵ =  డ

డ൫ ೌ 
యഀథ൯ 

ଷߨ
ଶ =  డ

డ൫ ೌ 
యഀ൯ 

ଷߨ
ଷ =  డ

డ൫ ೌ 
యഀೕ൯ 

                                           (60)  

Then, using Eq.(23), the Hamiltonian density 
can be written as: 

ܪ  = ଵߨ 
ଵ ܦ ௧

ఈ߰ఘ(ݔ, (ݐ + ଵߨ
ଶ ܦ ௧

ఈ߰ఘ(ݔ, (ݐ +
ଵߨ

ଷ ܦ ௧
ఈ߰ఘ(ݔ, (ݐ + ଶߨ

ଵ ܦ ௧
ଶఈ߰ఘ(ݔ, (ݐ +

ଶߨ
ଶ ܦ ௧

ଶఈ߰ఘ(ݔ, (ݐ + ଶߨ
ଷ ܦ ௧

ଶఈ߰ఘ(ݔ, (ݐ +
ଷߨ

ଵ ܦ ௧
ଷఈ߰ఘ(ݔ, (ݐ + ଷߨ

ଶ ܦ ௧
ଷఈ߰ఘ(ݔ, (ݐ +

ଷߨ
ଷ ܦ ௧

ଷఈ߰ఘ(ݔ, (ݐ − ℒ                                (61)  

Using the fields’ variables ൫, ,  ൯ and by
re-writing Eq. (33), we get:  

߲ℋ
߲߶ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ − ܦ ௧

ఈ ߲ℒ
߲ ܦ ௧

ఈ߶
− ܦ ௫

ఈ ߲ℒ
߲ ܦ ௫

ఈ ߶

+ ܦ ௧
ଶఈ ߲ℒ

߲ ܦ ௧
ଶఈ߶

+ ܦ ௫
ఈ ܦ ௧

ఈ ߲ℒ
߲ ܦ ௫

ఈ ܦ ௧
ఈ߶

+ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ߲ℒ
߲ ܦ ௧

ఈ ܦ ௫ೝ
ఈ ߶

− ܦ ௧
ଷఈ ߲ℒ

߲ ܦ ௧
ଷఈ߶

− ܦ ௧
ଶఈ ܦ ௫

ఈ ߲ℒ
߲ ܦ ௧

ଶఈ ܦ ௫
ఈ ߶

− ܦ ௧
ଶఈ ܦ ௫ೝ

ఈ ߲ℒ
߲ ܦ ௧

ଶఈ ܦ ௫ೝ
ఈ ߶

− ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߲ℒ

߲ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߶

− ܦ ௧
ଶఈ ܦ ௫

ఈ ߲ℒ
߲ ܦ ௧

ଶఈ ܦ ௫
ఈ ߶

− ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ߶

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ߶

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߶⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

     (62) 

߲ℋ
ܣ߲

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ − ܦ ௧

ఈ ߲ℒ
߲ ܦ ௧

ఈܣ
− ܦ ௫

ఈ ߲ℒ
߲ ܦ ௫

ఈ ܣ

+ ܦ ௧
ଶఈ ߲ℒ

߲ ܦ ௧
ଶఈܣ

+ ܦ ௫
ఈ ܦ ௧

ఈ ߲ℒ
߲ ܦ ௫

ఈ ܦ ௧
ఈܣ

+ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ߲ℒ
߲ ܦ ௧

ఈ ܦ ௫ೝ
ఈ ܣ

− ܦ ௧
ଷఈ ߲ℒ

߲ ܦ ௧
ଷఈܣ

− ܦ ௧
ଶఈ ܦ ௫

ఈ ߲ℒ
߲ ܦ ௧

ଶఈ ܦ ௫
ఈ ܣ

− ܦ ௧
ଶఈ ܦ ௫ೝ

ఈ ߲ℒ
߲ ܦ ௧

ଶఈ ܦ ௫ೝ
ఈ ܣ

− ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߲ℒ

߲ ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ܣ

− ܦ ௧
ଶఈ ܦ ௫

ఈ ߲ℒ
߲ ܦ ௧

ଶఈ ܦ ௫
ఈ ܣ

− ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ ܣ

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈܣ

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ߲ℒ

߲ ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ ⎦ܣ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

  (63) 
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డℋ
డೕ

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ − ܦ ௧

ఈ డℒ
డ ೌ 

ഀೕ
− ܦ ௫

ఈ డℒ
డ ೌ ೣ

ഀ ೕ

+ ܦ ௧
ଶఈ డℒ

డ ೌ 
మഀೕ

+ ܦ ௫
ఈ ܦ ௧

ఈ డℒ
డ ೌ ೣ

ഀ ೌ 
ഀೕ

+ ܦ ௧
ఈ ܦ ௫ೝ

ఈ డℒ
డ ೌ 

ഀ ೌ ೣೝ
ഀ ೕ

− ܦ ௧
ଷఈ డℒ

డ ೌ 
యഀೕ

− ܦ ௧
ଶఈ ܦ ௫

ఈ డℒ
డ ೌ 

మഀ ೌ ೣ
ഀ ೕ

− ܦ ௧
ଶఈ ܦ ௫ೝ

ఈ డℒ
డ ೌ 

మഀ ೌ ೣೝ
ഀ ೕ

− ܦ ௧
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ డℒ

డ ೌ 
ഀ ೌ ೣೝ

ഀ ೌ ೣ
ഀ ೕ

− ܦ ௧
ଶఈ ܦ ௫

ఈ డℒ
డ ೌ 

మഀ ೌ ೣ
ഀ ೕ

− ܦ ௫
ఈ ܦ ௧

ఈ ܦ ௫
ఈ డℒ

డ ೌ ೣ
ഀ ೌ 

ഀ ೌ ೣ
ഀ ೕ

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௧
ఈ డℒ

డ ೌ ೣ
ഀ ೌ ೣೝ

ഀ ೌ 
ഀೕ

− ܦ ௫
ఈ ܦ ௫ೝ

ఈ ܦ ௫
ఈ డℒ

డ ೌ ೣ
ഀ ೌ ೣೝ

ഀ ೌ ೣ
ഀ ೕ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 (64)  

Using Hamiltonian Eq. (62), by taking the 
derivative with respect to ߶, we get: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ܬ = −൫− ܦ ௫

ఈ ߶ + ܦ ௧
ఈܣ൯

+ ଶ
ସమ ܦ ௫

ఈ

⎝

⎜
⎛

− ܦ ௧
ଶఈ ܦ ௫

ఈ ߶
− ܦ ௫ೖ

ଶఈ ܦ ௫
ఈ ߶

+ ܦ ௧
ଷఈܣ

+ ܦ ௫ೖ
ଶఈ ܦ ௧

ఈܣ⎠

⎟
⎞

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ൭

ܦ ௧
ఈܣ

− ܦ ௫
ఈ ߶

൱

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫ೝ
ఈ ቆ

ܦ ௧
ఈܣ

− ܦ ௫ೝ
ఈ ߶

ቇ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ቆ

ܦ ௧
ఈܣ

− ܦ ௫
ఈ ߶

ቇ

+ ଶ
ସమ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௫

ఈ ቆ
ܦ ௧

ఈܣ

− ܦ ௫
ఈ ߶

ቇ
⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

            (65)  

The above equation is exactly the same as the 
equation that has been derived by (Eq. (46)) in 
fractional form. 

 

 

 

 

Using Hamiltonian Eq. (63), by taking the 
derivative with respect to ܣ, we get: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ܬ− = ଶ

ସ
ܦ ௧

ఈ൫ ܦ ௫
ఈ ߶൯

+ ଶ
ସ

ܦ ௫
ఈ ቀ ܦ ௫ೕ

ఈ ቁܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ൫ ܦ ௫

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ൫ ܦ ௫

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫ೝ
ఈ ൫ ܦ ௫

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ൫ ܦ ௫

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௧

ఈ൫ ܦ ௫ೖ
ఈ ߶൯

+ ଶ
ସమ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௫

ఈ ൫ ܦ ௫ೖ
ఈ ⎦൯ܣ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

                 (66)  

And using Eq. (64), with respect to ܣ , we 
get: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0 = ଶ

ସ
ܦ ௧

ఈ ቀ ܦ ௫ೕ
ఈ ߶ + 2 ܦ ௧

ఈܣቁ

+ ଶ
ସమ ܦ ௧

ఈ

⎝

⎜⎜
⎛

ܦ ௧
ଷఈܣ

− ܦ ௫ೖ
ଶఈ ܦ ௧

ఈܣ

+ ܦ ௧
ଶఈ ܦ ௫ೕ

ఈ ߶

+ ܦ ௫ೖ
ଶఈ ܦ ௫ೕ

ఈ ߶⎠

⎟⎟
⎞

+ ଶ
ସ

ܦ ௫
ఈ ቀ2 ܦ ௫

ఈ ܣ − ܦ ௫ೕ
ఈ ቁܣ

+ ଶ
ସమ ܦ ௫

ఈ

⎝

⎜⎜
⎛

ܦ ௧
ଶఈ ܦ ௫

ఈ ܣ

− ܦ ௫ೖ
ଶఈ ܦ ௫

ఈ ܣ

− ܦ ௧
ଶఈ ܦ ௫ೕ

ఈ ߶

+ ܦ ௫ೖ
ଶఈ ܦ ௫ೕ

ఈ ⎠ܣ

⎟⎟
⎞

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ቀ ܦ ௫

ఈ ቁܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫ೝ
ఈ ൫ ܦ ௫ೝ

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ൫ ܦ ௫

ఈ ൯ܣ

− ଶ
ସమ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௧

ఈ൫ ܦ ௫ೖ
ఈ ൯ܣ

− ଶ
ସమ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௫

ఈ ቀ ܦ ௫
ఈ ⎦ቁܣ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

                (67)  

This result is the same as that obtained by 
Euler-Lagrange, see Eq. (46). 

Add Eqs. (66) and (67) to obtain: 
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ܬ− = ଶ

ସ
ܦ ௧

ఈ൫ ܦ ௫
ఈ ߶൯

+ ଶ
ସ

ܦ ௫
ఈ ቀ ܦ ௫ೕ

ఈ ቁܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ൫ ܦ ௫

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ൫ ܦ ௫

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫ೝ
ఈ ൫ ܦ ௫

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ൫ ܦ ௫

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௧

ఈ൫ ܦ ௫ೖ
ఈ ߶൯

+ ଶ
ସమ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௫

ఈ ൫ ܦ ௫ೖ
ఈ ൯ܣ

+ ଶ
ସ

ܦ ௧
ఈ ቀ ܦ ௫ೕ

ఈ ߶ + 2 ܦ ௧
ఈܣቁ

+ ଶ
ସమ ܦ ௧

ఈ

⎝

⎜⎜
⎛

ܦ ௧
ଷఈܣ

− ܦ ௫ೖ
ଶఈ ܦ ௧

ఈܣ

+ ܦ ௧
ଶఈ ܦ ௫ೕ

ఈ ߶

+ ܦ ௫ೖ
ଶఈ ܦ ௫ೕ

ఈ ߶⎠

⎟⎟
⎞

+ ଶ
ସ

ܦ ௫
ఈ ቀ2 ܦ ௫

ఈ ܣ − ܦ ௫ೕ
ఈ ቁܣ +

ଶ
ସమ ܦ ௫

ఈ

⎝

⎜⎜
⎛

ܦ ௧
ଶఈ ܦ ௫

ఈ ܣ

− ܦ ௫ೖ
ଶఈ ܦ ௫

ఈ ܣ

− ܦ ௧
ଶఈ ܦ ௫ೕ

ఈ ߶

+ ܦ ௫ೖ
ଶఈ ܦ ௫ೕ

ఈ ⎠ܣ

⎟⎟
⎞

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ቀ ܦ ௫

ఈ ቁܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫ೝ
ఈ ൫ ܦ ௫ೝ

ఈ ൯ܣ

+ ଶ
ସమ ܦ ௧

ଶఈ ܦ ௫
ఈ ൫ ܦ ௫

ఈ ൯ܣ

− ଶ
ସమ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௧

ఈ൫ ܦ ௫ೖ
ఈ ൯ܣ

− ଶ
ସమ ܦ ௫

ఈ ܦ ௫ೝ
ఈ ܦ ௫

ఈ ቀ ܦ ௫
ఈ ⎦ቁܣ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

               (68)  

This represents the second non-homogeneous 
equation in fractional form.  

7. Conclusion 
In this paper, we have studied the 

Hamiltonian formulation for continuous systems 
with third-order fractional derivatives and 
presented the Hamilton equations. Our results 
are the same as those derived by using the 
formulation of Euler- Lagrange. For derivatives 
of integer orders only for example (ߙ = 1), the 
classical results are found as a specific case of 
the fractional formulation. 
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