Volume 14, Number 4, 2021. pp. 301-308

Jordan Journal of Physics

ARTICLE

Solution of the Hamilton — Jacobi Equation in a Central Potential
Using the Separation of Variables Method with Staeckel Boundary
Conditions

B. M. Al-Khamiseh®, R. S. Hijjawi’ and J. M. Khalifeh"

“ Department of Physics, The University of Jordan, 11942-Amman, Jordan.

b
Department of Physics, Mutah University, Al-Karak, Jordan.

Doi: https://doi.org/10.47011/14.4.3

Received on: 12/05/2020;

Accepted on: 29/11/2020

Abstract: This manuscript aims at solving Hamilton-Jacobi equation in a central potential
using the separation of variables technique with Staeckel boundary conditions. Our results
show that the Hamilton — Jacobi variables can be completely separated, which agrees with

other results employing different methods.

Keywords: Lagrangian mechanics, Hamilton-Jacobi, Staeckel boundary conditions,
Staeckel matrix, Staeckel vector, Hamilton's characteristic function, Hamilton's

principal function.

Introduction

The Hamilton-Jacobi equation is based not
just on the physical problems included, but also
on the choice of generalized coordinate system.
Thus, the one-body central force problem is
detachable in polar coordinates, but not in
Cartesian coordinates. In some problems, it is
not at all possible to completely separate the
Hamilton-Jacobi equation, the known three-body
problem being one illustration. Otherwise, in
many fundamental problems of mechanics and
atomic physics, one can carry out the separation
in more than one set of coordinates. When the
variables are completely separable, it is feasible
to solve the Hamilton-Jacobi equation [1].

One of the methods to separate variables is
the Staeckel approach. This method applies to
some Hamiltonians in which certain conditions
are satisfied, such as: conservative Hamiltonian
and orthogonal coordinates. This method also
helps find the complete solution of the
differential equations which are not easy to
solve.

It was not known what is the most
comprehensive separation system with n degrees
of freedom. However, it is now known what a
detachable orthogonal system is with n degrees
of freedom. This was discovered by Staeckel in
his habilitation thesis [2]. These systems are now
called Staeckel systems. The theory of Staeckel
systems can be found in several publications,
such as references [3-22].

The first major contribution by Staeckel
[3] was to find all the separable metrics for an
arbitrary two-dimensional Riemannian manifold.
He proved the theorem connecting the
integrability of a Staeckel system with the
existence of a matrix S called a Staeckel matrix
for the system. Staeckel [2] showed how to
determine the quantities H; (Eq. 3) in the
Hamilton- Jacobi equation so that the variables
are separable.

Benent [23] presented basic defintions and
theorems concerning the algebra of contravariant
symmetric tensors and killing tensors.
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Benenti et al. [24] showed that the three-body
Calogero system is in fact separable in infinitely
many ways; thus, it is super-separable.

This work aims at solving the Hamilton-
Jacobi equation using the separation of variables
method. We will use the Staeckel boundary
conditions to separate variables.

This paper is organized as follows: the
following section presents some basic definitions
of the Hamilton-Jacobi equation of a Staeckel
system. The next section presents how to solve
the Hamilton-Jacobi equation by the method of
Staeckel boundary conditions. Finally, the last
section is dedicated to our conclusions.

Basic Definitions

In this part of the manuscript, we briefly
introduce some of the fundamental definitions
used in this work [25].

A- Staeckel Matrix @ and Staeckel Vector ¥

In a Staeckel system with n degrees of
freedom, we will assume an (n X n) matrix @
and a vector ¥ with n components ¥,.. Actually,
n? + n components of ® and ¥ solve completely
the Staeckel system and that’s why we will call
them the Staeckel matrix and the Staeckel
vector. The elements are all functions of the
coordinate g, but in the upcoming way:

Dy = O(qr), ¥r = ¥r(qr) - (1)

In short, one coordinate consists of a row r of
both ® and Y. We will say that the rows of @ are
with separated variables; that is, the rows of @
are separated. This indicates that this separation
property controls the whole theory of Staeckel
system.

First, we will need the cofactors Cj; of the
matrix elements @;; of the matrix @, in addition
to the determinant A and the inverse v of matrix
®. We will set the elements of the inverse
v = @' of the matrix ® by ((D_l)l,j or call them

Vij.

We may need some well-known properties of
determinants and matrices, such as:

2 Qv = Xjvij Pk = Si (2)
Cij

vij =~ 3)

2iQjiCix =AY Pjivy = Abjy . 4)
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The result of the separation property (1) is
that the cofactor C;; will depend on (n-1)
coordinates only; C;; is independent of the
variable q;. This will simplify many partial
derivatives; for example:

9 _ vy ~ 9%
aqk - Zl Ckl aqk . (5)
B- The Hamiltonian of a Staeckel System

In terms of the notations and initial

developments (given in sub-section A), we can
now easily define a Staeckel system. The
Staeckel system can be defined as:

.2 s 2
—_ym dk —_ym dk
H =Xk, [2v1k + U1k‘Pk] = Yk=1Vik [2U1k2 +

|, ©)
where the kinetic energy is given by: T =
Z=1% and the potential energy is: V =
Yi=1 V1P -

We can see that all the ingredients are the
Staeckel vector W and the first row of the inverse
of the Staeckel matrix ®. The second form of the
Hamiltonian shown in Eq. (6) is the product of a
row vector, vix, by a column vector, V). The
elements gy, of the diagonal metric tensor are
thus given by:

2
Uik B (‘D_l)lk B

A . Dpes
Gkk = n (with Zkﬁ = O11)-
(7)
As a result of the notes of sub-section A, we
have:

Qgu _ 1 08 _ 5 Cu 00 ®
9qx  Ci10q Cr1 0qi

In the following, we simply derive the
Hamiltonian equations of motion, P, = —2—;
from Eq. (6); thus:

. -2
elit] = - St 5 - G oGt 0

The Staeckel Hamiltonian does not depend
explicitly on time; that is, we have a
conservative system with the classical energy
integral given as follows:

.2
YR vk |2 4+ ¥, | = @y = constant. (10
k=1 202,

It will be useful to write this first integral also
in a different form. Let us take benefit of the
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relation in Eq. (2) and add to Eq. (10) some
terms which are zeros or ones:

qz
Dk=1V1k [ng + ‘Pk] = ay X V1 Ppr +
ay Xk V1 Pra + -+ X V1x Qs »  (11)

where the a’s are all arbitrary constants.
Compiling the terms differently leads to:

-2
Boes Vi[5 + W — iy 0| =0, (12)

where the constants a’s are sometimes called
separation constants. The interest of the above
form of energy integral is actually in that the last
two terms in the brackets are now with separated
variables.

The most important property of Staeckel
systems exists in the following theorem:

"Not only the expression given in Eq. (12) is
zero, but also each bracket separately" [8]:

20 2 + \Pk - Z?:l (Dkrar . (13)
Uik

C- Completion of the Solution of the Staeckel
System

The first integral in Eq. (12) can be written in
another form as:

L= 20 Oy =) = fila) . (19)

We have also:

qk
= . 15
VFr(ar) Uik (15)

Multiplying by @, and summing over k
prouduce:

n ‘Ikd)kr

k=1 [Frlan)

We see that each term in the sum on the left-
hand side is a function of one variable g, only:

= Yk=1 V1 Ppr = 81 . (16)

n 1f Prrddg

VFk(ar)
2,3,4,..,n

1 f Dr1dqr _ —ty .
Vi
This inserts n new constants of integration;
altogether 2n constants of integration are
inserted. Finally, n equations can be solved and
give the n coordinates g as a function of time t
and the constants, 8. The velocities are then
given by Eq. (13). We have to use Egs. (17.A)
and (17.B) to calculate the values of the

= 5, = constant r =
(17.A)

(17.B)

constants of with the initial

conditions.

integrations

D- Separation of Variables of Hamilton-
Jacobi Equation Using Staeckel Boundary
Conditions

The separation of Hamilton-Jacobi equations
is a characteristic of the dynamic system as well
as the coordinates that are described. A simple
criterion cannot be given to refer to a coordinate
system those results in a separate Hamilton
Jacobi equation for a particular system.
However, if

e The Hamiltonian is conserved and takes the
form:

H=-(P-a)T'(P-a)+V(q). (A)

Here, a is a column matrix, T is a square n X
n matrix and p is a row matrix.

e The set of generalized coordinates q; forms
an orthogonal system of coordinates, so that
the matrix T is diagonal. It follows that the
inverse matrix T~! is also diagonal with non-
vanishing elements:

(T = Tiu : (B)

e For problems and coordinates satisfying this
description, the Staeckel conditions state that
the Hamilton-Jacobi equation will be
completely separable if the vector a has
elements a; that are functions only of the
corresponding coordinate; that is, a; =
a;(q;) and the potential function V(q) can be
written as a sum of the form:

V(g) =9 ©)

Ty
e There exists an n X n matrix ® with elements
®;; = ®;;(q;), such that:

@), =5 (D)

ji
Consider the motion of a particle of mass m
in a central force field with potential V = — é +

%. The Hamilton — Jacobi equation is:
P2 k, h
r2 rzsinze] T + 2
(18)

Comparing Eq. (18) with the equation:
H = %(P —a)TY(P—a) +V(q), we get:

H=T+V=-" [W
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% 0 0
ri=lo — o | (19)
1
0 mr2sin20

Appling Staeckel boundary conditions, we

satisfy:
Lo 0 \
m
_ 1 1
T Du=r=0 22 0 |, @0
1
0 mr2sin26

in addition to the following two conditions:

l 1 1
m mr2 mr2sin26
-1y 1 _ r _r
((D )11' Ty l 0 m  mr2sin26 l 1)
0o L1 /
m?2 m
and we get:
_Vilad) _ ()
V(g) =410 = (12). (22)

If the Staeckel conditions are satisfied, then
Hamilton's characteristic function is completely
separable:

W(q) = X; Wi(qy). (23)

Inserting H from Eq. (18) into equation
awy | S, . .

H (q, —) + — = 0 and using the definition of

aq dat
ow .
momentum p = g e obtain:
ES [%]2 i[%]z 1 [mz _ky
2m |l ar r2 | a0 r2sin20 | d¢ T
h
Z=a. (24)

Here, ¢ is a cyclic coordinate. We get:

["%]2 —a?. 25)

Integrating Eq. (25), we find:
W, = fo(p apdep =a,¢" . (26)
Substituting Eq. (25) into Eq. (24), we get:

i[rz[aﬂ]2+[%]2+ “ ]—kr+h=

2m or 20 sin26
ar? . 27)
wel* | @b _ 2
We replace [ 50 | 1 imze = %6 (28)
in Eq. (27); we obtain:
oW, 2 _ 2mk  2mh aé
[ar] —Zm(l-l-T—r—z—r—z. (29)
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Integrating Eqgs. (28) and (29), we have:

' 2
Wy =[° (ag— % )de (30)

sin26

' 2mk  2mh 2
Wr'=frz \/(2ma+%—1—‘;—9)dr (31)

The Hamilton's characteristic
becomes W =W, + Wy + W,

function

2

’ k h @y
W=frz J(Zma+2%—21—r—2>dr+

r2

0 5 o3 ,
Jo Jla§ = —55)d0+ a0 (32)

Solving Eq. (30):

! 2
Wy =y (ag - e) do =

sin2

o, [0 (1— % )de (33)
6 Jo 03sin20 ’

We replace cosy = Z—'p and the identity
0
sin?0 = 1 — cos?8 in Eq. (33); we find:

0 -
Wy = aerfo ﬁ\/(smzy —c0s20)df. (34)

Let cosf = siny siny and substituting in Eq.
(34), we get:
2 sin?ycos?y

W =ag [ ity (35)

sin20

. 1 . —1 [cos@O
where =sin"!|—| and ¥, = sin~! )
1 siny 2

siny

Assume that u = tan and substitute in Eq.
(35); we obtain:

fuz sin?y cos*y

W, =a,
6 0 Ju; 1-sin2ysin2y

. 2 Uy 1
Qg'SINTY ful 1-sin2ysin2y du, (36)
costy

where u; = tan [sin‘1 (

tan [sin‘1 (C?SG)].
sinf

1-sin?ysin?y 1
cos*y - (1+u2)(1+u2cos?y)
and sin?y = 1 — cos?y in Eq. (36); we get:

1)] and u, =

sin6@

We replace

Uy 1—cos?y
Wy =ay du =
0 0 Ju; (1+u?)(1+u?cos?y)

@ uz( 1 cos?y
0 Juy \(1+u?)  (1+uZcos?y)

)du . 37)

This last form involves only well-known
integrals and the final result is:

Wy = ag(tan™(u) — cosy tan™' (u cosy)).
(38)
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Substituting integration limits in Eq. (38), we Similarly, the second integral in Eq. (42) can
obtain: be solved as:

Wy = ay(p — cosy tan™*(tan 1 cosy)) =
ay (sin‘1 [—Smy] -

cosO’ ]
-1 . 1 [siny _
cosy tan (tan [sm [—COS e]]cosy))
ay(y — cosy tan™*(siny)). (39) ” 1 dr =
. . 2 [a?+2mh ° 2 K
Solving Eq. (31), we obtain: J 6 j (a%’i";:nh+a§ffz;h 1)
V2mk r 1
' 2
- k (a%+2mh I dr.
Wr' =+v2m fr <0l +-- w) dr. (40) ZJDCZ +2mh "0 2ma 2mk 1
0 r 2mr 0 r Vi +— 2
a6,+2mh (a6,+2mh)r T
2
Using the relation ({[) to solve Eq. (40), we (44)
get: Let u = = and substitute in Eq. (44) to get:
T
k Kk (a2r+2mh) T
Cat—t——ft L 2mk —rd
Wrr — (_Zm frT 2r 2r 2mr2 dr (41) Zm lzl rau (45)
0 Zther+2mh 0 2ma_ | 2mku 2
az,+2th(az,+2mh) u
' : We can replace —m™ amit 2 =
Rewrite Eq. (41) as: P Zrzmh " (ad+2mh) =
2
[ 1 m?k? mk .
I ) a;r+2mh [Zma + a;r+2mh] N (u N a;r+2mh> n
W, = \/zmif: Eq. (45); we obtain:
0
| V2mk u —-rdu
(46)
2Ja2r+2mh to i/ | m2k2 \
| 2ma+
}I a3,+2mh a3,+2mh |
1 2|
i ___ mk
\l\ a2,+2mh /
Rewrite:
mk 1 m2k2 ,
R e [oma + m] siné

and substituting in Eq. (46), we get:
VZmk 0

——= [’ —rdf (47)
2 a;r+2mh bo ’
___ mk \
i 1 o a? +2mh
where 6, = sin™!| | and
jz L [Zma+ m?k? ]
aey+2mhl ae,+2mh

mk
u_az +2mh
9

_1|

|
jz L [Zma+ m2k? ]
aey+2mhl ae,+2mh

r k
k (a2+2mn) Let —=1-ecosf, where a=—- and
o [la+——"——7= 43)

. 2(a3r+2mh)a
eccentricity e = |1 +———-——and let

6 = sin
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e = 0 because the path is circular and

substitute \/ aé + 2mh = \/_Z—TT, we can rewrite
Eq. (47):

o — gD ~1(1(1 7)) =
\/Efeoade—a ka cos <e(1 ))

a

—ka cos™?! (i (1 - %)) (48)

The third integral in Eq. (42) can be solved
as:

2 2 2
a2 42mh || 2mAr_y Zmkr g
6 a6,+2mh a6,+2mh

a +2mh dr

2 2ma 2mk 1
r 2 + 2
ayrtzmh (aé&zmh)r r

(49)

Letu = % and substitute in Eq. (49); we get:

a +2mh du

L. (50)

Ug

2ma | 2mku u2
a3,+2mh (aé&zmh)
2ma 2mku 2
We can replace + —u‘ =
p 2r+2mh (a;r+2mh)

2
m?k? mk .
2ma —lu-— in
a +2mh[ +a +2mh a;r+2mh

Eq. (50) to find:

2
as+2mh gy du
o (51)
m 0 | 1 | m2k?
I 2 n 2ma+ 2 h
I ag +2m ag+2mh| |
t 2|
| mk
I\ —(u— 2 +2mh> /
\ %’
Let:
mk 2 .
- = 2ma sinf
a;r+2mh \[a +2mh[ + +2 h

and substituting in Eq. (51), we can get:
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a3,+2mh
ag+2mh 1 -mk
2 Sin
m JZma(a2r+2mh)+m2k2
6
a? +2mh
2
as+2mh -mk
92 sin™! 10 (52)
m JZma(a;r+2mh)+m2k2

Substituting Eqgs. (43), (48) and (52) in Eq.
(42), we get:

, 2,+2mh
=mr\[<a+£——(% Tz))—
r 2mr
2, +2mh
mr(,](a#——(“@ ”2‘))+
7 2mry
v2m av—ka cos” < 1—— )—
\V2m avV—ka cos™ 1( >+

a +2mh
2 -1 r —mk
ag + 2mh sin —
JZma(a;r+2mh)+m2k2
a® +2mh
2 ) 1 6 p- -mk
ag + 2mhsin” 2
JZma(a;r+2mh)+m2k2
(53)
The complete characteristic function is:
2
, k az+2mh
W=\/ﬂr\/<a+—,——( o ))_
r 2mr
2
o k (a9r+2mh)
rO\[( + Ty 2mry2 +
-1 1 T"
v2m av—ka cos “{1—-=-))—-
e a
_ 1 T
V2m avV—ka cos™! (—(1 — —°)> +
e a
a? +2mh
2 s =1 : r —mk
ag + 2mh sin —
JZma(a;r+2mh)+m2k2
a? +2mh
2 -1 oMk
ag + 2mhsin” 2
JZma(a;r+2mh)+m2k2
L1 siny]
A\sinTt |—=| —
ae (S [cose

gl cosr)) -

ay (y — cosy tan‘l(smy)) +a, o . (54

cosy tan~1 (tan [sm 1 [

Substituting Eq. (54) in Eq. S(q,a,t) =
W(q, a) — at, we obtain:
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, 2 +2mh
S(q,a,t) =V2mr <a+§—w)—

2mr

2 +2mh
V2mr <a+§——(a9 - ))+
0

\V2m avV—ka cos™! <l (1 -L ) -
e a
\V2m avV—ka cos™! (l(l - r—°)> +
e a
a3r+2mh

2 so—1 r —mk
ag + 2mhsin -
JZma (az r+2mh) +m2k?2

6

2
a® +2mh
[¢]

6

2 s -1 ro Mk
ag + 2mhsin” g +
JZma (az r+2mh) +m2k?2

ay (sin‘1 [ﬂ] —

cosy tan~! (tan [sin‘1 [%” cosy)) —

ay(y — cosy tan~*(siny)) + a(pr(p' — at.
(55)

Differentiating Eq. (55) with respect to «;,
we obtain:

a
.8r+t:a__

2ma(a?+2mh)+m2k2 ?
]

2 p—
2m(a9r+2mh)<mk o

(Zma (az r+2mh)+m2 kz)z

/ T
|

.89’ =

’a§r+2mhx

2a

r—iar(JZma(azr+2mh)+m2k2)
2
—4maaer<w—mk>

r

6

i/“; (fomet +2mh)+mzk2)\i
| (57

/ (2ma(a2r+2mh)+m2k2)2
|
|
|

2a

r:’(JZma(a2r+2mh)+m2k2)
—4maaer<M—mk>

To

(Zma(a; r+2mh) +m2k2)2

[Z]
a? +2mh

JZma(aZ r+2mh)+m2k2

, -mk
[} sa—1 o

Jm s JZma(a;r+2mh)+m2k2

i e R
cosy tan™1 (tan [sm‘1 [%” cosy) +
cosy tan~1(siny) (56.B)

(56.C)

By =ay -

Conclusion

We have chosen the Hamilton — Jacobi
equation of a central potential example and
separated the variables using Staeckel boundary
conditions. This method applies to some
Hamiltonians in which certain conditions are
satisfied, such as: conservative Hamiltonian and
orthogonal coordinates.
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After doing the application of Staeckel
boundary conditions, we found Hamilton's
characteristic function and Hamilton's principal
function, then we separated completely the

variables of the Hamilton — Jacobi equation in a
central potential. Our results, as expected, are
found in agreement with those obtained using

other methods 26!,
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