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Abstract: The approximate solutions of Schrödinger equation for the newly proposed 
Varshni-Hellmann potential (VHP) are obtained within the framework of the Nikiforov-
Uvarov method by employing the Greene-Aldrich approximation scheme to deal with the 
centrifugal term. The numerical results of the ro-vibrational energies and normalized 
wavefunction in closed form are obtained in terms of Jacobi polynomials for various 
quantum states of the diatomic molecules of , TiH, CrLiH  anH d ScN,  respectively. 
Four special cases of the potential are also studied and their numerical energy eigenvalues 
evaluated are in agreement with those reported in the existing literature. Also, the behavior 
of the energy spectra for the ground state of the selected diatomic molecules is illustrated 
graphically. 
Keywords: Schrödinger equation; Varshni-Hellmann potential, Nikiforov-Uvarov method, 

Diatomic molecules. 
 

1. Introduction 
The exact and approximate solutions of 

quantum wave equations like Schrödinger, 
Lippmann-Schwinger, Klein-Gordon and Dirac 
equations, have been a striking research area 
under discussion in physics, chemistry and 
applied mathematics [1-4]. The Schrödinger 
equation is a second-order differential equation 
used in solving quantum mechanical problems 
[5]. The eigenvalues and wave functions contain 
considerable information about quantum 
systems, such as atomic structure, quantum 
electrodynamics and vibrations in molecules [6-
9]. The wave functions and their equivalent 
eigenvalues give considerable information on 
describing different quantum systems, such as 
the atomic structure theory, quantum-chemical 
theory, quantum electrodynamics theory and 
theory of molecular vibrations [6-9]. With the 
experimental proof of the Schrödinger wave 

equation, researchers have dedicated much 
attention to solving the radial Schrӧdinger 
equation with different analytical methods to 
obtain approximate bound-state solutions for 
some physical potential models, such as Yukawa 
potential [10], Wood-Saxon potential [11], 
Eckart potential [12], generalized Morse 
potential [13], Makorov potential [14], Hulthen 
potential [15], Hellmann potential [16], … etc., 
by using certain approximation schemes. The 
most widely used approximation was introduced 
by Pekeris [17] and another form was suggested 
by Greene and Aldrich [18]. 

Efforts have been made by many researchers 
to solve the Schrödinger and Klein-Gordon 
equations by the superposition of different 
potentials, which can be used for a wider range 
of applications [19, 20]. For example, William et 
al. studied Hulthen potential together with 
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Hellmann potential [21], Ahmadov et al. solved 
the Klein-Gordon equation by Manning-Rosen 
plus a class of Yukawa potentials [22], Manning-
Rosen potential plus a ring-shaped like potential 
[23], Aspoukeh and Hamad studied the Klein-
Gordon equation for vector and scalar Hellmann 
plus modified Kratzer potentials [24] and Hans 
Hellmann investigated the Schrödinger equation 
with a linear combination of Coulomb and 
Yukawa potential, which is called Hellmann 
potential [25]. The Hellmann potential has been 
applied to several branches in physics, such as 
atomic physics, plasma physics, solid-state 
physics, … etc. [26–30], as well as in the study 
of electron-core [31], electron-ion [32] and 
inner-shell ionization problems and alkali 
hydride molecules [33]. The bound-state energy 
eigenvalues have been obtained by other 
researchers in Refs. [34-41]. The Hellmann 
potential is of the form [25, 42-46]: 

 
r

V c dr e
r r



               (1) 

where r is the inter-nuclear distance, c , and d  
are the strengths of Coulomb and Yukawa 
potentials and   is the screening parameter. 
The Varshni potential is of the form [47]: 

  1 rbV r a e
r

  
  

           (2) 

where a and b are the strengths of the Varshni 
potential, respectively and  is the screening 
parameter which controls the shape of the 
potential energy curve. Varshni potential is a 
short-range repulsive potential energy function 
which has been investigated within the 
formalism of the Schrödinger equation and plays 
a fundamental role in chemical and molecular 
physics. Many authors have worked on this 
potential, such as in Refs. [48, 49].  

In this study, we attempt to study the radial 
Schrödinger equation with a newly proposed 
potential obtained by the superposition of 
Varshni and Hellmann potential (VHP). The 
potential is of the form:     

( ) .
r rabe c deV r a

r r r

  

              (3) 

The shape of this potential as a function of 
inter-nuclear distance of LiH, TiH, CrH and ScN 
diatomic molecules is presented in Fig. 1. 

 
FIG. 1. Variation of Varshni plus Hellmann potential as a function of r for the selected diatomic molecules.  
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2. Bound-state Solutions of the 
Schrödinger Equation with VHP 

The radial part of the Schrödinger equation is 
given by [50, 51]:  
ௗమோ()

ௗమ + ቂଶఓ
ℏమ ܧ) − ((ݎ)ܸ − (ାଵ)

మ ቃ ܴ(ݎ) = 0  

        (4) 

where    is the reduced mass, nlE  is the energy 
spectrum to be determined,   is the reduced 
Planck’s constant, r  is the inter-particle 
distance,  V r is the interacting potential, 

 
2

1
r
 

is the centrifugal term and  and n l are 

the radial and orbital angular momentum 
quantum numbers, respectively. In solving 
Eq.(4) analytically, we introduce the Greene-
Aldrich approximation scheme [18,52 ] to deal 
with the centrifugal barrier. This approximation 
scheme is a good approximation to the 
centrifugal barrier which is valid for ߚ << 1 and 
is given as: 

 
2

22

1

1 rr e 







.             (5) 

Substituting Eq. (3) and Eq. (5) into Eq. (4), 
we have: 
ௗమோ()

ௗమ + ଶఓ
ℏమ ൬ܧ − ܽ + ఉషഁೝ

൫ଵିషഁೝ൯ + ఉ
൫ଵିషഁೝ൯ −

ௗఉషഁೝ

൫ଵିషഁೝ൯൰ − ఉమ(ାଵ)

൫ଵିషഁೝ൯మ൨ ܴ(ݎ) = 0.         (6)  

By using coordinate transformation:  
rx e  .             (7)  

we obtain the differential equation of the form: 
ௗమோ(௫)

ௗ௫మ + ଵି௫
௫(ଵି௫)

ௗோ(௫)
ௗ௫

+ ଵ
௫మ(ଵି௫)మ ߝ)−] + ߫)ݔଶ +

ߝ2) + ߫ − ߫ଵ)ݔ − ߝ) − ߫ଵ + (ݔ)ܴ[(ߛ = 0  
             (8) 

where   

ߝ− = ଶఓா
ℏమఉమ − ଶఓ

ℏమఉమ , ߫ = ଶఓ
ℏమఉ

− ଶௗఓ
ℏమఉ

, ߫ଵ =
ଶఓ
ℏమఉ

, ߛ = ݈(݈ + 1) .           (9)  

Comparing Eqs. (8) and (A1),we have the 
following parameters: 

(ݔ)ߪ = ߝ)− + ߫)ݔଶ + ߝ2) + ߫ − ߫ଵ)ݔ −
ߝ) − ߫ଵ + ,(ߛ (ݔ)ߪ = 1)ݔ − ,(ݔ (ݔ)̃߬ = 1 −
  (10)           . {ݔ

Substituting Eq. (10) into Eq. (A9), we 
obtain:  

     2

2
xx A k x k B x C         (11)  

where 

ܣ = ଵ
ସ

+ ߝ + ߫, ܤ = ߝ2)− + ߫ − ߫ଵ), ܥ = ߝ −

߫ଵ +   ቅ .          (12)ߛ

To find the constant k , the discriminant of the 
expression under the square root of Eq. (11) 
must be equal to zero. As such, we have:  

0 1 1
12 2
4

k               .    (13)  

Substituting Eq. (13) into Eq. (11), we obtain: 

(ݔ)ߨ = − ௫
ଶ

± ቆ√ߝ − ߫ଵ + ߛ + ටߛ + ଵ
ସ
ቇ ݔ −

ߝ√ − ߫ଵ +   (14)         , ߛ

with  x  being obtained as:  

(ݔ)߬ = 1 − ݔ2 − ߝ√2 − ߫ଵ + ݔߛ − 2ටߛ + ଵ
ସ

ݔ +

ߝ√2 − ߫ଵ +   (15)         . ߛ

Taking the derivative of Eq. (15) with respect 
to x , we have: 

 '
1

12 2
4

x    
 

        
 

.     (16)  

Referring to Eq. (A10), we define the 
constant ߣ as:  

ߣ = − ଵ
ଶ

− ߝ√ − ߫ଵ + ߛ − ටߛ + ଵ
ସ

+ ߫ + ߫ଵ −

ߛ2 − ߝ√2 − ߫ଵ + ߛටߛ + ଵ
ସ
  .                     (17)  

Also, taking the derivative of (x)  with 
respect to x  from Eq. (10), we have:  

 '' 2x   .           (18)  

Substituting Eqs. (15) and (18) into Eq. 
(A11), we obtain: 
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2
1

12
4n n n n    

 
        

 
.  (19)  

Equating Eqs. (17) and (19) and substituting 
Eq.(9) yield the energy eigenvalues equation of 
the Varshni plus Hellmann potential in the form: 
ܧ =

ܽ + ఉమℏమ(ାଵ)
ଶఓ

− ܿߚ −

ఉమℏమ

଼ఓ
ቈ

(ାାଵ)మାమೌ್ഋ
ℏమഁ ାమഋ

ℏమഁିమഋ
ℏమഁା(ାଵ)

(ାାଵ) 
ଶ

.

        (20) 

 

To obtain the corresponding wave function, 
we consider Eq. (A4) and upon substituting Eqs. 
(10) and (14) and integrating, we get:  

   1
1 1
2 41x x x         .        (21)  

To get the hypergeometric function, we first 
determine the weight function of Eq. (A6); upon 
differentiating the left hand side we obtain:  

     
 

x x x
x

  
 
 

 .         (22) 

Substituting Eqs. (14) and (10) into Eq. (22) 
and integrating, we simplify obtain:  

   1
122 41x x x        .        (23) 

By substituting Eqs. (10) and (23) into Eq. 
(A5), we obtain the Rodrigues equation as: 

(ݔ)ݕ =
ܰିݔଶඥఌିచభାఊ(1 −

ଶටభି(ݔ
రାఊ ௗ

ௗ௫ ݔାଶඥఌିచభାఊ(1 − ାଶටభ(ݔ
రାఊ൩  

     (24) 

where nlN  is the normalization constant. 
Equation (24) is a equivalent to: 

 
1

12 ,2
4 1 2nP x

   
 

    
            (25) 

where  ,
np    is the Jacobi Polynomial. The 

wave function is given as: 

߰(ݔ) =
ܰݔඥఌିచభାఊ(1 −

(ݔ
భ
మାටభ

రାఊ
ܲ

ቆଶඥఌିచభାఊ,ଶටభ
రାఊቇ

(1 −  (26)     . (ݔ2

Using the normalization condition, we obtain 
the normalization constant as follows: 

2

0

( ) 1nl r dr


 .          (27) 

From our coordinate transformation of Eq. 
(7), we have: 

 
0

2

1

1 1nl x dx
x




  .          (28)  

By letting 1 2 ,y x   we have:  

ܰ
ଶ

ߚ න ൬
1 − ݕ

2 ൰
ଵ

ିଵ

ଶ√ఌାఊ

൬
1 + ݕ

2 ൰
ଵାଶටଵ

ସାఊ

 ܲ

ቆଶ√ఌାఊ,ଶටଵ
ସାఊቇ

ݕ

ଶ

 ݕ݀

        = 1  .                   (29) 

Let 

߭ = 1 + 2ටଵ
ସ

+ ,ߛ ߭ − 1 = 2ටଵ
ସ

+ ݑ   ,ߛ =

ߝ√2 +   ቋ.            (30)ߛ

By substituting Eq. (30) into Eq. (29), we 
have: 

 
12 22u, 1

1

1 1 1
2 2

u

nl
n

N y y P y dy









                .  

           (31) 

According to Onate and Ojonubah [53], the 
integral of the form in Eq. (31) can be expressed 
as: 

න ቀଵି
ଶ

ቁ
ଵ

ିଵ

௫

ቀଵା
ଶ

ቁ
௬

ቂ ܲ
(ଶ௫,ଶ௬ିଵ)ቃ

ଶ
݀ =

ଶ௰(௫ାାଵ)௰(௬ାାଵ)
!௫௰(௫ା௬ାାଵ)

 .         (32) 

Hence, by comparing Eq. (31) with the 
standard integral of Eq. (32), we obtain the 
normalization constant as: 

!  (u n 1)
2 ( 1) ( 1)nl

n uN
u n n
 


   


     

.       (33)   

3. Results and Discussion 
In this section, we present the numerical 

results of the energy eigenvalues in atomic mass 
units  2 1  of VHP as a function of the 
screening parameter for 1S, 2S, 2P, 3S, 3P, 3d, 
4S and 4P states with three different values of 
the potential range: 1, b 1, 1, 1;a c d     
 ܽ = −2, ܾ = 2, ܿ = 2, ݀ = −2 and ܽ = 1, ܾ =
−1, ܿ = 4, ݀ = −4, respectively, as presented 
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in Table 1. It is observed that as the potential 
range increases, the energy of the system 
decreases. It is also observed that as the orbital 
angular momentum quantum number increases, 
the energy of the system increases. We then 
apply the spectroscopic data obtained from Ref. 
[54], as presented in Table 2, to compute the ro-
vibrational energies of VHP for the diatomic 
molecules of LiH, TiH, CrH and ScN with the 
help of Eq. (20) and the numerical computation 

is presented in Table 3. Here, we have 
implemented the conversions: 
1 amu  =  931.494028 MeV ܿଶ⁄  and   ℏܿ =

1973.29 eVA
°

 [55]. It is observed that for each 
vibrational quantum number, the ro-vibrational 
energy increases with the increase in the 
rotational quantum number, for each selected 
diatomic molecule. 

TABLE 1. Energy eigenvalues  eV  of the VHP in atomic mass units (ℏ = ߤ2 = 1). 

State   ܽ = −1, ܾ = 1,
ܿ = 1, ݀ = −1  ܽ = −2, ܾ = 2,

ܿ = 2, ݀ = −2  ܽ = 1, ܾ = −1,
ܿ = 4, ݀ = −4  

1s 0.025    
 0.050    
 0.075    
 0.100    
 0.150    

2s 0.025    
 0.050    
 0.075    
 0.100    
 0.150    

2p 0.025    
 0.050    
 0.075    
 0.100    
 0.150    

3s 0.025    
 0.050    
 0.075    
 0.100    
 0.150    

3p 0.025    
 0.050    
 0.075    
 0.100    
 0.150    

3d 0.025    
 0.050    
 0.075    
 0.100    
 0.150    

4s 0.025    
 0.050    
 0.075    
 0.100    
 0.150    

4p 0.025    
 0.050    
 0.075    
 0.100    
 0.150    
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TABLE 2. Model parameters for some selected diatomic molecules in this study [57]. 

Molecule  amu  
10

A
 

 
 

 

LiH  0.880122100 1.12800 
TiH  0.987371000 1.32408 
CrH  0.988976000 1.52179 
ScN  10.68277100 1.50680 

 

TABLE 3. Energy spectra  in eV  of Varshni plus Hellmann potential for various n  and l quantum 
numbers of , TiH, CrLiH  anH d ScN diatomic molecules. 

n  l  LiH  TiH  CrH  ScN  0 0     
1 0     
1 1     
2 0     
2 1     
2 2     
3 0     
3 1     
3 2     
3 3     
4 0     
4 1     
4 2     
4 3     
4 4     
5 0     
5 1     
5 2     
5 3     
5 4     
5 5     

 

We have presented the plot of energy spectra 
of VHP as a function of vibrational quantum 
number in the ground state in Figs. 2-5. It is 
observed that there is a decrease in energy in the 
ground state as the vibrational and rotational 

quantum numbers increase. In Figs. 6 and 7, we 
plotted the energy spectra of VHP versus the 
potential strengths ,  a c . Here, the energy 
decreases as the potential strengths increase.  
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FIG. 2. Variation of the ground-state energy spectra of LiH  molecule for various l  as a function of n. We 

choose ܽ = 1, ܾ = −1, ܿ = 2 ܽ݊݀ ݀ = −1.
 

 
FIG. 3. Variation of the ground-state energy spectra of TiH  molecule for various l  as a function of n .We 

choose ܽ = 1, ܾ = −1, ܿ = 2 ܽ݊݀ ݀ = −1.
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FIG. 4. Variation of the ground-state energy spectra of CrH  molecule for various l  as a function of n .We 

choose ܽ = 1, ܾ = −1, ܿ = 2 ܽ݊݀ ݀ = −1.
 

 
FIG. 5. Variation of the ground-state energy spectra of ScN  molecule for various l  as a 

function of n .We choose ܽ = 1, ܾ = −1, ܿ = 2 ܽ݊݀ ݀ = −1. 
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FIG. 6. Variation of the ground-state energy spectra of LiH  molecule for various l  as a function of a .We 

choose ܽ = 1, ܾ = −1, ܿ = 2 ܽ݊݀ ݀ = −1.  

 
FIG. 7. Variation of the ground-state energy spectra of ScN  molecule for various l  as a function of c .We 

choose ܽ = 1, ܾ = −1, ܿ = 2 ܽ݊݀ ݀ = −1. 
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Special Cases 
In this sub-section, we present the energy 

eigenvalues for adjusted VHP as special cases in 
order to test for the accuracy of our results.  

1) By setting the Varshni potential strength to 
zero in Eq. (20); i.e., 0,a b  we obtain the 
energy eigenvalue equation for Hellmann 
potential as: 

ܧ =
ఉమℏమ(ାଵ)

ଶఓ
− ܿߚ −

ఉమℏమ

଼ఓ
ቈ

(ାାଵ)మା మഋ
ℏమഁ

(ௗି)ା(ାଵ)

(ାାଵ) 
ଶ

.       (34)  

Eq. (34) is in agreement with Eq. (38) of Ref. 
[21]. The numerical energy eigenvalues are 
presented in Table 4 for ܿ = 2 and ݀ = −1. The 
results are in good agreement with the earlier 
results of [21] with NU and AP, as well as the 
PT method of [56].  

TABLE 4. Energy eigenvalues  eV  in atomic mass units  2 1  of Hellmann potential as a 
function of the screening parameter   for ܽ = ܾ = 0, ܿ = 2 and ݀ = −1. 

State   Present method (NU) [52] (AP) [52] (PT) [53] 
1S 0.001  -2.250 500 - 2.248 981 - 2.249 000 

 0.005  -2.252 506 - 2.244 993 - 2.245 010 
 0.01  -2.255 025 - 2.240 030 - 2.240 050 

2S 0.001  - 0.563 001 - 0.561 502 - 0.561 502 
 0.005  - 0.565 025 - 0.557 549 - 0.557 550 
 0.01  - 0.567 600 - 0.552 697 - 0.552 697 

2P 0.001  - 0.563 000 - 0.561 502 - 0.561 502 
 0.005  - 0.565 000 - 0.557 541 - 0.557 541 
 0.01  - 0.567 500 - 0.552 664 -0.552 664 

3S 0.001  - 0.250 502 - 0.249 004 - 0.249 004 
 0.005  - 0.252 556 -0245 110 - 0.245 111 
 0.01  - 0.255 225 -0.240 435 - 0.240 435 

3p 0.001  -0.250 501 - 0.249 004 - 0.249 004 
 0.005  -0.252 531 -0.245 102 -0.245 103 
 0.01  -0.255 125 -0.240 404 -0:240 404 

3d 0.001  -0.250 833 -0.249 003 -0.249 003 
 0.005  -0.254 151 -0.245 086 -0.245 086 
 0.01  -0.258 269 -0.240 341 -0.240 341 

4S 0.001  -0.141 129 -0.139 633 -0.139 633 
 0.005  -0.143 225 -0.135 819 -0.135 819 
 0.01  -0.146 025 -0.131 380 -0.131 381 

4p 0.001  -0.141 128 -0.139 632 0.139 633 
 0.005  -0.143 200 -0.135 811 0.135 811 
 0.01  -0.145 925 -0.131 350 -0.131 351 

4d 0.001  -0.141 314 -0.139 632 -0.139 632 
 0.005  -0.144 089 -0.135 795 -0.135 796 
 0.01  -0.147 606 -0.131 290 -0.131 290 

4f 0.001  -0.141 686 -0.139 631 -0.139 631 
 0.005  -0.145 902 -0.135 772 -0.135 772 
 0.01  -0.151 106 -0.131 200 -0.131 200 

 
2) If we set the Hellmann potential strength to 

zero in Eq. (20); i.e., 0,c d   we obtain 
the energy eigenvalue equation for Varshni 
potential as: 

ܧ =

ܽ + ఉమℏమ(ାଵ)
ଶఓ

− ఉమℏమ

଼ఓ
ቈ

(ାାଵ)మାమೌ್ഋ
ℏమഁ ା(ାଵ)

(ାାଵ) 
ଶ

.

  
      (35) 
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The numerical energy eigenvalues are 
presented in Table 5 for three ranges of Varshni 
potential strength. It is observed that as the 
screening parameter increases, the energy of the 
system decreases. Similarly, by interchanging 
Varshni potential strength, the energy increases 
in the same proportion as the screening 
parameter increases. In order to test the accuracy 
of our results, we compared the result of Varshni 
potential with the result of Ebomwonyi et al. 
[49] who used the formula method. As can be 
seen from Table 5, our result is in agreement 
with previous results. 

3) If we set 0a b c    in Eq. (20), we 
obtain the energy eigenvalues for Yukawa 
potential as: 

ܧ = ఉమℏమ(ାଵ)
ଶఓ

− ఉమℏమ

଼ఓ
ቈ

(ାାଵ)మାమഋ
ℏమഁା(ାଵ)

(ାାଵ) 
ଶ

. 

               (36) 

It is observed that as the screening parameter 
increases, the energy eigenvalue increases. The 
results are in good agreement with the earlier 
results of [57] with AIM and [58] of the 
numerical method. 

TABLE 5. Energy eigenvalues  eV  in atomic mass units  2 1  of Varshni potential as a 
function of the screening parameter  .  

State   Present method 
1a b    

(FM) [48] 
1a b    

Present method 
1, 2a b     

Present method 
2, 1a b     

1S 0.001  -   
 0.050  -   
 0.100  -   

2S 0.001  -   
 0.050  -   
 0.100  -   

2P 0.001  -1.0617502   
 0.050  -1.0256250   
 0.100  -0.9900000   

3S 0.001  -   
 0.050  -   
 0.100  -   

3p 0.001  -   
 0.050  -   
 0.100  -   

3d 0.001  - 1.0269447   
 0.050  - 0.9867361   
 0.100  - 0.9469444   

4S 0.001  -   
 0.050  -   
 0.100  -   

4p 0.001  - 1.0150656   
 0.050  - 0.9951563   
 0.100  - 0.9900000   

4d 0.001  - 1.0149391   
 0.050  - 0.9851563   
 0.100  - 0.9625000   

4f 0.001  - 1.0147502   
 0.050  - 0.9725000   
 0.100  - 0.9306250   

 

4) If we set 0a b d      in Eq. (20), we 
obtain the energy eigenvalues for Coulomb 
potential as: 

2

2 22 ( 1)nl
cE

n l


 
 

 .         (37) 

The result of Eq. (37) is consistent with the 
result obtained by Eq. (36) in Ref. [47]. 
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TABLE 6. Energy eigenvalues  eV  in atomic mass units  1  of Yukawa potential as a 

function of the screening parameter   with 2d  .  

State   Present method AIM[54] 
 

Numerical[55] 
 SUSY[56] 

1S 0.002 - 0.9954605000 −0.99600 −0.99600 −0.99601 
 0.005 - 0.9835031250 −0.99003 −0.99004 −0.99000 
 0.010 −0.980100000 −0.98014 −0.98015 −0.98010 
 0.020 −0.960400000 −0.96059 −0.96059 −0.96060 
 0.025 −0.950620000 −0.95092 −0.95092 −0.95090 
 0.050 −0.90250000 −0.90363 −0.90363 −0.90360 

2S 0.002 −0.24601000 −0.24602 −0.24602 −0.24600 
 0.005 −0.24010000 −0.24014 −0.24015 −0.24010 
 0.010 −0.23040000 −0.23058 −0.23059 −0.20360 
 0.020 −0.21160000 −0.21229 −0.21230 −0.21230 
 0.025 −0.20250000 −0.20355 −0.20355 −0.23060 
 0.050 −0.16000000 −0.16354 −0.16351 −0.16350 

2P 0.002 −0.24601000 −0.24601 −0.24602 −0.24600 
 0.005 −0.24010000 −0.24012 −0.24012 −0.24010 
 0.010 −0.23040000 −0.23049 −0.23049 −0.23050 
 0.020 −0.21160000 −0.21192 −0.21192 −0.21190 
 0.025 −0.20250000 −0.20298 −0.20299 −0.20300 
 0.050 −0.16000000 −0.16148 −0.16144 −0.16150 

3p 0.002 −0.10714000 −0.10716 −0.10716 −0.10720 
 0.005 −0.10133000 −0.10141 −0.10142 −0.10140 
 0.010 −0.09201000 −0.09230 −0.09231 −0.09231 
 0.020 −0.07471000 −0.07570 −0.07570 −0.07570 
 0.025 −0.06673000 −0.06815 −0.06814 −0.06816 
 0.050 −0.03361000 −0.03711 −0.03739 −0.03712 

3d 0.002 −0.10714000 −0.10715 −0.10715 −0.10720 
 0.005 −0.10133000 −0.10136 −0.10140 −0.10140 
 0.010 −0.09201000 −0.09212 −0.09212 −0.09212 
 0.020 −0.07471000 −0.07503 −0.07502 −0.07503 
 0.025 −0.06673000 −0.06714 −0.06713 −0.06715 
 0.050 −0.03361000 −0.03383 −0.03388 −0.03383 

 

4. Conclusion 
In this study, the radial Schrödinger equation 

for the newly proposed Varshni-Hellmann 
potential (VHP) is obtained within the 
framework of the Nikiforov-Uvarov method by 
employing the Greene-Aldrich approximation 
scheme to the centrifugal term. The numerical 
results obtained of the ro-vibrational energies for 

, TiH, CLiH  arH nd ScN  diatomic molecules 
are observed to increase with an increase in the 
quantum state considered. It is noticed that the 
selected molecular diatomic molecules studied in 
this work have similar behaviors. By adjusting 
the potential strength, we deduced four special 
cases with their numerical energy eigenvalues. 
The results obtained are in agreement with those 
of the works of other researchers using different 
methods. Also, we have discussed the results of 

the ground-state energy spectra obtained 
graphically. 

Appendix: Review of Nikiforov-
Uvarov (NU) Method 

The NU method according to Nikiforov and 
Uvarov is used to transform Schrödinger-like 
equations into a second-order differential 
equation through a coordinate transformation

( )x x r of the form [57, 58]: 

   
     

   2 0
x x

x x x
x x

 
  

 
   

 
 (A1) 

where ߪ(ݔ) and (ݔ)ߪ are polynomials, at most 
second-degree, while ( )x  is a first-degree 
polynomial.  
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The exact solution of Eq. (A1) can be 
obtained by using the transformation:  

     x x y x  .         (A2) 

This transformation reduces Eq.(A1) into a 
hypergeometric-type equation of the form:  

          0x y x x y x y x       .   (A3)  

The function ( )x  can be defined as the 
logarithm derivative: 

 
 

 
 

x x
x x

 
 


 ,           (A4) 

with ( )x  being at most a first-degree 
polynomial. The second part of the wave 
function in Eq. (A2) is a hypergeometric-type 
function obtained by Rodrigues relation:   

       
n

nnl
n

N dy x x x
x dx

 


            (A5) 

where nlN  is the normalization constant and 

 x the weight function which satisfies the 
condition below;  

        x x x x              (A6) 

where also    

     2x x x    .          (A7) 

For bound solutions, it is required that:  

 
0

d x
dx


  .            (A8) 

The eigenfunctions and eigenvalues can be 
obtained using the definition of the following 
function  x  and parameter λ, respectively: 

(ݔ)ߨ =
ఙᇲ(௫)ିఛ(௫)

ଶ
± ටቀఙᇲ(௫)ିఛ(௫)

ଶ
ቁ

ଶ
− (ݔ)ߪ +  (ݔ)ߪ݇

              (A9) 

and 

 k x    .       (A10) 

The value of k  can be obtained by setting the 
discriminant in the square root in Eq. (A9) equal 
to zero. As such, the new eigenvalue equation 
can be given as  

ߣ + ݊߬ᇱ(ݔ) + (ିଵ)
ଶ

(ݔ)ᇱᇱߪ = 0, (݊ =
0,1,2, . . . ). (A11)
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