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Abstract: The charge density distributions were calculated using the folding model, which
was applied to study the roles of center-of-mass motion and Pauli pair association affecting
the density dependence of effective two-body interactions. A formula for the two-body
density applicable to light nuclei was derived in terms of the pair correlation function. For
8Si and *’S, the elastic electron-scattering form factors F(q) and the root-mean-square
charge radii (r*)""? were determined. The inelastic longitudinal electron scattering form
factors associated with the isosceles transitioning T = 0 of the (0t - 2%),(0" -
21),0%t > 4}) for the *Si and *’S nuclei were determined. A wave function within the

y, Was found to be

model space defined by the orbits 14 lds‘,-: , 25 8155, and 14

52
insufficient to produce an acceptable form factor. The core-polarization impacts were
assessed by incorporating the Tassie-model shape and the two-body charge density
distributions into the model space, which resulted in a high degree of matching with the
experimental data.
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1. Introduction

Electron scattering is the consequence of an
electromagnetic interaction. There is a multitude
of theories that consider an electron as an
effective instrument for the study of the structure
of nuclear particles [1, 2]. The electron's
fundamental attachment to the object that can be
used as a targeted nucleus is well-established. It
is feasible to conduct measures on the targeted
nucleus without substantially altering its
structure as a result of the relatively faint
interaction. However, the target's shape and its
relationship to nuclear particles are not known.
This makes it very difficult to make distinctions
between them during the examination of the
results of experiments. The effect of the
electron-scattering operator instantly links its
cross-section to the change in the matrix
components of the localized charge and current-
density operator, which, in turn, is directly
related to the target nucleus's structure [3].

Radhi et al. [4] studied the nuclear structure

of F nucleus using inelastic electron-scattering
form factors, energy levels, and transition
probabilities for positive and negative low-lying
states. Mahmood and Flaiyh [5, 6] employed an
effective two-body density operator for a point-
nucleon system folded with the tensor-force
correlations. The operator was used to derive an
explicit form for the ground-state two-body
charge density distribution (TBCDD) applicable
to some light nuclei.

Sarriguren et al. [7] studied magnetic form
factors corresponding to elastic electron
scattering from odd-4 nuclei using the plane-
wave Born approximation.

Al-Rahmani et al. [8] studied short-range
effects on the longitudinal Coulomb form factors
C2, C3, and C4 in the **Mg nucleus. Flaiyh and
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Sharrad [9] studied the effective two-body
density operator for a point-nucleon system
folded with the full two-body correlations
(which include the tensor correlations and short-
range correlations).

The folding model has proven highly
effective for the phenomenology examination of
nucleon-nucleus. In this approach, the scattering
results are obtained using the ground-state
density of the target nucleus and an effective
two-body interaction [10]. In the model's initial
applications, the objective density was thought to
be unrelated to the effective interaction.

In this work, charge density distributions as
well as elastic and inelastic form factors were
investigated for the **Si and *’S target nuclei. It
has been previously acknowledged that electron-
scattering data are inadequately described when
form factors are calculated exclusively using the
extensive particle-shell model space.

Thus, it has become imperative to include the
consequences for the two-body effective folding
model (core polarization) in the equations. This
phenomenon can be attributed to the polarization
of core protons by ligand protons and neutrons.
The gamma-transition and the excited state of
nuclei through electron-scattering have been
described using the Tassie model. It is the
multipole analysis of inelastic scattering. This
model is limited to the standard liquid drop
model when a uniform charge distribution is
assumed. The Tassie model is an attempt to
develop a model that is more elastic and can be
modified to accommodate a non-uniform charge
and mass density distribution. The density of the
core-polarization transformation is contingent
upon the nucleus's ground state charge density,
as per this model. The ground charge density is
expressed according to the two-body charge
density distributions across all occupied shells,
which includes the core. The Tassie model [11]
provides the shape of the transition density for
the excitation in question. This model, when
coupled with the two-body charge density
distribution and simple shell model predictions,
results in a high degree of accord in both the
evaluated and observed data for the longitudinal
structure factors of elastic and inelastic materials
during transitions J; T; —J; Ty 0+ 0 — 27 0 and
4} 0 for **Si and **S nuclei.
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2. Theoretical

The charge density of a nucleus composed of
A particles that are shaped like points is
expressed by the following operator equation
[12]:

R, (1)

1
) _ .
PY ) =0, 27+ D)

ntj

where the state's livelihood percentage is

represented by the parameter 7,,, R, (r) is the

harmonic oscillator radial wave function, and
(2j+1) is the occupation number of sub—orbits.

The pair-correlation function can be used to
determine an equation for the density of two-
body operators that are suitable for finite nuclei,
based on the following relation:

P =p (1) p (1) + C3. 1) 0]
C(#,7) is the center of massC, (7,7) and Pauli

pair-correlation functions C,(7,7), respectively
[13]. That is:

C(’_ﬂ;’a)gccm(’_ﬂ;”é)+cp(’_ﬂ;”é) (3)

where, according to Ref. [13]:

C., ()= [1%][i%] @)

24’ \ r; dry \ r, dr
K% .
NI PR T Lot i eV
CP.‘F._'F:J = 2|t Al Ip
k2
N 1 C 47’1—7’2
C, (R = ——| 1o
A-1|  A4-1 (5)
PPV

where ¢, =3(n/5)"*, a is the oscillator constant
(a2 =0.99A_l/3), and k, is the local Fermi
momentum.

By substituting Egs. (4) and (5) into Eq. (3),
and then using Eq. (3) in Eq. (2), we get:
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,0(2)(?],?2) Zp(])(ﬂ)p(])(;z) +
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The ground-state for a two-body charge
density distribution, p$’(r), is given by the
expected result for the functional two-body
charge density distribution generator given in
Eq. (6), which can be rewritten as
p5 )= (i P, i)~ /i) (7)

i<j
where |ij) is the two-particle wave function.

The root-mean-square charge radius for
nuclei is based on the following relation:

(PYe =22 ] S LXGI ®)

The ground-state charge density distribution
can be utilized to compute the elastic electron-
scattering form factors for spin-zero nuclei such
as **Si and **S. All coming and scattered waves
of electrons are approximated as plane waves
according to the plane wave Born approximation
(PWBA), where the ground-state charge density
distribution is real and spherically symmetric.
Consequently, the form factor is simply the
Fourier transform of the ground-state charge
density distribution [14, 15]:

dr < . 2
Fg)=—-] po(r) jolqr)r"dr ©
0
where p,, . Po (r) is the ground-state two-body
charge density distribution defined in Eq. (7),
and Jo(gr) =sin(gr)/(qr)
jo(qr) = sin(qr) /(qr) is the zeroth order

of the spherical Bessel function. Here, ¢
represents the momentum transferred from the

incident electron to the target nucleus. It is
possible to express Eq. (9) as:
A ¢ :
F@=_7 [ P ()sin(gr)rdr (10)
0

The form of the factors of inelastic
longitudinal electron scattering, which involves
angular momentum J and momentum transfer, is
expressed as [1 1]:

@l =yl el .
E,@f [F.@"
where 7/(q) TF(q) is the longitudinal

electron-scattering generator. Consequently, the
form factors in Eq. (11) can be expressed in
terms of matrix elements that are decreased in
both angular momentum and isospin, as the
nuclear states have clearly established isospin

T, [16]. Alternatively:
AT
Bl = Z(U 5 2 [T 0 T]( 7))
F o (O |F s (] (12)
'chvx I F}'s(q)|_
where T T is constrained by the subsequent

selection rule:

‘Tf—Ti‘STS T, +T, (13)

with T, = (Z — N)/2. The bracket ( J in

Eq. (12) is the 3—j symbol. The decreased matrix
elements in spin and isospin space of the
longitudinal operator between the final and
initial plurality of particle states of the structure,
such as the arrangement of mixing, are expressed
as a function of the one-body density matrix
(OBDM) clements produced by the single-
particle matrix elements of the longitudinal
operator [17] as:

(7]

)= 0BDM " (i, f.J,a,b) (14)

<bT a>

Additionally, the longitudinal operator's
numerous particle-reduced matrix components
include two components: one for the model
space and the other for the core polarization
matrix element [18]. Thus:
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1

i> +
(15)

which is the model-space matrix element in Eq.
(15), which can be written as

v

The model-space transition density is
p7*(, f,r). This sum is calculated as the
product of the OBDM and the single-particle
matrix components, and it is denoted by [3]:

T; (z,,9)

cor

i

TJL(TZ’q)

ms

T}(TZ,Q)

z>—e Jdee), ) p,, G f.r) 16)

ms

p,. (.f.x)= > OBDMG,f.,J,j,j.t.)
‘ ii'ms) (17)

Y, 7) R (0) Ry (1)

The core-polarization matrix element in Eq.
(15) takes the following form [14, 15]:

fic

Here, p5”"® is the core-polarization transition
density, which is contingent upon the model
used for core polarization. To account for the
effects of core polarization within the model
space, the collective modes of the nuclei are
represented by the core-polarization transition
density, which complements the model-space
transition density. The total transition density is
calculated using:

CO}"

T (t2,9)

l>—ejdrr ]J(qr);;(zfr) (18)

core

P, @ fi=p, G.fD)+p,, [0 (19)

The core-polarization transition density is
determined by the Tassie form, as per the
collective modes of nuclei [19]:

p;tore(lfr) N (1+ )rJ] po( L f,1) (20)

which represents the base state two-body charge
density distribution, as expressed in Eq. (6), and
includes a proportionality constant N. The
Coulomb form factor for this model is as follows
[18]:
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col

1
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@) = (25 )70 et fa) dr +

) J-1 dpo(lfr)}

fo drr? j](qr o

ch (Q) Ffs (q)

(21)
The radial integral
Ojodr () dp,(i,f,1) can be expressed
0 ’ dr
as:
[ <47 () p, G f e
o dr
~[dr (T +1)r’ j,(gr)p, G /1) (22)
0

R ad . .
~[dr "= j,(qr)p, G 1),
0 dr

In Eq. (22), the initial term contributes zero,
while the second and third terms can be joined to
give:

+ J+1:|]J (gqr)(23)
qgr

qJ drr’"p, (i, f, r){ i

Based on the recursion link of the spherical
Bessel function [19]:

{dml
d(gr) gr

Hence,

}J s(qr)=j,(qr) (24)

T +1 - d ia ar
Idr I'J IJJ (qr) po( f ) —
0 dr

(25)

0

—q[drr’" j,\(ar)p, G f )

0

Using Egs. (21)-(25), the form factor may
have the form:

4 1/2 1 J.rsz(qr)sz: dr —
FL _ T 1o
@ (2J,.+1] AN _
Ng[drr’" p, G, f,7) j,-1(qr)
0

F,(q)Fy(q)
(26)
The constant of proportionality N may be

identified by evaluating the form of the factor for
q=k, resulting in the following expression:
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[ 2, +1
e, oy . fo0)~ FE ()2 o

o 27)
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The transition amplitude for

interaction at g=k, B(CJ) as:

photon

(@7 +D1] z

B(CJ) = T
T

2 2 2
¢ ‘Ff(k)‘ (28)

The transitional amplitude B(CJ) is correlated
with its form factor.

0 o J,+)BC)) ,,
N_ld” JJ(kr)pJn(”f’r)_m ¢

kj‘di’l’JHpo (iafar)jJ—l (ki’)
0

(29)

This is the coefficient of proportionality for
open (closed) shell nuclei, which can be
established by incorporating the measured
reduced transitional amplitude B(CJ) using Eq.
(29).

TABLE 1. Spreadsheet (1) of parameters used in the calculation.
32

3. Results and Discussion

Figures 1 and 2 illustrate the ground state
charge density distributions (in fm™) in relation
to r (in fm) for **Si and **S nuclei, respectively.
Spreadsheet (1) contains all the parameters
necessary for the calculations, including the
dimension parameter of the harmonic oscillator

(b). The occupancy probabilities (77 ;) of the

states are shown in Figs. (1) and (2), which
illustrate the charge density distribution. The
blue dash is the one-body charge density
distribution without correction which depends on
Eq. (1), the solid blue line is the two-body
charge density distribution, while the black (¢)
“dotted symbols” are the measured data [20, 21],
in units of (fm™).

Spreadsheet (1) summarizes the variables and
parameters employed in the present calculations.

S R Nuclei
1.91 1.644 b
0.315 0.329 o (fin’)

1 1 77151

2

1 1 Nips

2

1 1 Mipy

2

1 0.8333 Mas

2

0.5 0.5 M2sy

2

0.25 0 M1as

2

1/2

3.282 3.14 2

<I' >thco.
3.239 3.085 <r2> [20]

exp.
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FIG. 2. Charge density distribution for the **S nucleus.

As shown in Figs. 1 and 2, the theoretical
results exhibit very good agreement with
experimental data compared to the two-body
charge density distribution in the region 0.5<r
<2.5 due to the reduction of the hard-core effects
in two-body correlations (center of mass and
Pauli pair correlations). The comparison between
the one-body and two-body charge density
distributions demonstrates that the two-body
formulation (solid line) provides a significantly
better fit to the experimental data within this
region.

The calculated elastic electron scattering form
factors F(q) are plotted in Figs. 3 and 4, the
calculated F(q)'s are limited to those of

1

® e Expermintal
- = = with out correction

——— with correction

0 0.4 0.8 12 16 2 2.4 2.8

q(fm?)
FIG. 4. The elastic form factors for the **S nucleus.
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’
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FIG. 1. Charge density distribution for the **Si nucleus.

experimental data for the **Si and **S nuclei,
where the blue dash is the elastic form factors
without correction using Egs. (1) and (10). The
solid blue line is the two-body elastic form
factors with the correction using Egs. (7) and
(10). The black () “dotted symbols” are the
experimental data in these figures. The
calculated F(q)'s are plotted as a function of q, as
shown in Figs. 3 and 4. When the two-body
charge density distribution is included, a second
diffraction minimum appears at q = 2.4,
consistent with the experimental observations.
This indicates that incorporating two-body
correlations yields results that closely match the
measured elastic form factors.
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0.01

0.001

0.0001

1E-05

[F(a)]?

1E-06

1E-07

1E-08
1E-09

1E-10
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FIG. 3. The elastic form factors for the 2Si nucleus.
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A formula for the transition charge density
given in Eq. (19) was employed to determine the
inelastic longitudinal electron-scattering form
factors F(q). The OXBASH code was used to
calculate  OBDM elements required for
evaluating the form factors of open-shell nuclei.
The model-space transition density was
determined using Eq. (17) [22], with the
interaction matrix elements taken from the
USDB (Universal sd-shell B) interaction for 2s-
1d shell nuclei [23]. The theoretical
determination of the proportionality constant N
does not involve any adjustable parameters. In
this section, the computed longitudinal Coulomb
C2 form factors are presented as functions of the
momentum transfer q for the transitions with an
observed Ex = 1.78MeV [24] and experimental
value of B(C2) = 415 &’.fm* for **Si, and
observed Ex = 2.237 MeV [25] with an
g:zxperimental value of B(C2) = 235 ¢’.fm" for

S.

0.01

/ 1.‘ "0\.‘ ® & ecpermintal
) . LN MS
0.001 S "N ". ——— MS+CP
K4 4 — - cp
7 \
[ N
00001 | / N S,
/7 .
~ / \ Ilr’ Je
— |4 [ 7 Y
T 1E0s | f I }\
el | | LN
= [t " ‘\
i il t

1E-06 |* I.

0 0.4 0.8 1.2 1.6 2 24 2.8
q(fm)
FIG. 6. The inelastic longitudinal C2 form factors for
the S nucleus.

Figure 7 illustrates the inelastic longitudinal
Coulomb C4 form factors of the **Si nucleus.
The calculated longitudinal Coulomb C4 form
factors are depicted in relation to the momentum
transfer q for the transitions with an observed
excitation energy of 4.617 MeV. The
experimental B(C4) of the above nuclei is 27
500 e*fm®* [24]. In this figure, the blue dashed
shapes symbolize the influence of the model
space in **Si, adjusted for configuration mixing.
The blue dash-dotted shape symbolizes the core
polarization investment, which is adjusted for the
effect of two bodies. The solid blue shape
symbolizes the overall investment, obtained by

Figures 5 and 6 illustrate the calculated and
experimental results. The blue dashed curves
represent the model-space contributions, which
include configuration mixing. The blue dash-
dotted curves correspond to the core-polarization
contributions, which account for two-body
effects. The solid blue curves show the total
calculated form factors obtained by combining
the  model-space  and  core-polarization
components. The experimental data are shown as
black dotted symbols (¢). The results
demonstrate that the experimental data cannot be
reproduced using the model-space contributions
alone, as these underestimate the measured
values across the full momentum transfer range.
However, when both the model-space effects and
the core-polarization contributions are included,
the calculated longitudinal C2 form factors show
excellent agreement with the experimental data
for all momentum transfer values q.

e & expermintal
— - cp
o MS+CP

1E-06

1E-07

1E-08 "

1E-09

1E-10
0 0.4 0.8 12 16 2 2.4 2.8

q(fm-1)
FIG. 5. The inelastic longitudinal C2 form factors for
the *Si nucleus.
combining the model-space and
polarization contributions for **Si.

core-

Figure 8 illustrates the inelastic longitudinal
Coulomb C2 and C4 form factors of the *’S
nucleus. The calculated longitudinal C2 and C4
form factors are depicted in relation to the
momentum transfer q for the transitions. For the
0" — 23 and 0*— 4F for *°S with observed

excitation energies of 4.282 MeV and 4.46 MeV,
respectively. The experimental values of B(C2)
and B(C4) of the above nuclei are 68.8, 50700
(e’fm*) [25]. In this figure, the blue dash shapes
symbolize the influence of the C2, the blue dash-
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dotted shapes symbolize C4, which includes both
contributions of the model space and core
polarization effect, adjusted for the effect of two
bodies. The blue solid shapes symbolize the
overall investigated data, calculated by
combining the C2 and C4 for *°S. The black (*)
“dotted symbols” are the experimental data.
These figures demonstrate that the model-space

0.1

0.01 -

0.001

0.0001

IF(a)]2

1E-05

1E-06

1E-07

0 0.4 0.8

12

alfm-1)
FIG. 8. Illustration of the inelastic longitudinal (C2+C4)
form factors For **S nucleus.

2.4

2.8

4. Conclusions

Based on the obtained results, we draw the
following conclusions:

1. Considering the effects of the center of mass,
Pauli pair correlation functions, and higher
occupation probabilities is generally crucial
to achieving strong agreement between the
calculated charge density distributions and
the experimental data for the **Si and *°S
nuclei.

2. The fixed characteristics and energy levels can
be accurately described by the sd-shell

contribution alone cannot accurately reproduce
the experimental data across the full range of
momentum transfer q. However, when the
effects of core polarization are incorporated, the
calculated longitudinal Coulomb C4 form factors
show good agreement with the experimental data
throughout the entire momentum transfer range,
as indicated by the solid curves.

0.01

e Expermintal
---MS
- - cp
——— MS+CP

0.001

0.0001

1E-05

1E-06

[F(a)|2

1E-07
1E-08
1E-09

1E-10

0 0.4 0.8 12 16 2 2.4 2.8

q{fm-1)
FIG. 7. Illustration of the inelastic longitudinal C4
form factors For **Si nucleus.

models. However, these models are less
effective  in  characterizing  dynamical
characteristics, including the rates of C2 and
C4 transitions and the form factors of electron
scattering.

3. The core-polarization impact improves the
form factors and brings the mathematical
predictions of the longitudinal form factors
closer to the experimental data in the C2 and
C4 transitions, which is the subject of this
study.
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