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Abstract: The Ricci tensor has many applications in general relativity, topology, and 
theoretical physics [1]. Most planetary bodies have elliptical rather than spherical shapes. 
The Ricci tensor describes the change in the volume of the geodesic flows due to curvature 
and is related to gravitational tidal effects in general relativity. In this work, the Riemann 
and Ricci tensors are calculated in elliptical coordinates. 
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1. Introduction 
"Mass tells spacetime how to curve, and 

spacetime tells mass how to move." This 
statement, attributed to John Archibald Wheeler, 
provides a concise summary of Einstein’s theory 
of gravitation [2, 3]. Einstein's field equations 
(EFEs) can be expressed as a set of nonlinear 
partial differential equations that describe gravity 
as a geometric property of spacetime [4-6]. 
Many important solutions of the EFEs are 
derived using spherical coordinates and spherical 
symmetry. Einstein’s field equations [7] are 
given by: 

ఓܴఔ − ଵ
ଶ

݃ఓഌ  ܴ + ఓഌ݃ ߉ = ଼గீ
஼ర  ఓܶఔ   (1) 

where ఓܴఔ, R, ߉, ݃ఓഌ , G, c, and ఓܶఔ  denote the 
Ricci tensor, Ricci scalar, cosmological constant, 
metric tensor, Newtonian gravitational constant, 
speed of light in vacuum, and stress–energy 
tensor, respectively. Most previous works 
derived solutions of the EFEs by assuming 
symmetry in the coordinate systems used in their 
models [8-9]. However, most planetary bodies 
possess ellipsoidal rather than perfectly spherical 
shapes. Therefore, deriving the Riemann and 
Ricci tensors for ellipsoidal planetary bodies 
provides a more realistic description than 
idealized spherical models [9]. In this work, the 

Ricci tensor and Ricci scalar are derived using 
an elliptical coordinate system.  
2. Theoretical Framework 

We aim to obtain solutions of the Einstein 
field equations for static, non-rotating, 
ellipsoidal bodies. The static approximation is 
suitable for massive astronomical bodies. The 
ellipsoidal coordinate system (r, ߠ, ߮) is defined 
in terms of Cartesian coordinates [10], as shown 
in Fig. 1: 
ݔ =   ߮ݏ݋ܿ ߠݏ݋ܿ ܽ
ݕ =   ߮݊݅ݏ ߠݏ݋ܿ ܾ
ݖ = ℎ (2)  ߠ݊݅ݏ 
where (a, b, h) > 0 are the semi-axis lengths. 
They are real numbers from the center of the 
ellipsoid, ߠ ∈ ቂ− గ

ଶ
, గ

ଶ
ቃ , ߮ ∈ [−,  .[ߨ

Riemannian geometry is essential for 
determining the curvature of spacetime around 
ellipsoidal objects. The expression for ݀ݏଶ is 
derived from the coordinate transformation given 
in Eq. (1), together with the static Minkowski 
space-time metric, where c is the speed of light 
[11-12]: 

ଶݏ݀ = −ܿଶ݀ݐଶ + ଶݔ݀ + ଶݕ݀ +  ଶ  (3)ݖ݀
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FIG. 1. Ellipsoidal coordinate system (r, ߠ, ߮) expressed in terms of Cartesian coordinates. 

Also, the line element for a vacuum space and 
time will be: 

ଶݏ݀ = ଶݐ݀ ଶܥ− + ݀ଶ߮ cosଶ ߠ (ܽଶ sinଶ ߮ +
ܾଶ cosଶ ߮) + ݀ଶߠ(sinଶ ߠ (ܽଶ cosଶ ߮ +
ܾଶ sinଶ ߮) + ℎଶ cosଶ (ߠ +
sin)߮݀ ߠ݀ ߠ2 sin 2߮ ௔మି௕మ

ଶ
)  (4) 

The components of the metric tensor ݃ఓఔ(θ, 
φ) in these coordinates are: 

⎣
⎢
⎢
⎢
⎢
⎡
ቌsinଶ ߠ ൬ ܽଶ cosଶ ߮

+ܾଶ sinଶ ߮
൰

+ℎଶ cosଶ ߠ
ቍ (sin ߠ2 sin 2߮

ܽଶ − ܾଶ

2 )

(sin ߠ2 sin 2߮
ܽଶ − ܾଶ

2 ) cosଶ ߠ ൬ ܽଶ sinଶ ߮
+ܾଶ cosଶ ߮

൰
⎦
⎥
⎥
⎥
⎥
⎤

 

(5)  
Taking a = b = h, the shape is a sphere. 

Subsequently, Eq. 4 becomes: 

ଶݏ݀ = ଶݐ݀ ଶܥ− + ܽଶ(݀ଶ߮ cosଶ ߠ + ݀ଶ(6) (ߠ 

This is the metric tensor for a sphere with 
radius R = a, which is consistent with the 
literature. Notice that we take ߠ ∈ ቂ− గ

ଶ
, గ

ଶ
ቃ. 

The metric tensor and inverse metric ݃ఓఔ(θ, 
φ) and ݃ఓఔ(θ, φ), respectively, are:  

൤ܽଶ 0
0 ܽଶ cosଶ ߠ

൨ and ቎
ଵ

௔మ 0

0 ଵ
௔మ ୡ୭ୱమ ఏ

቏ (7) 

The metric components obtained in (5) and 
(7) are consistent with Pérez et al. However, it is 
important to note that while Pérez et al. define z 
= d cos  as 0 <  >  [13], we utilize z = h sin 
with ି

ଶ
 <  > 

ଶ
  in our approach. The line 

element at (3) is valid for only empty space. 
Also, Eq. (7) is consistent with [14] with regard 
to the difference in the range of ߠ. 

The Christoffel symbols [12] must be 
obtained to find Riemann curvature tensor [15].  

There are two methods to obtain Christoffel 
symbols. The first involves using the metric 
tensor ݃ఓఔ(θ, φ) [16], where the general formula 
for Christoffel symbols is:  

Γఓఔ
ఉ = ଵ

ଶ
݃ఉఈ(݃ఓఈ,ఔ + ݃௩ఈ,ఓ − ݃ఓ௩,ఈ)  (8) 

Γఓఔ
ఉ = ଵ

ଶ
݃ఉఈ( డ

డ௩
݃ఓఈ + డ

డఓ
݃௩ఈ − డ

డఈ
݃ఓ௩ఈ)  (9) 

Herein Γఓఔ
ఉ  is the Christoffel symbol of the 

second kind, (ߠ= (ߥ)ߤ, ߮, (ߚ)ߙ = ,ߠ ߮), 
݃ఉఈ is the inverse metric tensor for ݃ఓఔ(θ, φ).  

The second method [16] is by using the 
transformation rule: 

Γఓఔ
ఉ = డ௫ഁ

డకഀ
డమకഀ

డ௫ഋడ௫ഌ  (10) 

where Christoffel symbols describe the 
changes in the basis vectors through a given 
coordinate system. Here, ݔఉ  is the original (ఈߦ) 
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(the transformed) coordinates system. In this 
work, we derived Γఓఔ

ఉ  by using this second 
method.  
The parametric equations are: 

൝
x =  a sinߠ cos ϕ 
ݕ = ߮݊݅ݏ ߠݏ݋ܾܿ

ݖ = ℎ ߠ݊݅ݏ
 

⎩
⎨

⎧ܴ = ඥݔଶ + ଶݕ + ଶݖ

θ =  arcsin ௭
ோ

߮ = ݊ܽݐܿݎܽ ௬
௫

  (11) 

For ߚ =  ; ߠ

Γఓఔ
 = ൥

Γఏఏ
 Γఏఝ



Γఝఏ
 Γఝఝ


൩  (12) 

Γఝఏ
ఏ = Γఏఝ

ఏ = డమ௫
డఏడఝ

డఏ
డ௫

+ డమ௬
డఏడఝ

డఏ
డ௬

+ డమ௭
డఏడఝ

డఏ
డ௭

 (13) 

= ܽ sin ߠ sin ߮ ൬− ௭௫
ඥ௫మା௬మோమ൰ −

ܾ sin ߠ cos ߮ ൬− ௭௬
ඥ௫మା௬మோమ൰ (14) 

Substituting the values of x and z:  
=

ି௔మ௛ ୱ୧୬మ ఏ ୱ୧୬ ఝ ୡ୭ୱ ఏ ୡ୭ୱ ఝ
ඥ௫మା௬మ ோమ +

௕మ௛ ୱ୧୬మ ఏ ୱ୧୬ ఝ ୡ୭ୱ ఏ ୡ୭ୱ ఝ
ඥ௫మା௬మ ோమ  (15) 

= ௛ ୱ୧୬మ ఏ ୱ୧୬ ఝ ୡ୭ୱ ఝ ୡ୭ୱ ఏ൫௕మି௔మ൯

ට൫ୡ୭ୱమ ఏ(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)൯ோమ
 (16) 

= ௛ ୱ୧୬మ ఏ ୱ୧୬ ఝ ୡ୭ୱ ఝ൫௕మି௔మ൯

ඥ௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ ோమ  (17) 

Γఝఏ
ఏ = ௛ ୱ୧୬మ ఏ ୱ୧୬ ଶఝ൫௕మି௔మ൯

ோమଶඥ௔మ ୡ୭ୱమ ఝା௕మ ୡ୭ୱమ ఝ
 (18) 

Then, we calculate Γఝఝ
ఏ  

Γఝఝ
ఏ = డమ௫

డఝమ
డఏ
డ௫

+ డమ௬
డఝమ

డఏ
డ௬

+ డమ௭
డఝమ

డఏ
డ௭

 (19) 

= −ܽ cos ߠ cos ߮ ൬− ௭௫
ඥ(௫మା௬మ)ோమ 

൰ −

ܾ cos ߠ sin ߮ ൬− ௭௫
ඥ(௫మା௬మ)ோమ 

൰ (20) 

= ௔మ௛ ୡ୭ୱమ ఏ ୡ୭ୱమ ఝ ୱ୧୬ ఏ
ඥ(௫మା௬మ)ோమ + ௕మ௛ ୡ୭ୱమ ఏ ୱ୧୬మ ఝ ୱ୧୬ ఏ

ඥ(௫మା௬మ)ோమ  (21) 

= ௛ ୡ୭ୱమ ఏ ୱ୧୬ ఏൣ௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ൧

ୡ୭ୱ ఏቂඥ௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝቃோమ  (22) 

= ௛ ୡ୭ୱ ఏ ୱ୧୬ ఏ
ோమ ቂඥܽଶ cosଶ ߮ + ܾଶ sinଶ ߮ቃ (23) 

Γఝఝ
ఏ = ௛ ୱ୧୬ ଶఏ

ଶோమ ቂඥܽଶ cosଶ ߮ + ܾଶ sinଶ ߮ቃ  (24) 

Then, we calculate Γఏఏ
ఏ  

Γఏఏ
ఏ = డమ௫

డఏమ
డఏ
డ௫

+ డమ௬
డఏమ

డఏ
డ௬

+ డమ௭
డఏమ

డఏ
డ௭

 (25) 

=
−ܽ cos ߠ cos ߮ ൬− ௭௫

ඥ(௫మା௬మ)ோమ 
൰ −

ܾ cos ߠ sin ߮ ൬− ௭௬
ඥ(௫మା௬మ)ோమ 

൰ − ௛ ୱ୧୬ ఏඥ௫మା௬మ

ோమ  (26) 

=

௔మ௛ ୡ୭ୱమ ఏ ୡ୭ୱమ ఝ ୱ୧୬ ఏ
ା௕మ௛ ୡ୭ୱమ ఏ ୱ୧୬మ ఝ ୱ୧୬ ఏ

ି௛ ୱ୧୬ ఏ൫௫మା௬మ൯
ඥ(௫మା௬మ)ோమ  (27) 

=

௛ ୡ୭ୱమ ఏ ୱ୧୬ ఏ൫௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ൯
ି௛ ୱ୧୬ ఏൣୡ୭ୱమ ఏ൫௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ൯൧

ඥ(௫మା௬మ)ோమ  (28) 

It is clear that the numerator: 

= ℎ(ܽଶ cosଶ ߮ + ܾଶ sinଶ ߮)[cosଶ ߠ sin ߠ −
cosଶ ߠ sin  (29) [ߠ

Γఏఏ
ఏ = 0 (30) 

So 

ఓఔ߁
ఏ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 0 ௛

ଶ
sinଶ ߠ sin 2߮ ௕మି௔మ

ோమ ඨ ௔మ ୡ୭ୱమ ఝ
ା௕మ ୱ୧୬మ ఝ

௛
ଶ

sinଶ ߠ sin 2߮ ௕మି௔మ

ோమ ඨ ௔మ ୡ୭ୱమ ఝ
ା௕మ ୱ୧୬మ ఝ

௛
ଶோమ sin ߠ2  ඨ ܽଶ cosଶ ߮

+ܾଶ sinଶ ߮
⎦
⎥
⎥
⎥
⎥
⎥
⎤

  

(31)  
Next, we calculate: 

Γఓఔ
ఝ = ൥

Γఏఏ
ఝ Γఏఝ

ఝ

Γఝఏ
ఝ Γఝఝ

ఝ ൩ (32) 

Γఝఝ
ఝ = డమ௫

డఝమ
డఝ
డ௫

+ డమ௬
డఝమ

డఝ
డ௬

+ డమ௭
డఝమ

డఝ
డ௭

 (33) 

= − acos ߠ cos ߮ ቀ− ௬
௫మା௬మቁ − ܾ cos ߠ sin ߮ ቀ ௫

௫మା௬మቁ  
 (34) 

= − acos ߠ cos ߮ ቀ− ௕ ୡ୭ୱ ఏ ୱ୧୬ ఝ
ୡ୭ୱమ ఏ(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)ቁ −

ܾ cos ߠ sin ߮ ( ௔ ୡ୭ୱ ఏ௖௢௦ఝ
ୡ୭ୱమ ఏ(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ) (35) 

Γఝఝ
ఝ = ௔௕ ୡ୭ୱమ ఏ ୡ୭ୱ ఝ ୱ୧୬ ఝି௔௕ ୡ୭ୱమ ఏ ୱ୧୬ ఝ ୡ୭ୱ ఝ

ୡ୭ୱమ ఏ(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)  = 0   
(36) 

calculating Γఏఝ
ఝ : 

Γఏఝ
ఝ = Γఝఏ

ఝ = డమ௫
డఝడఏ

డఝ
డ௫

+ డమ௬
డఝడఏ

డఝ
డ௬

+ డమ௭
డఝడఏ

డఝ
డ௭

 (37) 

=
ܽ sin ߠ −ቀ ߮݊݅ݏ ௬

௫మା௬మቁ −

ܾ sin ߠ cos ߮ ቀ ௫
௫మା௬మቁ (38) 
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= ି௔௕ ୱ୧୬ ఏ ୡ୭ୱ ఏ ୱ୧୬మ ఝି௔௕ ୱ୧୬ ఏ ୡ୭ୱ ఏ ୡ୭ୱమ ఝ
௫మା௬మ  (39) 

=ି(௔௕ ୱ୧୬ ఏ ୡ୭ୱ ఏ ୱ୧୬మ ఝା௔௕ ୱ୧୬ ఏ ୡ୭ୱ ఏ ୡ୭ୱమ ఝ)
௫మା௬మ  (40) 

= − ௔௕ ୱ୧୬ ఏ ୡ୭ୱ ఏ൫ୱ୧୬మ ఝାୡ୭ୱమ ఝ൯
ୡ୭ୱమ ఏ(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)  (41) 

= − ௔௕ ୱ୧୬ ఏ
ୡ୭ୱ ఏ(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ) (42) 

= − ௔௕ ୲ୟ୬ ఏ
௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ

 (43) 

Calculating Γఏఏ
ఝ : 

Γఏఏ
ఝ = డమ௫

డఏమ
డఝ
డ௫

+ డమ௬
డఏమ

డఝ
డ௬

+ డమ௭
డఏమ

డఝ
డ௭

 (44) 

=
−ܽ cos ߠ cos ߮ ቀ− ௬

௫మା௬మቁ −

ܾ cos ߠ sin ߮ ቀ ௫
௫మା௬మቁ + 0 (45) 

= ௕௔ ୡ୭ୱమ ఏ ୡ୭ୱ ఝ ୱ୧୬ ఝି௕௔ ୡ୭ୱమ ఏ ୱ୧୬ ఝ ୡ୭ୱ ఝ
௫మା௬మ = 0 (46) 

ఓఔ߁
ఝ =

቎
0 − ௔௕ ୲ୟ୬ ఏ

(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)

− ௔௕ ୲ୟ୬ ఏ
(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ

0 
቏  

(47) 
For the surface of a sphere, substituting a = b 

= h in Eqs. (31) and (47), we obtain: 

Γఝఏ
ఏ = 0, Γఝఝ

ఏ = ୱ୧୬ ଶఏ
ଶ

= sin  = notice R2 ,ߠݏ݋ܿߠ
a2, Γఏఝ

ఝ  = − tan  ߠ

Then for the surface of a sphere: 

ఓఔ߁
ఏ = ቈ

0 0
0 ୱ୧୬ ଶఏ

ଶ
 ቉ = ቂ0 0

0 ఓఔ߁ ,ቃߠݏ݋ܿߠ݊݅ݏ
ఝ =

ቂ 0 − tan ߠ
− tan ߠ 0 ቃ  (48) 

These results are consistent with the standard 
expressions for the Christoffel symbols on a 2-
dimensional spherical surface [17]. 

The Riemann curvature tensor is used to 
describe the curvature of n-dimensional spaces 
in the field of differential geometry [18]. 
Moreover, it is used to derive the Ricci tensor 
[19]. Based on Christoffel’s symbols, we can 
derive the Riemann curvature tensor. The 
general formula for the Riemann curvature 
tensor ܴఈఓఔ

ఉ  is [20]: 

ܴఈఓఔ
ఉ = ఓ߲߁ఈఔ

ఉ − ߲ఔ߁ఈఓ
ఉ + ఒఓ߁

ఉ ఈఔ߁
ఒ ఒఔ߁-

ఉ ఈఓ߁
ఒ   (49) 

Accordingly, in our case  

For ߣ = ߮,  ߠ

ܴఝఏఝ
ఏ = ߲ఏ߁ఝఝ

ఏ − ߲ఝ߁ఝఏ
ఏ + ఝఏ߁

ఏ ఝఝ߁
ఝ ఏఏ߁+

ఏ ఝఝ߁
ఏ −

ఝఝ߁
ఏ ఝఏ߁

ఝ ఏఝ߁-
ఏ ఝఏ߁

ఏ   (50) 

ఝఝ߁
ఝ = ఏఏ߁

ఏ = 0  

And the derivatives for  
డ

డఏ
ఝఝ߁

ఏ = డ
డఏ

ቀ௛
ଶ

ୱ୧୬ ଶఏ
ோమ  ඥܽଶ cosଶ ߮ + ܾଶ sinଶ ߮ቁ (51) 

=
௛ ୡ୭ୱ ଶఏ

ோమ ඥܽଶ cosଶ ߮ + ܾଶ sinଶ ߮ −

ቀ୦ ୱ୧୬మ ଶఏ
ଶோర  ඥܽଶ cosଶ ߮ + ܾଶ sinଶ ߮ ቁ (ܽଶܿݏ݋ଶ߮ +

ܾଶ݊݅ݏଶ߮ − ℎଶ)  

= ௛
ோమ ඥܽଶ cosଶ ߮ + ܾଶ sinଶ ߮ (cos ߠ2 −

ୱ୧୬మ ଶఏ
ଶோమ (ܽଶܿݏ݋ଶ߮ + ܾଶ݊݅ݏଶ߮ − ℎଶ)) (52) 

డ
డఝ

Γఝఏ
ఏ = డ

డఝ
( ௛ ୱ୧୬మ ఏ ୱ୧୬ ଶఝ൫௕మି௔మ൯

ଶோమඥ௔మ ୡ୭ୱమ ఝା௕మ ௦௜௡మ ఝ
)  (53) 

ℎ݊݅ݏଶߠ(ܾଶ − ܽଶ)( (ଶ௖௢௦ଶఝ)
ଶோమඥ௔మ ୡ୭ୱమ ఝା௕మ ௦௜௡మ ఝ

−

 ൫௕మି௔మ൯(௦௜௡ଶఝ)௦௜௡ଶఝ

ସோమ(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)
య
మ

+

(௦௜௡ଶఝ)(௦௜௡ଶఝ)௖௢௦మఏ(௔మି௕మ)
ଶோరඥ௔మ ୡ୭ୱమ ఝା௕మ ௦௜௡మ ఝ

)  (54) 

The first terms can be simplified:  

((ସ௖௢௦ଶఝ)(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)

ସோమ(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)
య
మ

−

 ൫௕మି௔మ൯(௦௜௡ଶఝ)௦௜௡ଶఝ

ସோమ(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)
య
మ
  

The numerator can be simplified using: 

2߮ݏ݋ܿ = cosଶ ߮ − sinଶ ߮),  

2߮݊݅ݏ = 2 sin ߮ cos ߮  
4ܽଶ cosଶ ߮ cosଶ ߮ − 4ܽଶ cosଶ ߮ sinଶ ߮ +

4ܾଶ cosଶ ߮ sinଶ ߮ − 4ܾଶ sinଶ ߮ sinଶ ߮ −
4ܾଶ cosଶ ߮ sinଶ ߮ + 4ܽଶ cosଶ ߮ sinଶ ߮ =
4ܽ2 cos4 ߮ − 4ܾ2 sin4 ߮  

Subsequently, Eq. (54) becomes: 

ܴఝఏఝ
ఏ = ௛

ோమ ඥܽଶ cosଶ ߮ + ܾଶ sinଶ ߮ ቆcos ߠ2 −

ୱ୧୬మ ଶఏ
ଶோమ (ܽଶܿݏ݋ଶ߮ + ܾଶ݊݅ݏଶ߮ − ℎଶ)ቇ −

ℎ݊݅ݏଶߠ(ܾଶ − ܽଶ) ቆ ସ௔మ ୡ୭ୱర ఝିସ௕మ ୱ୧୬ర ఝ

ସோమ(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)
య
మ

+

௦௜௡మଶఝ௖௢௦మఏ൫௔మି௕మ൯

ଶோరඥ௔మ ୡ୭ୱమ ఝା௕మ ௦௜௡మ ఝ
ቇ −
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ℎଶ sinସ ߠ sinଶ 2߮ ൫௕మି௔మ൯మ

ସோర(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ) −
௔௕௛ ୱ୧୬ ଶఏ ୲ୟ୬ ఏ

ଶோమ ඥ௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ
 (55) 

The Riemann tensor ܴఏఝఏ
ఝ , according to the 

general formula (49), is as follows: 

ܴఏఝఏ
ఝ = ఏఏ߁߲߮

ఝ − ఏఝ߁ߠ߲
ఝ + ఝఝ߁

ఝ ఏఏ߁
ఝ + ఏఝ߁

ఝ ఏఏ߁
ఏ −

ఏఝ߁
ఝ ఏఝ߁

ఝ − ఏఏ߁
ఝ ఏఝ߁

ఏ   (56) 

Notice ߁ఏఏ
ఝ = ఏఏ߁

ఏ = ఝఝ߁
ఝ = 0, ఏఝ߁

ఝ =

− ௔௕ ୲ୟ୬ ఏ
(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)

,  

ఏఝ߁ߠ߲
ఝ = − ௔௕ ୱୣୡమ ఏ

௔మୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ
 thus substituting 

in Eq. (56): 

ܴఏఝఏ
ఝ = ௔௕ ୱୣୡమ ఏ

௔మୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ
− ௔మ௕మ ୲ୟ୬మ ఏ

(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)మ  
(57) 

ܴఝఏఏ
ఏ = ఝఏ߁ߠ߲

ఏ − ఝఏ߁ߠ߲
ఏ + ఏఏ߁

ఏ ఝఏ߁
ఏ + ఏఝ߁

ఏ ఝఏ߁
ఝ −

ఏఏ߁
ఏ ఝఏ߁

ఏ − ఏఝ߁
ఏ ఝఏ߁

ఝ = 0  (58) 

and by symmetry [15]: 

ܴఝఏఝ
ఏ = −ܴఝఝఏ

ఏ = −ܴఏఝఝ
ఏ   

ܴఏఝఏ
ఝ = −ܴఏఏఝ

ఝ = −ܴఝఏఏ
ఝ   (59) 

The Ricci curvature tensor and the Ricci 
scalar can be obtained from the Riemann tensor. 
Moreover, the Ricci tensor is related to the 
matter content of the universe via the Einstein 
field equation. The Ricci tensor is the part of the 
curvature of spacetime that determines the 
degree to which matter tends to converge or 
diverge over time [21].  

The Ricci tensor ܴఈఔ  can be calculated from 
the Riemann tensor Eq. (49), since:  
ܴఈఔ = ܴఈఓఔ

ఓ  [20]  (60) 

Then ܴఝఝ = ܴఝఏఝ
ఏ  

= ௛
ோమ ඥܽଶ cosଶ ߮ + ܾଶ sinଶ ߮ ቆcos ߠ2 −

ୱ୧୬మ ଶఏ
ଶோమ (ܽଶܿݏ݋ଶ߮ + ܾଶ݊݅ݏଶ߮ − ℎଶ)ቇ −

ℎ݊݅ݏଶߠ(ܾଶ − ܽଶ) ቆ ସ௔మ ୡ୭ୱర ఝିସ௕మ ୱ୧୬ర ఝ

ସோమ(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)
య
మ

+

௦௜௡మଶఝ௖௢௦మఏ൫௔మି௕మ൯

ଶோరඥ௔మ ୡ୭ୱమ ఝା௕మ ௦௜௡మ ఝ
ቇ −

ℎଶ sinସ ߠ sinଶ 2߮ ൫௕మି௔మ൯మ

ସோర(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ) +
௔௕௛ ୱ୧୬ ଶఏ ୲ୟ୬ ఏ

ଶோమ ඥ௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ
  (61)  

ܴఏఏ = ܴఏఝఏ
ఝ = ௔௕ ୱୣୡమ ఏ

௔మୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ
−

௔మ௕మ ୲ୟ୬మ ఏ
(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)మ  (62)  

ܴఏఝ = ܴఝఏ = −ܴఏఝఝ
ఏ − ܴఏఏఝ

ఏ = 0  (63)  

For a sphere where a = b = h 

ܴఝఝ =  ܴఝఏఝ
ఏ = (cos (ߠ2 + ୱ୧୬ ଶఏ ୲ୟ୬ ఏ

ଶ
 (64) 

cos ߠ2 = cosଶ ߠ +   ߠଶ݊݅ݏ

ܴఝఝ = cosଶ ߠ + ߠଶ݊݅ݏ − sin ߠ cos ߠ  ௦௜௡ఏ
ୡ୭ୱ ఏ

=
  (65) ,ߠଶݏ݋ܿ 

ܴఏఏ = ܴఏఝఏ
ఝ = secଶ ߠ − tanଶ ߠ = 1, (66)  

These results are equivalent to those obtained 
from the literature considering the differences in 
 limits. Whereas we take ߠ ∈ ቂ− గ

ଶ
, గ

ଶ
ቃ, Sadighi 

et al. defined ߠ ∈ [0,  .[22] [ߨ
The determinants of the metric tensor and 

݃ఓఔ matrix are shown in Eqs. (67) and (68), 
respectively: 

det. ൣ݃ఓఔ൧ = (sinଶ ߠ (ܽଶ cosଶ ߮ + ܾଶ sinଶ ߮) +
ℎଶ cosଶ (ߠ (cosଶ ߠ (ܽଶ sinଶ ߮ +

ܾଶ cosଶ ߮)) − sinଶ ߠ2 sinଶ 2߮( ൫௔మି௕మ൯మ

ସ
)  
(67)  

݃ఓఔ = ଵ
ௗ௘௧ൣ௚ഋഌ൧ 

⎣
⎢
⎢
⎢
⎡ (cosଶ ߠ ൬ ܽଶ sinଶ ߮

+ܾଶ cosଶ ߮൰ − ൫௔మି௕మ൯
ଶ

݊݅ݏ ߠ2  cos ߠ2

− ൫௔మି௕మ൯
ଶ

݊݅ݏ ߠ2  cos ߠ2 (sinଶ ߠ ൬ ܽଶ cosଶ ߮
+ܾଶ sinଶ ߮

൰ + ℎଶ cosଶ (ߠ
⎦
⎥
⎥
⎥
⎤
  

(68) 
Subsequently, the Ricci scalar ܴ can be 

calculated from the equation [23]: 

ܴ = ݃ఏఏ  ܴఏఏ + ݃ఝఝ  ܴఝఝ   (69) 

= ଵ
ୢୣ୲ ൣ௚ഋഌ൧

[(cosଶ ߠ (ܽଶ sinଶ ߮ +

ܾଶ cosଶ ߮)* [ ଶ௔௕ ୱୣୡమ ఏ
௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ

−

ܽଶܾଶ ୲ୟ୬మ ఏ
(௔మୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)మ]]+ 

ଵ
ୢୣ୲ൣ௚ഋഌ൧ 

[(sinଶ ߠ (ܽଶ cosଶ ߮ + ܾଶ sinଶ ߮) +

ℎଶ cosଶ *(ߠ

( ௛
ோమ ඥܽଶ cosଶ ߮ + ܾଶ sinଶ ߮ ቆcos ߠ2 −
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ୱ୧୬మ ଶఏ
ଶோమ (ܽଶܿݏ݋ଶ߮ + ܾଶ݊݅ݏଶ߮ − ℎଶ)ቇ −

ℎ݊݅ݏଶߠ(ܾଶ − ܽଶ) ቆ ସ௔మ ୡ୭ୱర ఝିସ௕మ ୱ୧୬ర ఝ

ସோమ(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ)
య
మ

+

௦௜௡మଶఝ௖௢௦మఏ൫௔మି௕మ൯

ଶோరඥ௔మ ୡ୭ୱమ ఝା௕మ ௦௜௡మ ఝ
ቇ −

ℎଶ sinସ ߠ sinଶ 2߮ ൫௕మି௔మ൯మ

ସோర(௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ) +
௔௕௛ ୱ୧୬ ଶఏ ୲ୟ୬ ఏ

ଶோమ ඥ௔మ ୡ୭ୱమ ఝା௕మ ୱ୧୬మ ఝ
)]  (70) 

The non-zero components of the Einstein 
tensor [24] are:  

ఔఓܩ = ܴఔఓ − ଵ
ଶ

 ݃ఔఓܴ  (71) 

ఏఏܩ =  ܴఏఏ − ଵ
ଶ

 ݃ఏఏܴ,  

ఝఝܩ =  ܴఝఝ −  ଵ
ଶ

 ݃ఝఝܴ  (72)  

It is necessary to describe the empty 
spacetime outside the surface of a planet or star 
in order to calculate the cosmological constant 
for the planetary system using the vacuum 
Einstein field equations. In the vacuum solution 
of Einstein’s field equations with a non-zero 
cosmological constant, the stress energy tensor 
vanishes ( ఓܶఔ  = 0) and Eqs. (1) and (18) reduce 
to: 

ఓܴఔ − ଵ
ଶ

݃ఓഌ  ܴ + ఓഌ݃ ߉ = 0  (73) 

Contracting with ݃ఓఔ Eq. (73) becomes:  

R = ஽ஃ
ವ
మିଵ

  (74)  

where D = ݃ఓఔ݃ఓఔ   represents the spacetime 
dimension and is equal to 4 for a four-
dimensional planetary spacetime. Consequently, 
Eq. (74) becomes:   
ܴ =  (75)  ߉ 4

Equation (71) is obtained from the vacuum 
Einstein equations when ߉ ≠ 0 [24-25]. 

The cosmological constant is obtained 
indirectly from astrophysical and cosmological 
observations, such as those by the Planck 
Collaboration [26–27], through the use of the 
Lambda Cold Dark Matter (ΛCDM) model. This 
includes data from the cosmic microwave 
background (CMB) radiation and supernovae 
distance measurements [26–30]. Additionally, 
theoretical derivations of the cosmological 
constant have been presented in several studies 
[23, 30]. The accelerated expansion of the 
universe, modeled using the Friedmann–

Lemaître–Robertson–Walker (FLRW) metric, 
leads to an estimated value of Λ ≈ 10-52 m-2 [32, 
33].  

By substituting Eq. (69) into Eq. (7), 
ܴఏఏ = 1 ܽ݊݀ ܴఝఝ = ܿݏ݋ଶ from Eqs. (65) and 
(66), the Ricci scalar for a sphere can be 
calculated as:  
ܴ = ݃ఏఏ  ܴఏఏ + ݃ఝఝ ,   

ܴఝఝ= 1
ܽ2 ∗ 1 +  1

ܽ2 (cos2 (ߠ
2ݏ݋ܿ = 2

ܽ2  (76) 

These results are consistent with those 
reported in the literature [34]. 

The relation between Eqs. (75) and (76) 
should not be misinterpreted since the 
cosmological constant Λ is not generally 
considered to vary with time or spatial position.  
The local curvature of the considered spacetime 
influences the calculated value of Λ for a given 
spherical geometry. However, within the broader 
framework of general relativity and cosmology, 
the cosmological constant is typically treated as 
a universal constant that remains independent of 
local geometrical structures. 

3. Conclusions 
The role of curvature becomes particularly 

significant in astrophysical scenarios involving 
strong gravitational fields, such as relativistic 
orbits around compact objects such as white 
dwarfs and neutron stars. In these regimes, the 
Ricci tensor and the full Riemann curvature 
tensor provide essential insight into the geometry 
of spacetime and the dynamics of matter and 
light. Such curvature effects justify the need for 
precise relativistic formulations, even when 
simpler approximations are often sufficient in 
weaker fields such as those of the Earth or the 
solar system. In this work, we derive the 
Riemann and Ricci tensors for a general 
ellipsoidal geometry, providing a foundation for 
applying these results to more complex 
astrophysical systems. 
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