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Abstract: This study examines the 3D deformed Klien-Gordon and Schréodinger equations
(DKGE and DSE), taking into account the effect of non-commutativity space-space in the
3D-relativistic/non-relativistic non-commutative quantum mechanics (3D-(R/NR)NCQS)
regime. The investigation is done using the improved Eckart-Hellmann potential (IEHP)
model. The DKGE and DSE in the 3D-(R/NR) NCQS regime for this consideration are
solved using the well-known Bopp's shifts method and standard perturbation theory. For
the homogeneous (I, N,, H,) and heterogeneous (CO, NO, VH, TiH, NiC, TiC, and CuLi)
diatomic molecules, the new relativistic and non-relativistic energy equations under the
IEHP in the presence of deformation space-space are obtained to be sensitive to the discrete
quantum numbers (j,l,s,m), the mixed potential depths (U,, Uy, U,, Us), the screening
parameter @, and the non-commutativity parameters (@, y, {). The non-relativistic limit of
new energy spectra is analyzed. We examine the obtained new bound state eigenvalues of
the DKGE and deformed Schrodinger equation with the IEHP in 3D-(R/NR) NCQS
symmetries by suitable adjustment of the combined potential parameters and get the new
modified Hellmann potential, the new modified Eckart potential, the new modified
Coulomb potential, and the new modified Yukawa potential. The homogeneous and
heterogeneous composite systems under the IEHP model are investigated in the context of
the 3D-NRNCQS regime. Under the IEHP model in 3D-NRNCQS symmetries, the
influence of space-space deformation on the spin-averaged mass spectra of the heavy
mesons, such as charmonium and bottomonium, is examined. Furthermore, the thermal
properties such as partition function, mean energy, free energy, specific heat, and entropy
of the IEHP are duly investigated in both 3D-NRQM and 3D-NRNCQS symmetries. The
present research finds many applications in various fields, such as molecular and atomic
physics.
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1. Introduction

It is well known that the Schrodinger
equation (SE) and Klein-Gordon equation (KGE)
have attracted great attention in recent years
because of their many applications in various
fields such as particle, nuclear, semiconductor,
and condensed matter physics in the context of
quantum mechanics or its extension that is
known to researchers with non-commutative
quantum mechanics (NCQM) at non-relativistic
and relativistic regimes. Many researchers have
devoted much attention to studies of the KGE
and DE involving various exponential potentials.
In theoretical research, researchers have devoted
their attention to finding approximate solutions
of the SE and KGE using various techniques,
including the elegant approximation for the
centrifugal term [1], the Pekeris-type
approximation scheme [2], and the Greene-
Aldrich approximation [3], among others. The
combination of two or more potentials has
numerous applications.

In our paper, we focus on two exponential
potentials that have received remarkable
attention from specialists, known as the Eckart-
Hellmann potential model [see Eq. (2)], which
has been investigated in the framework of the SE
[4,5] and the KGE [6]. The Eckart potential has
found many applications in physics and chemical
physics [7-10]. Previous investigations have
explored its solutions in both relativistic and
non-relativistic quantum mechanics contexts
[11-15]. Meanwhile, the Hellmann potential,
which combines the attractive Coulomb potential
and the Yukawa potential, was first introduced
by Hellmann [16] and has since been examined
by various authors in the SE, KGE, and Dirac
equation frameworks [17-24].

Our study extends the investigation of the
Eckart-Hellmann potential model into the
symmetries of relativistic and non-relativistic
deformation quantum mechanics, i.e., within the
NCQM framework. NCQM distinguishes itself
from standard quantum mechanics by
introducing additional axioms. The first axiom
involves the non-commutativity of position-
position operators, expressed as:

Ql(ls,h,l) " (s,h,0) + Q(S,h,l) " Q(S,h,l)

v v u
The second axiom relates to the non-
commutativity of generalized momentum:

s, h,i s, h,i (s,h,0)
) ) *7[\(/ ) iT[v

7z£ *nﬁs'h'i) (the notion

stands for the Weyl-Moyal star product, which is
defined below). NCQM is known as the NC-
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phase space (NCPS) if the two axioms are
established simultaneously, while it is called the
NC-space-space (NCSS) in the case of adopting
only the first axiom (read the following
references for more investigation [25-32]). The
new axioms broaden the symmetries of quantum
mechanics (QM), making NCQM a powerful
framework capable of addressing many physical
problems that standard QM, as known in the
literature, could not resolve. For further details,
we recommend consulting references [29-37]
and others. It is worth noting that the idea of
non-commutativity is not new. It traces back to
the 1930s when Heisenberg [38] introduced it,
and it was later developed further by Snyder in
1947 [39]. Interest in non-commutativity was
revitalized between 1991 and 1994 due to the
work of Connes [20,40-42]. Seiberg and Witten
later extended these ideas, introducing non-
commutative geometry into string theory by
incorporating a nonzero B-field. Their work led
to a novel version of gauge fields in non-
commutative gauge theory [43]. In the last few
years, several studies have been done concerning
the NCQM symmetry with Eckart's potential in
the context of SE [44], KGE [45], and DE [46,
47]. On the other hand, we found many works
related to the Hellmann potential in NCQM
symmetries [48—53]. In this work, motivated by
these previous works and based on the notable
works of Inyang et al. [4,5, 6], we are motivated
to investigate the solutions to the deformed
Klien-Gordon equation (DKGE) with the
improved Eckart-Hellmann potential (IEHP)
model, which can be applied to study the
homogeneous (I, N,, H,) and heterogeneous
(CO, NO, VH, TiH, NiC, TiC, and CuLi)
diatomic molecules in the context of three-
dimensional relativistic/non-relativistic ~— non-
commutative quantum space-space (3D-(R/NR)
NCQS) symmetries, in addition to showing the
NC effect on the thermodynamic properties of
the Eckart-Hellmann potential model arising
from the deformed space-space. To the best of
our knowledge, this type of investigation has not
yet been addressed in the literature. In this paper,
we focus on the proposed IEHP model, denoted
as Vo, (Q) and S, (Q). The combined potentials
under investigation are written as:

Ve L®
Ven(Q) = Ve (r) — 2122 4 0(902),

3Sen(r) L®
Seh(Q) = Seh(r) - a_;;r;

(D
+ 0(9?).
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where Vo, (1), Sep, () are the vector, scalar of the
MSGYPs model, according to the view of 3D-
RQM and 3D-NRQSM symmetries that are
known in the literature as follows [4-6]:

(Veh (r)/Seh (T)) =
_Uo/So exp(—ar) . U;/S;exp(—ar)

(1—exp(—ar))?

U3 /S3 exp(—ar) (2)

1-exp(—ar)
U, /S

_ 2: 2 + -
where Uy /Sy, U1/S1, Uy/S2, U3/S3, and a are
the strengths of the Eckart-Hellmann potential
and the screening parameter. It should be noted
that Refs. [4,5] adopted other symbols for these
strengths, and in this research, we will agree on
the symbols of Ref. [6]. The first two terms give
the Eckart potential and the remainder of the
terms represent the Hellmann potential. The
intermolecular distances in the 3D-(R/NR)NCQS
regimes are (Qandr), respectively. The
coupling L@ is the scalar product of the usual
components of the angular momentum operator
L(Lx,Ly,LZ) and an infinitesimal NC-vector
®(112,M23,M13)/2. The noncentral generators in
the case of the NC quantum group can be
effectively represented as three different types of
self-adjoint differential operators
(Q(Shl), (shi)y appearing in three varieties. In
the representations of Schrodinger, Heisenberg,
and interaction pictures, the first variety
corresponds to the canonical structure (CS)
variety, the second variety corresponds to the Lie
structure (LS) variety, and the third variety
corresponds to the quantum plane (QP) variety,
satisfying a deformed algebra of the following
form (for simplicity, we have used the natural
units A = ¢ = 1) [54-63]:

(s,h,i)

[ (Shl):pv = 8, = [Q(shl)’ (sh)]| _
P p sty (3)
and
I:xlgs,hl)’ 1(}Shl) _Oﬁ[Q(Shl) Q(Shl)
i€, M: CS variety,
ihg, hD. 1S variety, 4)

lG“ﬂQ(Shl)Q(Shl) QP variety.

where Q(Shl) (x5, x!, x}) and nﬁs'h'i) (p;,
Dy ,pﬂ) are the deformed generalized coordinates

(GC) and the corresponding deformed
generalizing momentums (GM), respectively, in

3D-(R/NR)NCQS symmetries, while the GC

(Shl) (x5.x/t, x},) and GM p(Shl) (5. P, PL)
are in the 3D-RQM and 3D-NRQSM
symmetries, respectively. Additionally, the
uncertainty relation that corresponds to the LHS
of Eq. (3), reformulated in 3D-(R/NR)NCQS
symmetries to becomes as:

| xS0 apSD| 2 16y /2 =
|40 40| 2 horp 8y /2 ®)

However, the RHS of Eq. (4) crate new
uncertainty relation:

(WIS’“’I For CS variety,

Q(sh l)AQ(5h1)| > { 3!“’ For LS Varlety, (6)
|
k % For QP variety.

with B, and L,, Are equal to the average
values:

{: B,w=|<ZZ (5 <shl>)>|,
\

Luv = <23 ( Q(Shl)Q(Shl))>

The novel subdivided three-uncertainties
relations in Eq. (6) have no comparison in the
existing literature (3D-(R/NR) QM symmetries).
In 3D-(R/NR) NCQS symmetries, we extended
the modified equal-time non-commutative
canonical commutation relations to include both
Heisenberg and interaction pictures (in addition
to the usual Schrodinger picture) to including
Heisenberg, and interaction pictures. The
notationd,, is the Kronecker symbol, (u,v =
1,2,3),nis an antisymmetric real constant
(3x3) matrices with the dimensionality
(length)® parameterizing the deformation of
space-space, £, s an antisymmetric tensor
operator describing the NC of space-time
(v = =&y = lfor p#v and &, =0) and
1 € Ris the NC-parameter, the effective Planck
constant h.rr approximately equal to the
reduced Planck constant # [64-68]. The new
deformed scalar product is defined by the Weyl-
Moyalx*-product (f * g)(x) for a CS variety as
[69-75]:

(7
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(f * 9)(x) = exp(ie" 13 0)) (fg)(x) =

i v

()6 —“FL9ifoFg| ,_,+0@?) ®)

The second component in Eq. (8) provides a
physical representation of the consequences of
space-space non-commutativity. It should be
noted that there are many other works in the
literature related to our topic. We mention the
most important of them [76-87]. The rest of this
paper is organized as follows: Sect. 2 presents an
overview of the 3D-KGE and 3D-SE under the
EHP model. Sect.3 is devoted to investigating
the 3D-DKGE and 3D-DSE using BSM to get
the effective potential for the IEHP model.
Additionally, using standard perturbation theory,
we find the expectation values of the radial terms

1 s s? s s?
(ot Tor o a9 a-or 2
calculate the corrected relativistic and non-
relativistic energy generated by the effect of the

perturbed effective potential Zpezl(r) and

Zﬁf”eh (r) of the IEHP model, and we derive the
global corrected energies for  bosonic
particles/antiparticles, (I, N, H,), and
heterogeneous (CO, NO, VH, TiH, NiC, TiC,
and CuLi) diatomic molecules whose spin
quantum number has an integer value. In the
next section, we will discuss the most important
special cases in the relativistic and non-
relativistic cases, which are useful for specialists
and readers alike. Sect. 5 is reserved for studying
the homogeneous and heterogeneous composite
systems under the IEHP model in 3D-NRNCQS
symmetries. The next section is devoted to the
effect of the deformation of space-space on the
spin-averaged mass spectra of the heavy mesons
system under the improved Eckart-Hellmann
modes in 3D-NRNCQS symmetries. Sect. 7 is
devoted to the influence of non-commutativity
space-space on the thermal properties such as
partition function, mean energy, free energy,
specific heat, and entropy of the IEHP. Sect. 9 is
reserved for the results and discussion. Finally,
brief concluding remarks are given in the last
section.

1
(1_5)3) to

2. An Overview of KGE and SE Under
the EHP Model in 3D-(R/NR) QM
Symmetry
To construct a physical model describing a

physical system that interacted with the IEHP

model in 3D-(R/NR) NCQS symmetries, it is
useful to recall the -eigenvalues and the
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corresponding  eigenfunctions  under the
influence of the Eckart-Hellmann potential
model (EHP) within the framework of three-
dimensional relativistic/non-relativistic quantum
mechanics (3D-(R/NR)QM) known in the
literature. In this case, the system is governed by
the following radial Klien-Gordon and
Schrodinger equations:

h2 I(l+1)
/d 2 Ee - M? — 72

() (2

_ |Rnl (r)=20
\ - (Erellhveh(r) + MS.p (T))

©)

and

(&4 2 (532 = Ven) = 42) ) = 0

(10)

The vector potential V., (r) and space-time
scalar potential S,;,(r) are produced from the
four-vector linear momentum operator A
(Ven(r), A = 0) and the reduced mass M of (VH,
TiH, NiC, TiC, and CuLi) molecules, which is
equal to % While EM/ESR are the
relativistic/non-relativistic ~ eigenvalues, (n,[)
represent the principal and spin-orbit coupling
terms. Since the Eckart-Hellmann potential
model has spherical symmetry, the wave
function solution ¥ (r,23) can be written in the

form: R%(T)erl (023), where Y}, (£25) is spherical

harmonics and m is the projection on the Oz-
axis. The radial component R,,;(r) satisfies the
differential equation as below:

h2 L(+1)
/d 2 Ee - M? — 72

(-

|Rnl (r)=20
\ - (Erellhveh(r) + MS.p (T))

(1)

Inyang et al. used the Alhaidari et al. [88]
scheme to write the radial part of KGE in Eq.

(10), by restyling the vector and scalar potentials
(Ver (), Sen () - (Veh(r) Sehz(r)) under the
non-relativistic limit. Using V,;, (r) from Eq. (3)

with Vo, (r)=S,; (r) in Eq. (11), we obtain

(& + B - M2 - 2 () - ) Ry () =
0 (12)

with
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= _ Ugexp(ar)

(T) (E + M)( 1-exp(—ar)

U; exp(—ar) U U3 exp(—ar)
(1—exp(—ar))? r + r ) (13)

The authors of Ref. [6] used the NU method
to obtain the expression of the wave function
Y(r,03;) as a function of Jacobi Polynomial

Prfz/‘lnl,ZSnz)(l —25) in  usual 3D-RQM
symmetries as:
W(r,05) = B T (1 - 5)2*n
p#n 2‘5"1)(1 —25)Y4(023) (14)

with
( s = exp(—ar),

Eeyz_M2

I+ 1) -2
J b~ _ Uo(Eg)+M)  Up(Epy+M),
a? a?

Uy (EfY +M)
(8 = + Ia+1) +—2—.
and

( B, = n!{pal (u+n;+1)
=\ 2r(@uAnt+ DOr(n+n+1)’

m=1+2[3+10+1),
3 (15)

ESY?-m?
Ia+1 - MT
St = LU (B7+M) Ui (E7Y +M).
\ a? a?

In the next section, we will need another
formula for the wave function ¥ (r,23). Using
the definition of the Jacobi polynomials
P,Ep ”k'a”k)(l —2s) as a function of
hypergeometric function 2F;(—n, ppx + Onx +
n+ 11+ pui; S):

, r(n+pnpg+1
pPneonid (1 — 25) = e TTE——T 5::“)) 2y (1, pye +

Onk + N+ 114+ ppg; S) (16)

we can rewrite the wave function ¥(r, 23) in
Egs. (26) and (27) as follows:

W, 05) = G S (1 - )20
-n, 21 +26 +n+1;
F (T Y @) a)
The corresponding relativistic — energy

eigenvalues for the Eckart-Hellmann potential
model and its non-relativistic for the
homogeneous (I, N,, H;) and heterogeneous

(CO, NO, VH, TiH, NiC, TiC, and CuLi)
diatomic molecules in 3D-space, obtained the
equation of energy [6]:

M? —EP? = Uy (B + M) + a(ES} +M)

2 n+wnl_
a’lll+ 1D+ a [ > 2(n+wnz)]

(18)

while the non-relativistic energy eigenvalues
equations [5]:
2 2 nr
EN=2101+1)—Uy—aU, —25|2%l_
2u 2
R
Al (19)

2(n+l¥f

The corresponding non-relativistic wave
function Y™ (r,23) is obtained by applying a
transformation of the form (E} + M — 2u and

EEh — M — EZM) and substituting it into Eq.
(17). This yields:

Y (r, 03) = €7 S S g gt
n2/1 +26 +n+1;
o

l
1+2 nl; )Ym(-QB)
with

(20)

Uy (BS+M)
a? a?

_UZ(EEL?+M) + U3(E$L?+M) + l(l + 1)

a? a?

wnl=%+\/l+w+l(l+1)

( _ Uo(EE}+M)
nt —

]

4

nr _ 2Uol + 2U . 2Uu
nl T g2 a2 a?

w"r=—+\/ +2U1“+l(l+1)

r _ BuT(n+2A,+1)
\ T pirAg+1)

2”3“ +1(+1),

+

21

and

ZMUZ
az '’

ESY
nr _ Z#UO _

= Jl(l +1) —

:;{=\/+z(z+1)+2“”1

J nr _ n!0 ar (u+n+1) (22)
nl 2r (¢ +n+1)r(+n+1)’

oy _le(l+1)

nr _ F(n+21nl+1)
\ nl — n!r(z/lnl+1)

Zqu 2ulUq

a? ’

TI.T‘+
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3. Solutions of DKGE and DSE Under
the TIEHP Model in 3D(R/NR)-
NCQS:

3.1 Brief Review of the BSM

To investigate the impact of relativistic and
non-relativistic non-commutative space on the
KGE and SE under the modified Eckart-
Hellmann potential model in 3D-(R/NR)NCQS
symmetries, the major tools are presented in this
part. By applying the new ideas outlined in the
introduction, specifically Egs. (4), (5), and (8),
we can achieve our goal. These ideas are
expressed in the new relationships that are
described by NNCCCRs and the concept of the
Weyl-Moyal star product. With the help of these
data, we can rewrite Egs. (10) and (12) as
standard radial KG and SE equations in 3D-

(R/NRN) CQS as follows:
2
(55 + B2 — M2 — X3 () - 52) « R (1) =
0 (23)
and
( + 2#( - eh( ) l(l+1))> * Rnl(r) =0
(24)

To investigate the effect of non-
commutativity on various physical systems,
researchers adopt two different methods that
eventually lead to the same expected results. The
first method is represented by rewriting the
various NC physical
fields (ll’nl,cbnl,eﬁ,Faﬁ,...) in terms of their
corresponding fields (Wnl,cbnl,eﬁ,Faﬂ,...), in
the known quantum space in the literature, in
proportion to the NC parameters
®(112,M23,M13)/2, which is similar to the
Taylor development [88-93]. The second method
depends on reformulating the non-commutative
operator (Q, ) with its view of the quantum
operators (x,p), known in the literature, and the
properties of space associated with the NC
parameters ®(1)12,123,M13)/2. It is normal for
the physical results to be identical when using
either of them. It is known to specialized
researchers that Bopp had proposed a new

quantization rule (x,p) = (= x — éap, T=p+

~0y)
xtp)»Q@=x,Q=p+ éax). This approach

is commonly referred to as Bopp's shifts method

592

instead of the wusual correspondence

(BSM, in short) [94-98]. This quantization
procedure is called Bopp quantization [97]. The
Weyl-Moyal star product g(x,p) * h(x,p)
induces BSM in the respect that it is replaced by

g (x — —a,,,p +- ax) * h(x,p) [98]. This allows

us to obtain

( XEP(r) * Ry (r) = XS (QRy (1),
l(l;l) Ry(r) = l(i;l) Ry (1),
| (E2, — M?) * Ry (r) = (EZ, — M®)Rpy (1),
Veh(r) * Ry (r) = Veh(Q)Rnl ).
(25)

BSM has proven to be highly successful
when applied to various fundamental quantum
mechanical equations. This includes the non-
relativistic Schrédinger equation (SE) [72, 99],
as well as the relativistic Klein-Gordon equation
(KGE) [100-103], Dirac equation [104-106],
and Duffin-Kemmer-Petiau equation [107, 108].
It is worth pointing out that BSM allows us to
simplify Egs. (23) and (24) as follows:

X5H(Q) = 52) Ru () = 0
(26)

d? 2 2
(g + B2 — M2~

and

1(1+1)
Veh (Q) - 20102 )

Ry(r) =0 27

The modified algebraic structure of the
covariant canonical commutation relations in
Egs. (4) and (8) incorporate the Weyl-Moyal star
product becoming the new NNCCCRs.
However, in the context of ordinary products,
they are expressed as follows [94-98]:

[Q(Shl)’ (s,h, l)]

dZ
<ﬁ + 2M (Eﬁ,f«l —

thefs Sy,
[Q(Shl) Q(Shl)] ieuv-

In 3D-(R/NR)NCQS symmetries, it is

possible to express the non-commutative set of
(s,h, D) (S.h.i) :

variables (Q,”"",m,”"’) in Eq. (28) as a

function of corresponding commutative variables

(x(Shl), pf,sm)) by employing the following

linear transformations:

(28)
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(Q(S i), ) ~
(shi) | —
T[Il .

3
(s,h,i)
xﬂ - <Z

v=1

P 1+ 0.

0 .
lT”pis'h'”) +0(?),

(29)

These data enable us to formulate both
operators (Q?, l(;%l) and 12(:;12))’ n the 3D-
(R/NR)NCQS symmetries, as follows:
If Q% =12 —L® + 0(0?),

1(1+1) _ l(l+1) l(l+1)
{ = L® + 0(9?), (30)
i+ 10+ l(l+1) 2

rner = i T s L®+0(@7).

In addition, the Taylor expansion of X2'(Q)
and V,,(Q) can be expressed in the 3D-(R/NR)
NCQS symmetries, as:

ZeM(Q) = ZeM(r) —
Ver(Q) = Ve () — —"’Veh Lo + 0(d2).

1 9 (r) Y@y g 4 0(0?),

€2))

Substituting Eq. (30) and Eq. (31) into Egs.
(26) and (27), we obtain the following like-
Schrodinger equations:

d? 2
( d?-i—Enl_Mz

Ry () =0 32
7 () —sz;im) lr G2

and
2
o 20 (ESE = Ver ()
l(l+1) pert Ry =0 (33)
+2 an eh(r)
with
pert l(l+1) 1 aZ (T‘) 2
ZZ o (r )—( T )L¢+0(¢>)
(34)
and
pert _W+1) | 1 8Vep 2
Z eh( )_( 2ur 2r or )L¢+0(d) )
(35)

It is clear that the above equation combines
the physical properties of the IEHP model

1 9zZE1 () 1 Ve 1(1+1) .
<_2r or )(; ar) and rt with ~ the
angular momentum operator L(Lx,Ly,LZ), as
well as the topological properties resulting from

space  deformation .
calculations, one gets:

Performing  the

1 0Z5 (r)
- 2r ea+ (E + M) (_

_Uoaexp(=ar)

2r(1—exp(—ar))
Upa exp(—2ar) aUy exp(—ar)

2r(1—exp(—ar))? = 2r(1—exp(—ar))?

aUy exp(—2ar) U, aUs exp(—ar)

r(1—exp(—ar))3 T3 2 T2 +

Uz exp(—ar)

L explcan), (36)
and
1 8Vep _ Upaexp(—ar) Upa exp(—2ar)

2r or 4r(1—exp(—ar))  4r(1—exp(— ucr))2
aUy exp(—ar) __aly exp(—2ar) LA
4r(1—exp(—ar))? 2r(1-exp(—ar))3 4r3
aU; exp(—ar) _ %exp(—zxr) (37)

4 r2 4 r3

By substituting Egs. (36), and (37) into Egs.

(34) and (35), the spontaneously generated terms

Zf;rt (r) and Zﬁfiteh (r) for the IEHP model, as

a logical consequence of the topological

properties of deformation space-space, can be
expressed as:

Zg;rt( ) = l(l+1)L¢' n (E +M)
(_ Upa exp( ar)

2r(1—exp(—ar))
aUy exp(—ar)

2r(1—exp(—ar))?

Upa exp(—2ar)
2r(1—exp(—ar))?
aUy exp(—2ar) Uy
r(1—exp(—ar))3 273

L)  LEEEH LD +0(0?) (38)
and
l(l 1 U (-
7Pt () = — + >L (M

4r(1—exp(—ar))
aUy exp(—ar)

4r(1—exp(—ar))?

Upa exp(— szr) _
4r(1—exp(—ar))?

__aly exp(—2ar) U, | aUsexp(-—ar)
2r(1—exp(—ar))3 = 4r3 4 T2
— L 22Cah1 @ + 0(0?) (39)

We can express the global effective potential
in 3D-(R/NR)NCQS symmetries Z,, ne=eff () and

Vo :hf T(r) as functlons of their corresponding
effective potentials Z T (r)and Verf r o, (1) in 3D-
(R/NR) QM symmetrles as:
( Zy e =z m
eh

|+ (“”;1) — L %% (r)) L® + 0(?),

T 2r ad (40)

ff ff
i nrrl”c eeh (T) - ner eh (T)
W(+1)  2p 0Vep(1) 2

k-i_( r* 2r  or )L¢+0(d) ).
with
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2! ) =2 ) + 52, @1)
1
vefr h(r) — (+1)

TlT' e 2Mr2 ”

Ven (r) +

Furthermore, Eqgs. (32) and (33) cannot be
analytically resolved for any state [ # 0 because

l(l+1) l(l+1) ) and the

r4
studied potential itself. The effectlve potentials
Zo" IT(r) and V""¢/7 (1)) given in Eq. (40)

nr eh

have a strong singularity r — 0, we need to use
the suitable improved approximation of the
centrifugal term proposed by Greene and Aldrich
[3] and applied by Inyang ef al. in the context of
relativistic and non-relativistic solutions [5,6].
The radial parts of the 3D-DKGE and 3D-DSE

with the improved Eckart-Hellmann potential

of the centrifugal terms (

i . G
model contain the centrifugal terms (;l) and
12(::) among others, because we assume [ # 0.

The improved Eckart-Hellmann potential model
is a specific type of potential that cannot be
solved exactly when the centrifugal factor is
taken into account, except under the assumption
that [ = 0. The conventional approximation
applied in this work is as follows:

2 2

1 a
r2 " (1-exp(—2ar))?
a a

a
(1-s)?

1
- =
r

1—exp(-2ar) = 1_—5 (42)
Thus, performing the calculations, one gets

the following results:

(1 at

exp(—ar) . _as

(1-5)*" r(1—exp(-ar))  (1-s)2’
2

=~
4

-
exp(=2ar) as
r(l—exp(—ar)?  (1-s)3’
exp(—ar) . _as
T (1-5)3’
exp(=2ar) as? 1 a3
r(1—exp(—ar))3 ~ (1-5)4" 73 ~ (1-5)3’

exp(-ar) _ a’s d exp(-ar) _ a3s
\ 2

T (1-5)? 3 (1-s)3"
This gives the perturbative effective
potentials Zf,frt (r) and Z% per Zn(r) for the IEHP
model in 3D-(R/NR)QM symmetrles as follows:

(43)

r(1—exp(—ar))?

6

Z57 () = g mefin(s) L@ +0(2D), (44)

and
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6

VPt (1) =| X i BE.(s) |L® + 0(d?).
e=1
(45)
with
1 s
(ﬁelh(s) = —)4: ﬁezh(s) = W'
{ :Beh(s) )3 ’ :Beh(s) (1- 5)3 ’ (46)
kﬁeh(s) )43 Ben(s) = m-
and
( T1 = a4l(l + 1)
Ty :—_(U0+(XU3)(E +M)
T3 = an (E + M),
5 o2 on 47)
Ty = 7(U1 + aU3)(Enl + M),
s = a?U, (ES) + M),
3
\ Te=_a_Uz(Erel{l+M)-
and
( = _zx"’l(l+1)’
2p
TZ = _(UO + aU3)
T;lr — Uolxz ,
$ , (48)
TZ'T = —T(Ul + aU3),
2
T;lr = _%Ula
nr _ @Up
\ e =,

The improved Eckart-Hellmann potential
model is extended by including new radial terms
BEn(s) withe =1,6to become an improved
Eckart-Hellmann potential model in 3D-(R/
symmetries. The newly added terms,
Zf;rt (r) and Z% pert ", (1), are also proportional to
the 1nﬁn1tes1mal coupling L. This is logical
from a physical perspective as it explains the
interaction between the physical properties of the
studied potential and the topological properties
arising from the influence of non-commutative
space-space, represented by @. This allows us to
consider the additive effective potential as a
perturbation potential compared with the main

potentials Z:,{f (r) and Veilf () (parent potential
operator)  within  the  3D-(R/NR)NCQS
symmetries.  Specifically, the inequality
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zP (r) << ZSf () and ZPT, (r) << VST (1)
has been achieved. The time-independent
perturbation theory's physical justifications are
now fully satisfied. This allows us to give a full
prescription for obtaining the energy level of the

generalized (n, [, m)*" excited states.

3.2 Relativistic and Non-relativistic Expectation
Values Under the IEHP Model

In this subsection, we apply the perturbative
theory in the case of 3D-RNCQS symmetries to
determine the relativistic and non-relativistic
expectation (BE(S) iy
and (BE()) ey, for =16, for bosonic
particles. These calculations are based on the
unperturbed wave functions W¥(r,3) and
YN (r,03), as previously defined in Egs. (17)
and (20). After straightforward calculations, we
obtain the expectation values (BZ)7-¢" and

o (nlm)
(B¢ ?ri[rrf)h with & = 1,6 using the standard
perturbation theory in first order as follows:

values,

(B Ynimy = it - 52t

(1 — )23 (A, 8y, 5)dr, (49)
(B*Yentmy = Cit - s2Anitl

(1 — )27 DAy, 8y, S)dr, (50)
(B*Yentmy = Cit - §HAni+2

(1 — )22 (Apy, 8y, S)dr, (51)
(B*Yontmy = Cit - s2Anitl

(1 — )22 (A, 8y, S)dr, (52)
LT

(1 — )23 (A, 8y, S)dr, (53)
(B®Yntmy = Cit - 52t

(1 — )22 (A, 8y, S)dr, (54)
where  ®(A,, 61, S) is  defined as

[2F;(—1, 24, + 26 + 1+ 1;1 4 22,5 5)]°.

We have adopted the useful
abbreviation (5){5m instead of

(n,,m|Be(s)|n,l,m) to avoid the extra burden

of writing. We can evaluate the above integrals
either in a recurrence way through the physical
values of the principal quantum number (n =
0,1,..) and then generalize the result to the
general (n,l,m)" excited state, or we can use
the formula applied by Ahmadov et al. [109] and
by Tas et al. [110] to obtain the general excited
state directly. By introducing the change of
variable s = exp(—ar), we can map the region
(0<r<40w->0<s<1). This substitution
gives dr = —g, allowing us to transform Egs.

(49), (50), (51), (52), (53), and (54) into the
following form:

(ﬁl r—eh _ ﬁfl Szlnl—l
(nlm) a
(1 —5)?u=3p(A,, 6,1, 5)ds, (55)

2\r—eh Chi +1 2Aq+1-1
(:8 (nlm)ZTIO st

(1 _S)ZSnl_1(D(/1nll6nlls)dsa (56)

3\r—eh Crrzlz i 2A14+2-1
(:8 (nlm)ZTIO st

(1 - S)ZSnl_ZCD(/lnl!Snlls)dsa (57)
_ crz 1 _
iy = LS s
(1 - S)ZSnl_ZCD(/lnl!Snlls)dsa (58)
s\T-eh _ Cif o 2Am+2-1
('B>(nlm)_af0 s
(1 —5)?u=3p(A,, 6,1, 5)ds, (59)

6\r—eh Chi +1 24 -1
(:8 (nlm)ZTIO sl

(1 —5)2%u=29(A,,, 8,1, 5)ds. (60)

We calculate the integrals in Egs. (55), (56),
(57), (58), (59), and (60) with the help of the
special integral formula [111]:

f0+1 52/1—1(1 _

2
2(v+1) -nn+2v+1+ 1);)] _
s) [2F1 ( 20+ 1;s ds
n!(n+v+1D)rE)r(n+2(v+1))ri+1)

(M+v+1+ D) (n+2A+ )M (n+24+2(v+1))

(61)

Here, I'(¢) is just the well-known gamma
function. By identifying Egs. (55), (56), (57),
(58), (59), and (60) with the integrals in Eq. (61),
we get the expectation values as follows:
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1yr—eh _ yr1 FQAn)I (n+285-3)I (225 +1) s\"Teh _
(B (um) = Xni rm+2ing+0r(n+ar;-3) (62) (ﬁ >(nlm) -
r(2a7+2)r(n+2807-3)r(2A57+3
(B2yrmeh = yr2 DAt DI (nt 28y~ DI iy 2) xs I F(n+1 AEL?H);‘EMLLS_SI URNEE)
(nim) = r(n+22y+2)r(n+4%)) ’ n n
(63) (,86 ?rl e)h ané r(2ag))r(n+265] —2)r(2ag; +1)
(BPy et = xr3 (A (200D Gy +) e r(n+2A7] “)F("M -2
B onim) = r(n+22y+3)r(n+al;) (74)
(64)  with X7yt X712, XT3 xnrd | XmS XM and
ar—eh _ vra T@A+ADI (n+287,-2)I (24 +2) nr 1 Cnrzn'(n+5 [-3/2)
(B*)tnim) = Xni r(n+2ay+2)r(n+al,,-1) n are . equa to a(n+A3{/2—3/2) ’
(65)  Cui ni(n+s37-1/2) P nl(n+8,-1)
b nr >
5 r—eh r5 I (2An+2)I (n+26p,—3)I'(2A1+3) nrza(n+Ann{*2) nrz a(n+A11111l*/2)
('8 )(nlm) = 4nl r(n+2iy+3)r(n+al;-1) ' Caf i+ —1) Cui“ni(n+0nj =3/2)
n n a(n+A /2—- 1/2) a(n+a/2-1/2) °
(66) nrzn'(n+6 -1)
nl —
Cr—en 6 FARDT (N4 28— 2 (2 +1) a(nr AT 2-1) and 2477 + 28]}, respectively.
(B Nnim) = Xni r(n+24+Dr(n+45,-2) » (67)

with X11, XT2, an , XM X2, XS and AT, equal

ni(n+8,-3/2) ChZnl(n+8,-1/2)
a(n+A J2-3/2)° a(n+aly/2)
CEnl(n+8y-1) ChHEnl(n+8,-3/2)
a(n+al,/2-1/2) a(n+al,/2-1/2)°

and 2A,,; + 26,,, respectively. By

to

i nl(n+68,-1)
a(n+al,/2)
i nl(n+68,-1)
DC(TL+A 1/2- 1)
examining the unperturbed wave functions
Y(r,03) and Y™ (r,3), which we have seen
previously in Egs. (17) and (20), we note that
there is a possibility to move from the
unperturbed  relativistic =~ wave  function
Y(r,0;)to the other non-relativistic wave
function Y™ (r,03). This is realized in the

following movement:

r
And Tll’ an:

nl nl < nl
and &, © 85 (68)
This permits us to get the non-relativistic
nr—eh

expectation values (B€){r,<" with € = 1,6 from
Egs. (62), (63), (64), (65), (66), and (67) without
re-calculation, as follows:

rAM)r(n+2807-3)r(2A% +1)

1\nr—eh nri
B Gum) = Xni r(n+22%% +1)F(n+A 7-3)
(69)
(B ?rfz_nf)h =
nr2 T@AT +1)r(n+2877 —1)r (2477 +2)
Xni r(n+2AM+2)r(n+a% ’ (70)
(8° ?rfz_nf)h =
nr3 T(2AY +2)r(n+2877 —2)r (2477 +3)
Xni r(n+22%7+3)r (n+A%y ’ 71
B oy =
s DAL zsi -2 CAv2) oo,

r(n+2a%+2)r(n+a™

_1) 4
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3.3 Effect of Space Deformation on Relativistic
and Non-Relativistic Energies Under the
IEHP Model

What draws attention here is the application
of our physical method resulting from the
principle of superposition to determine the total
values of relativistic and non-relativistic energies
in 3D-(R/NR)NCQS symmetries. The global

effective potentials Z,, e () and VT (1)

nr—eh
which is the sum of three potentials
(Z ( )+l(l+1)+ZpeT‘t (T), Veh (T) + lz(ll\;':z)

Vnprereth (r)) are responsible for the production of
total relativistic and non-relativistic energy

within the framework of 3D-(R/NR)NCQS
symmetries. Naturally, the effective potentials

L) and V) + D) are

respons1ble for the relativistic energy ES!' and
non-relativistic energy EZ! that are typically
discussed in the literature, as seen in Egs. (18)
and (19), which dominate in the absence of the
non-commutativity space-space. Whereas the
*(r) and
on (1) due to space-space deformatlon will
play the role of the self-source of corrected
relativistic and no-relativistic energies. Since the
NC parameter ®(1)12,723,713)/2 is arbitrary, it
can be dealt with physically. Firstly, the
influence of the perturbed spin-orbit can be
generated from the effective perturbed potentials

pert(r) and Vprergh(r), which correspond to

the bosonic particles and antiparticles with spin-
s. This includes the homogeneous (I, N,, H,)
and heterogeneous (CO, NO, VH, TiH, NiC,
TiC, and CuLi) diatomic molecules. We obtain
the perturbed spin-orbit effective potentials by

spontaneously generated potentials Z, per
Vpert
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replacing the coupling of the angular momentum
L operator and the NC vector @ (112, 23,113)/
2 with the new equivalent coupling:

L® — OLS with @ = \/n?, + n; + n, (75)

We have oriented the spin-s of the VH, TiH,
NiC, TiC, and CuLi molecules to become
parallel to the vector @(112,723,113)/2, which
interacts with the IEHP model. Additionally, we
use the following transformation, which is well-
known in 3D-(R/NR)QM symmetries:

®LS - %(12 — 12 - 82) (76)

In 3D-(R/NR)NCQS symmetry, the operators
HER J2,12,8% and J, form a complete set of
conserved physics quantities, and the
eigenvalues of the operator G2 are equal to the
values:

29 =jG+1)—1(1+1)—s(s+1) (77)

with |l —s| <j < |l + s| for the homogeneous
(Io, Ny, H,) and heterogeneous (CO, NO, VH,
TiH, NiC, TiC, and CuLi) diatomic molecules.
As a direct result, the square of the partially
corrected energies
AEL5°%(n, Uy, Uy, Uy, Us, a, @, 4,1, 5) and
AEL™5°(n, Uy, Uy, Uy, Uz, @), due to the

perturbed effective potentials Z2¢™ (r)
and Vnpre_reth (r) produced for the (n,l,m)t"

excited state in 3D-RNCQS regimes, are as
follows:

AE? =
.
@g(,Ls) (28 () tnimy (0 Uo, Ur, Uz, Us, @)
(78)
and
AEn;l”—so —
e

nr

(nl UO! Ull UZI U3! a)

(79)
The global relativistic and non-relativistic
" (nl UO! Ull U21U3la)

og(, L (25 ()

(nlm)

expectation values (Z2:™")

and (72T

(nim)
(Tl, Uo, Ul! Uz, U3, a) for the

homogeneous (I, N,, H,) and heterogeneous
(CO, NO, VH, TiH, NiC, TiC, and CuLi)
diatomic molecules, which were induced under
the IEHP model, are given by the following
expression:

( pert)r —
eh  I(nim)
6
zlrg</3€>(,:ﬁ,’:) (n,Up, Uy, Up, Uz, @), (80)
E=
and
(VarZen gy (Vo U, Uz Us, ) =
J nr—eh
% 72BN i) (81)
8:

Let us now study another very important
contribution arising from the influence of the
magnetic perturbation generated by the effective
potentials (Zf,frt(r) and Vnpre_réh(r) under the
IEHP model in the 3D-(R/NR)NCQS regimes.
These effective potentials are achieved when we

replace

L® - yLRX with 8 = Re,

(82)
This satisfies the complementary
condition [®] = [x][R] = (length)’, where

X and y are the intensities of the magnetic field
induced by the effects of deformed space-space
geometry and the new infinitesimal NC
parameter. This choice is made because the
vector @(112,M23,113)/2 is arbitrary. We chose
the magnetic field strength according to the (0z)
axis to simplify the calculations, without
affecting their subjective physical content.
Additionally, we need to apply the well-known
property:

(U, m'|LyIn, [, m) = m&,,rpaynay,  (83)

where (—|I| < m < +|l|) for the homogeneous
(Io, Ny, H,) and heterogeneous (CO, NO, VH,
TiH, NiC, TiC, and CuLi) diatomic molecules.
All of these data allow for the discovery of the
new square improved energy shifts AE:;lg 2
n, Uy, Uy, Uy, Uz, a, x,m) and
AE,, ™ (n,Uy, Uy, Uy, Us, ) for VH, TiH,
NiC, TiC, and CuLi molecules due to the
perturbed Zeeman effect created by the influence
of the improved Eckart-Hellmann potential
model for the (n,l,m)t™" excited state in 3D-
(R/NR)NCQS symmetries as follows:

AE:;ng(n, Uy, Uy, Uy, Us, ) =
.
AR (2B (r))(nlm) (n, Uy, Uy, Uy, Us, a)m,

(84)
and
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AE:;;_mg(n; Uo; U1, Uz, U3, CZ) = ){N

nr
(vpert ) (i (0 Uo Ur, Uz, U, ). (85)

After we have completed the first and second
steps of self-production of energy, we are going
to discover another very vital case under the
improved Eckart-Hellmann potential model in
3D-(R/NR) NCQS symmetries. This new
physical phenomenon is produced automatically
by the influence of perturbed effective potentials
Zg;f”(r) and Vnpre_rgh(r). We consider bosonic
particles (or antiparticles) undergoing rotation
with angular velocity (. The features of this
subjective phenomenon are determined by
replacing the arbitrary vector @ (912, 123,113)/2
with £Q, which allows us to replace the coupling
L® with {LQ, as follows:

Zgn () > 275 () =
6

7| X teBin(s) |LQ+0(2?) (86)
e=1
and
Vnzz"e—th (T) - Vne”_—z(;f (T) =
6
| X Ben(s) |LQ + 0(@?) (87)
e=1
Here, { is simply an infinitesimal real

proportional constant. We will follow the same
method as in the previous case of magnetic
effects, due to the mathematical similarity
between the two cases. We oriented the
rotational velocity Q to become parallel to the
(0z) axis. The perturbed generated spin-orbit
coupling is then transformed into a new physical
phenomenon as follows:

6 6

( Elfeﬁeeh(s) Lﬂ_’( Z:lTe.Beeh(s) ‘QLZ!

(88)
and

6 6

| Xt Ben(s) |LQ - glrgrﬁgh(s) NL,.

e=1

(89)

All of these data allow for the discovery of
the new corrected square improved energy
AEL™ (n,Uy, Uy, Uy, Us, @, x,m) and AEJ; ™t
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(n, Uy, Uy, Uy, Us,a, x,m) of the homogeneous
(Io, Ny, H,) and heterogeneous (CO, NO, VH,
TiH, NiC, TiC, and CulLi) diatomic molecules
due to the perturbed effective

potentials Zf__g;l)t(r) and Vnpr__re‘;f(r), which are

generated automatically by the influence of the
improved Eckart-Hellmann potential model for
the (n, 1, m)t" excited state in 3D-(R/NR)NCQS
symmetries, as follows:
AELR(n, Uy, Uy, Uy, Uz, ) =
20z ()Y (n, Uy, Uy, Uy, Us, @)m,
(90)

(nlm)

and
AEgl;lﬂ_rOt(n! UO' Ul! UZ! U3: a) =

q(VPert ) tnimy (0 Uo, Us, Uz, Us, a)m. (91)

It's worth noting that the authors of ref. [112]
studied rotating isotropic and anisotropic
harmonically confined ultracold Fermi gases in
two and three-dimensional space at zero
temperature, but in this case, the rotational term
was manually added to the Hamiltonian operator.

Although the rotating term was manually
added to the Hamiltonian operator in Ref. [112],
within the framework of rotating isotropic and
anisotropic harmonically confined ultra-cold
Fermi gases in two and three dimensions at zero
temperature, in our current research, the rotation

operators Zf__er;l)t (r) and Vnpr__re‘;f (r) appear
automatically as a result of the influence of non-
commutativity space-space under the improved

Eckart-Hellmann potential model.

It is known that the eigenvalues of the
operator G2 for bosonic  particles and
antiparticles (with negative energy) and spin
(s=12.)aregivenby jG+1)—-Il(l+1)—
s(s + 1)]/2, where the possible values of {j}
are {|l—s|,|l—s|+1,...,]l+s|}. In the
symmetries of the 3D-(R/NR)NCQS regimes,
the total relativistic improved energy EgSP
n, Uy, U, Uy, Us,,0,x,&,j,1,5,m) and

e (n, Uy, Uy, Uy, Us, @, @, x,¢,j, 1,5, m) for

the homogeneous (I,, N, H,) and heterogeneous
(CO, NO, VH, TiH, NiC, TiC, and CuLi)
diatomic molecules under the IEHP model,
corresponding to the generalized (n,l,m)t"
excited states are expressed as:
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Eﬁ(f:l(n' UO! Ul! UZ: U3: a, d): X: (;j; l; S, m) =
r
Ext + [{Z2 () iy (R + CDIm +

og)l:, 92)
and

EM=eh(n, Uy, Uy, Uy, Us, a, @, )(,(],l s,m) =

—l(l+1)—U0—aU1—T "*2&—

2
_Xal pert \"T
2(n+w;‘ur ] + (Vnr—eh>(nlm)[()(N + (.Q)m +

Pg]. 93)

where EZI' are relativistic energies under the
improved Eckart-Hellmann potential model
obtained from equations of energy in Eq. (18). It
should be noted that the obtained corrected
relativistic energy obtained in Eq. (92) can be
generalized to include both negative energy (for
the bosonic antiparticles) and positive relativistic
energy (for the bosonic particles) as:

h pert

(R + {)m + dg)]*/2
Eet = | for bosonic particles, (94)
ne | Eeh| — ( PeTt( ))
(nlm)
(R + {)m + dg)] /2
\ for bosonic antiparticles.

which can be written explicitly using the step
9(|Eﬁ?|) function as:
|Exelo(ERe]) -

E¢h.. = |Egt=s|0(—|ESH|)

(95)

Now, there is no need to address the energetic
corrections of the second order, as stipulated in
the well-known theory of perturbations in the
literature, because the axioms upon which we
base our work neglect all contributions of the
second order of (®2, x2,?).

4. Study of Important Particular Cases
of IEHP in 3D-(R/NR) NCQS
Symmetries:

In this section, we will examine the newly
obtained bound state ecigenvalues of the
deformed Klein-Gordon and  Schrodinger
equations with the improved Eckart-Hellmann
potential model in 3D-(R/NR)NCQS
symmetries, which we have seen in Egs. (92)
and (93). By suitably adjusting the potential
parameters of the Eckart-Hellmann potential

model, which were studied in Refs. [4-6], we are
now generalizing them to the 3D-(R/NR)NCQS
regime:

(1) If we choose, Uy = U; = 0, we obtain the
new modified Hellmann potential from Egs.
(92) and (93). This leads to the following

direct eigenvalues
En? (0, Uy, Us, o, ®, %,3,j,1,5,m) and
rrll: rffzp(n U, Us,a, D, x,4,j,1,s,m) that

correspond to this special case potential in
3D-(R/NR)NCQS symmetries as:
EMY(n, Uy Us, a,®, x,4,j,1,5,m) = EXP
H(Zh @) (GR + {Dm + 2g)] 2,
(96)

and

EM "™, U, Uy a,®,x,0,j,1,5,m) ——l(l+1)—

nc nl

2
E n+whp _ Xhp pert \"""
u [ 2 2(n+wﬁ£)] + (V”r_’”‘)(nlm)[()(N *
{)m + dgl. (97)

The new relativistic energy in Eq. (96) is
consistent with the results from Ref. [50], while
the new non-relativistic energy in Eq. (97) aligns
with the results from Ref. [51]. The first two
terms in Eq. (97) represent the non-relativistic
eigenvalues EMP w1 10 3D-NRQM symmetries and
agree with Eq. (38) from Refs. [4,113]. The term
E' in Eq. (96) is the relativistic energy of
Hellmann potential in 3D-RQM symmetries:

M? —EMP? = q(ENY + M) — a?l(1+ 1)
2
2 |PHehy X;rlp
i o

The corresponding new relativistic and non-

relativistic expectations values (Zﬁ;”( ))

and (Vpert )?rl

(nim)

ar—hp ) for the modified Hellmann

potential models and the corresponding physical

values (whp,)(hp) and (whp,)(hp) can be
determined from the following limits:
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pert pert
(Z (r )>( lm) (U, Ull)—>(00)( (r »(nl )
pert \™" _ . pert \"T
( "r_hT’)(nlm) " (W, Ulll)rz(o o)(Vnr‘eh>(nlm)’
ey
Uy = 10+ 1) — 2 | )

Why = @y =2+ 241U+ 1),

2U 2U 2U; 2U
Xy = 50+ = L+ D
99)

(2) If we choose, U, = U3 = 0, we obtain the
new modified Eckart potential, from Egs.
(92) and (93). This leads to the direct
eigenvalues E F(n, Uy, Uy, a, @, %,4,j,1,5,m)
and E,._ 7 (n,Up, Uy, a,®,x,0,j,1,5,m) that
correspond to this special case potential in

3D-(R/NR)NCQS symmetries as:
Ent(n,Uo, Uy, @, ®,x,4,j,1,5,m) = Eyt +
(ZPE ) (R + {2)m +

(l)

0gG,LsN]M?, (100)
and
R = S+ 1) — Up — aly

_za? [nrolf i ]
u 2 2(n+wl
Ve Y [ + EDIM + g1,
(101)

The new relativistic and non-relativistic
energies in Egs. (100) and (101) are consistent
with the results from Ref. [44]. The first two
terms in Eq. (101) represent the non-relativistic
eigenvalues of the Eckart potential in 3D-NRQM
symmetries and align with those in Ref. [14].
The term E/¥ in Eq. (100) is the relativistic

energy of the Eckart potential, which agrees with
Refs. [114, 115] in 3D-RQM symmetries:

M? —EP? = Uo(EP + M) + a(Eey + M)

] (102)

n+w£p

—a?l(l+ 1) + a? [

2 n+whp

The corresponding new relativistic and non-

relativistic expectation values (Zg;”( ))

(nim)
and (Vn”fﬁp)?rl ) for the modified Eckart

potential models and the corresponding physical
values (wg,,, Xg,,) and ygp can be determined
from the following limits:
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(zZ27 (), (25 ),

lim
(U, U3) -(0,0)

(nlm)
pert \" _ pert \"
(Vnr ep)(nlm) W,, Ul3l)TLl(O 0)( nr—eh)(nlm)'
M) Ui (EY+M
{0 x, = U"(Ea; )4 1(a ) 11+ 1),

Wy = +\/1+%+l(l+1)

\ any =2 2 1+ 1),

a?

(103)

(3) If we choose, Uy =U;=U;=a =0, we
obtain the new modified Coulomb potential
(NMCP) from Egs. (1), (39), (92), and (93).
The modified relativistic and non-relativistic
energy eigenvalues E,*(n,U, ®,,¢,j,1,s,m)
and E}” ,flp(n Uy, ®,x,0,j,1,5,m),
corresponding to this special case potential in
3D-(R/NR)NCQS symmetries, are given by:

VP(r) = — U2 _

r

Uz 2
2L + 0(0?), (104)

P 1
T(’:lg(n! UZl(DpX;(,],l,S,m) = _a

2

_ =2Up pert
[(ZF X+

n+: 1y /—+l(l+1) )( tm )(

{Dm + <Z>g) 2 (105)
and

- U2 nr
Enent = = gt T (i Zep) oy LOR +

{)m + @gl. (106)

The new relativistic and non-relativistic
energies in Egs. (105) and (106) are consistent
results from Refs. [72, 74]. The first term in Eq.
(106) is the non-relativistic eigenvalues of the
Coulomb potential in 3D-NRQM symmetries,
and it agrees with Ref. [116]. The first term in
Eq. (105) is the relativistic energy of the
Coulomb potential, and it is consistent with Ref.
[117] in  3D-RQM  symmetries.  The
corresponding new relativistic and non-

relativistic expectations values (pre”( ))

(nim)
and (Vnprerctp) (nim) of the modified Coulomb

potential models can be determined from the
following limits:

pert\” _ . pert
{(ZCP >(nlm) - (UO,Ul,U3l,lal)n—>(o,o,o,o)( en (7 )>(nlm)
(

pert >nr - ( pert \"T

nr—cp nr—eh>(nlm)'

(107)

= lim
(nim) (Ug,U1,U3,a)—(0,0,0,0)
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(4) If we choose Uy = U; = U, = 0, we obtain
the new modified Yukawa potential (NMYP),
from Egs. (1), (39), (92), and (93). This
results in the direct NMYP and corresponding
modified relativistic and non-relativistic
energies eigenvalues
E’(m,Us,a,®,x,4,j,1,5,m) and
E; P Us,a®x,4,jLs,m) that
correspond to this special case potential in
3D-(R/NR)NCQS symmetries as:

Vnccp (T) _ Us exz:ﬂ( ar) + (% exp£3 ar) _

aUsu exp(—ar)
LELEPCD) L + 0(92), (108)
ET:)I./LI‘j(n’ U3’ a' (DIXI (ljl llslm) = ET:)l/lp )
r —
+[(25;rt(r))(mm)((xx +{)m+dg)l,
(109)
and
2
nr-yp _ @ _2a? [nteyp  X9p ]
Enc—nl - 2u l(l + 1) i > 2("“”2{
VAT e [OR + DM+ Dg). (110)

The new relativistic and non-relativistic
energies in Egs. (109) and (110) are consistent
results from Refs. [118-120]. The first two terms
in Eq. (110) are the non-relativistic eigenvalues
of Yukawa potential in 3D-NRQM symmetries
and agree with Ref. [23]. The term E;} in Eq.
(109) is the relativistic energy of Yukawa
potential, which is consistent with Ref. [121] in
3D-RQM symmetries:

M2 —E)P? = a(EXP + M) — a1+ 1)

2
+a? ["+w§p X ]
2 2(n+wlp)

(111)

The corresponding new relativistic and non-
. . . . r
relativistic expectation values (Z%T't (r))

pert \r
and (VhZ yp) (nim)

potential models, along with the corresponding
physical values (w}y, x5,) and (w35, x33), can
be determined from the following limits:

(nlm)

for the modified Yukawa

Zpert r — .
( yp (r»(nlm) (UO,Ul,lller)TL(o,o,o)
pert _ .
(V’"‘yp>(nlm) - (UO,Ul,gllzr)TL(o,o,o)
_ Us(Exy + M)
a

T

(z" )

nr ( pert >nr
nr—eh/ (nim)’

(nim)’

T

< - +IA+ D),

1 1
w§p=w§}£=§+ Z+l(l+1),

2U
=R+,

(112)

5. The Homogeneous and
Heterogeneous Composite Systems
Under IEHP Modes

In this section, we investigate the behavior of
composite systems, such as homogeneous
diatomic  molecules (I, N, H;) and
heterogeneous diatomic molecules (CO, NO,
VH, TiH, NiC, TiC, and CuLi), which are
composed of two particles with masses m,
(n = 1, 2) in the framework of non-commutative
algebra. It is worth taking into account the
features of the descriptions of these composite
systems in the non-relativistic study. Previous
studies have shown that composite systems with
different masses are described by the following
new non-commutative algebra [59, 122, 123]:

[Ql(ls.h.i)’ 1(/s.h.i) = in, (113)

*

The new non-commutativity parameter 15, in

2
the above equation is equal to Z(uﬁnffv)), where
n=1

Uiz (n)
= —=— and
H2 Myt M

corresponding to the mass particle of mass p,,. In
the case of a physical system composed of two
identical particles (y; = uy), such as the
homogeneous diatomic molecules (I, N, H,)
under the effect of the improved Eckart-

Hellmann potential model, the parameter

nl(ff,) = Ny Thus, the three parameters @, §, and

¢ in Eq. (84) are modified as follows:

is the new NC-parameter,

2 2 2 2
y02=<2 u%h(?)) +<Z u%yz(?)) +
n=1 ) n=1

2
(Z u%Vf?)
n=1

with y€ = (@€, ¥, {¢). As mentioned above, in
the case of a system of two particles with equal
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= h ) _ (M) —  values of j) and use E™ ¢ because it represents
masses (41 = Up), we have Ny = MNyy, By = ' J nc-nl Y
(n) . a single value. We need to replace the
Buvand ¢, = (. Thus, we can generalize our

obtained non-relativistic global energy E/-¢h

(n, Uy, Uy, Uy, Uz, @, @€, €, (€, j,1,s,m) under
the improved Eckart-Hellmann potential model,
considering that composite systems with
different masses are described by different NC
parameters  for  heterogeneous  diatomic
molecules (CO, NO, VH, TiH, NiC, TiC, and
CuLi) as:

2
prnr—eh _ zx_zl(l +1)— 2a? |n+w}] _ Xep
nc—nl 2u 2(n+wlf

u 2
V) g [(BER + EIm + 02 g]

(115)

6. Spin-averaged Mass Spectra of
Heavy Mesons Under the Improved
Eckart-Hellmann Model in 3D-
NRNCQS Symmetries

In this section, we calculate the mass spectra
of the heavy meson systems, such as
charmonium cc and bottomonium bb, that have
the quark and antiquark flavor. We calculate the
new mass of quarkonium MMM in 3D-
NRNCQS symmetries by applying the following
relation:

Myeoal™ = 2mg +
—eh U —eh M
16%&&)*&&&&
L
’ +(EReat

EI" =l for spin-0.

) for spin-1,

(116)

. . — U
Here, my is the quark mass, while (EM7Z¢M)",

(Exz=st)", (Enz=el)” and (ER7=gl)” are the
new energy eigenvalues corresponding to
G=1l+1 s=1), (j=ls=1), (=1-1,
s=1), and (j =1, s = 0) under the improved
Eckart-Hellmann potential model in 3D-
NRNCQS symmetries. It results from the

generalization of the original relationship in the
literature [72, 99, 124, 125]:

MER="M™ = 2mg, + ENY (117)

where E;/ is the non-relativistic energy under

the Eckart-Hellmann potential model, as defined
in Eq. (19). In our calculations, we replace E;;/

. —en\U
with the average of the values, % ((Enr=eh

+(E,’llcr__fl{‘ M+(E,’llcr__fl{‘)L), or spin-1 (three
602

factor g(j, I, s) with new generalized values as
follows:

gG,lLs) =
l/2Forj=14+1ands =1,
—1Forj=1lands =1,
(=2l —2)/2Forj=1l—1ands =1,
OForj=1lands = 0.
(118)

. . my—-u my-m
This allows us to obtain (E, ., E, .

and E, ;lll) and E, 7 of the heavy_meson

systems such as charmonium cc and
bottomonium bb as follows:

nr—en\V

1) The energy values for (EM7=¢")", produced
by the improved Eckart-Hellmann potential
model, correspond to discrete quantum
numbers j=1[1+1 and s=1 and can be
expressed by the following formula:

—en\VU 2
(Enezat) =310+ 1) = Up — aly

_2a?[nropl ol ]2 (119)
u 2 2(n+l¥f
nr
Vo) LR + DM + @g]

nr—eh

2) The energy values(EM ¢l )M,produced by
the improved Eckart-Hellmann potential
model, correspond to discrete quantum
numbers j=lands=1 and can be
expressed by the following formula:

—en\M 2
(Eneznt)” =510+ 1) = Uy —al,

(120)

_2a?[nvoll ]2
u 2 2(n+wl¥
pert \"
HVbZen) guumy ((BR + ED)m — @)
3) The energy values (E,’llcr__fl{‘)L, produced by
the improved Eckart-Hellmann potential
model, correspond to discrete quantum
numbers j=1[0—1, s=1 and can be
expressed by the following formula:

—eh\L 2
(Ene—il) =31+ 1) = Uo — al

_E n+“’;zllr_ Xnl (121)
u 2 2(n+w;‘ur
nr
V2 oy (BR+ EDm — D (L + 1))

The energy values E:ll:__:lly , produced by the

improved Eckart-Hellmann potential model and
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corresponding to discrete quantum numbers
(j =1, s = 0), are expressed as follows:

2 nr
2a” |Intwy; _

2
,’l‘f=g—ﬂl(l+1)—U0—aU1— el

X;fzr z pert \"
2(n+w;‘llr)] + (Vm”—eh>(nlm) (’BN + ('Q)m)
(122)

By substituting Eqgs. (119), (120), (121), and
(122) into Eq. (116), the new mass spectrum
M (U, Uy, Uy, Us, @, ®,8,{)  of  heavy
meson systems, such as charmonium (cc) and
bottomonium (bb), in 3D-NRNCQS symmetries
under the improved Eckart-Hellmann model as a
function of corresponding mass spectra M:lrlly ~hm
in the 3D-NRQM regime and non-commutativity
parameters (®,3,{) that cauterized the

deformation space-space, can be expressed as:

Mmy_hm(UOJ Ull UZI U3! al (Dl ﬁl () = M:lrlly_hm

nc-nl
(1+4)

nr .
+ (Vnpre—reth>(nlm) ((TN + x2)m — T(D) for spin-1,

(qure_reth>?nlm) (BR + {2)m) for spin-0.
(123)

The spin-averaged mass spectra (MTTL’ZW—hm =
Mrrlrlly_hm(Uo: Ui, Uy, Us, @)) of the heavy meson
systems, such as charmonium ccand

bottomonium bE, under the SE with the Eckart-
Hellmann model in wusual 3D-NRQM

symmetries:

2
My ~"M (Uo, Uy, Uz, Us, @) = 2mg +;X—Ml(l +

B _ _ E n+wl] _ xnl ]2
1) —=Up—al, u 2 2(n+wlf
(124)
. . my—hm __
is extended to include (&M, 2" =

my—-hm _ ,,my—hm
M nc—nl ) M nl
symmetries:

in  3D-NRNCQS

6Mmy_hm(UOJ Ull UZI U3! al (Dl ﬁl () =

nc—nl
t \"7" (1+4) .
(Vnpre—reh>(nlm) ((TN + x2)m — T(D) : For spin-1,

{ npre—reth>?nlm) (BR + {)m): For spin-0.
(125)

which is dependent on the discrete quantum
numbers (n,j,l,s,m), potential parameters
(Uy,U1,U,, Uz, @), and  non-commutativity
parameters (@, ,¢) under the space-deformed
properties. The validity of our results can be
examined by considering logical physical limits:

MErZhm (U, Uy, Uy, Us, a, @, B, Q)
(126)

Lim
(2,8.4)—~(0,0,0)
= ﬁ{l_hm(uo: Uy, Uy, Uz, @)

7. Thermodynamic Quantities of the
IEHP at the NR-Limit

In this section, we explore the
thermodynamic properties of the improved
Eckart-Hellmann potential (IEHP) model at the
non-relativistic limit (NR-limit) within 3D-
NRNCQS symmetries. The investigation begins
with the calculation of the partition function,
which serves as the foundation for deriving other
thermal properties, such as internal energy,
entropy, free energy, and specific heat capacity.
The partition function can be calculated with the
aid of direct summation over all possible energy
levels at a fixed temperature T [126, 127]:

A
Z(B. A1) = 3 expl- LY )=
n=0 (127)

amax
25 (Bt @.7:¢)= 5 expl- pELT)

Here, ZJ7 (B, A1 =0), ZZ5 (B, ], @may), and
(A, aypay) are the partition functions of the
Eckart-Hellmann potential model, the improved
Eckart-Hellmann potential model, and the upper
bound vibration quantum numbers (the
maximum quantum number) in 3D-NRQM and

3D-NRNCQS symmetries, respectively. f = %,
K is the Boltzmann constant.

From the outset, we assume that the new
partition function, Z7f (8,1, @pmax), dependents
on the non-commutativity parameters (@, y,{),
as the corresponding non-relativistic energy in
3D-NRNCQS symmetries is related to these
parameters.

We obtain the parameter a4, in 3D-
NRNCQS as a function of corresponding values
A in 3D-NRQM as follows:

dERe il (128)
dn N=Amax
which allows us to express ;4 as:

Amax = A+ Agfelra (129)

with
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J

( d<(foth>m (xeLa)m +0g(j,l,s)) EXN (1 =0) in 3D-NRNCQS symmetries is

[ pr (nim) - 1dentlcal to ENY in 3D-NRQM which can be

{ n e obtained from Eq. (108) as:

I\ Lo o EM—n¢(l = 0) = E = —Uy —al,

o 130 2 [ntoogy e ]2 137

(130) u 2 2(n+wp) (137)

The NR-energy in 3D-NRNCQS symmetries,
E e from Eq. (93), can be simplified for the
caseof | # 0 as:

EWZil = Enf + AE(x,{, @) (131)
with
2
([ ER =310+ 1D = Uy~ al
2
e [nroly
< u 2 2(n+wﬁ;) (132)
AE(x,¢, ) =
nr
L(Vn”r”flp) [LGR +¢)m + @],
In 3D-NRNCQS symmetries, at high

temperatures in the classical limit, the modified

partition function, ZZ5(B,l, @max), can be
represented by an integral:
25 (ms )= ool pERH P (133)

Here p is equal to n + wp,;, in the classical
limit. Considering that the additive part of the
energy value AE ()( {,®) is small compared to
the main term E]Y, we can make the following
approximation:

nr—eh

exp(_ﬁEnc—nl —exp( .BEnr -
BAE(x,¢,0) exp(—BE}]

which gives:

(134)

Aiya

22 (Bt )= | expl- BB N1~ PAE(7.£.0))dp
0

(135)

Taking into account the previous physical
considerations, we roughly accept the terms that
are proportional to infinitesimal NC-parameters
(b,x,¢) in the first place only. Thus, the
modified partition function ZJ5 (8,4, P, x, { ) can
be rewritten approx1mat1vely as:

en B, L tmax) = Zegp, (B, 0,1 — BI(R +
(Q)m + oglZ7} (B AD (136)
Forl =0, the expectation values vanish

nr
(Xf,f”(r))(mm) =0. Thus, the NR-energy
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Here, wd, and x2, are obtained from Eq. (21) as
follows:

0 2Uop

201 20u 2U3u
wep + iH_ 2Uz + 3

a? a? a? a? ’

0 1 2U1[l
Xep + 4-+ a?

(138)

Comparing Eq. (115) with Eq. (25) from Ref.

n+o

[128] which has the form: V_T[T+

] we note that it is possible to switch
2(n+0')

between the two equations through the following
mathematical kinematics:

Ve -Uy—al,
T © Wep,
Q © Xon-
Thus, the partition function ZJ}, (8, 4,1 = 0)
for the Eckart-Hellmann potentlal model with

[ = 0 can be deduced directly from Eq. (29) in
Ref. [128]:

28,2, = 0 = exp (B po + X3uP)

//1 exp(BWS,/4?) — Mﬁ \I

(139)

(140)
\erf( ﬁwe"h/ﬂ) — v [Bw, /
with
{Xgh = %2)(21, + Uy + al,
po =1+ wdy, (141)

2

k Weoh = ;X_#ngzl

Here, erf (l\/ﬂ_W //1) is the imaginary error
function. If we compare Egs. (132) and (137), it
is possible to find mutual mobility between them
through @, © WX, B, © X35 and py > p =
n + wgy,. Then it is possible to find the partition
function w(B,A1l=0) of the Eckart-
Hellmann potential model with [ # 0 from the
expression Z27 (B, 4,1 = 0) in Eq. (140) without
new calculatlon
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Z(B. 2, D%, = exp (B=p + X )
I R4 eh p 2#’0 eh

(Aexp(ﬁ e’;f/AZ)—Jﬁ—J‘Jﬁ) 142)
erf (i BWey /4) =V BWeT

with

(ynr _ @

2 az
| X2 =7)(Z‘£+Uo+aU1—zl(l+1)

4 p=n+owl (143)
| a2
| W=

Using the modified partition function

ZX (B, @max) in Eq. (142), we analyze the
influence of non-commutativity space-space on
thermodynamic values of the improved Eckart-
Hellmann potential model. These include the
new mean energy UZM(B,1,®,x,{), new free
energy ESR(B,1,®,x,{), and new entropy
SER(B,1, @, x,Q). Let's start with a study of new
mean energy UgZM(B,1,®,x,{), which is the
quantity of energy required to prepare or
improve the system in its internal condition. The
influence of non-commutativity space-space on
the mean energy U(fS,A,1) for the improved
Eckart-Hellmann potential model is determined
by applying the following formula:

AUBL®,x,0) = URR (B, L2, x, ) —U(B. A D)
= —%(ang,f BAD —ZY (B, A1) (144)

A simple calculation gives the influence of
non-commutativity space-space on the mean
energy under the improved Eckart-Hellmann
potential model as follows:

AUREB, L@, x,0) =

n
pert
<Vnr_hp>(nlm) [(GR+{)m+ag]

- 145
1—ﬁ<Vfre_er>?nlm)[(XN+€!2)m+d>g] e
Thus, in 3D-NRNCQS symmetries, the new

mean energy USH(B, 1, ®, x,{) for the improved

Eckart-Hellmann potential model is equal to the

corresponding values in the literature U (B, 4, 1)

plus the influence of non-commutativity space-

space on it as follows:

Use B, L@, x,0) =UB,AD +

n
pert
<Vnr_hp>(nlm) [(GR+{)m+ag]

(146)

_ pert \"
1 ﬁ(Vnr_hp>(nlm)[()(N+(!2)m+d>g]

A precomputed result for U(S,A,1) in the
Eckart-Hellmann potential model under 3D-
NRQM symmetries as:

UBAD = Bpa?/2u+ XEB+S  (147)
with
[ x =" exp(pwy /a7 — "k
[ ’ nr i ,ﬁwﬁr ]
I TL'Weh erf e |
- N ! L s
[+ 2 exp(—pwy /37)]
M = Aexp(ﬂ eT;Lr/AZ) - \/ﬁ eT;Lr\/E
\erf(iyBWET /2) = N [BWT.

Next, we turn to the effect of the deformation
of space-space on the free energy F&* (3, 4, 1) for
the improved Eckart-Hellmann potential model,
which is obtained by applying:

AFEM (B LA, @, x, = EEM(B, LD, x, () —

F(BAD = —3InZ5 (8,1, 2,9) =

(-50n(z2B,21))

A simple calculation gives the effect of the
space-space deformation on the free energy
AE(B,1,®,x,{) for the improved Eckart-
Hellmann potential model as:

LGP D=
_1 In [ 1- :B(Vne"e—rfip>
[

(149)

(nlm)

(R +2)m + @g]

Thus, in 3D-NRNCQS symmetries, the new
free energy ES'(B,1,®,x,{) for the improved
Eckart-Hellmann potential model is equal to the
corresponding values in the literature F(S,4,1),
in 3D-NRQM symmetries plus the effect of the
deformation of space-space on it as follows:

EZB.L®x,0) =FB,AD

(150)

YN B(Vnpre—r’tlp)(nzm) (151)
[(xR + {)m + dg]
with
F(B,AD = —(pa®/2u+X3) ¢
In (’1 exp(BWei /1) = \/ﬁ—en"rﬁ) (152)
erf(i\/BWE /2) =\ BWET
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The effect of space-space deformation on the
specific heat capacity CE*(B, 1, ®,x,{) for the
improved Eckart-Hellmann potential model is
obtained by applying:

ACTB L, 0.0 =CE(BLP, X)) —

2 aAUnc(ﬁl‘DXO
C(B, A1) = —lep? 2L 20D

A simple calculation gives the effect of
space-space deformation on the free energy for
the improved Eckart-Hellmann potential model
as:

ACEE (B, (D'),f;() = —kp?
<fofzp>( o )[(Xx+(n)m+d>g]2

nr
exp(Zﬁ(fofZ»( i [(XN+(!2)m+d>g]>

(153)

(154)

This effect can be neglected within the
framework of the approximations that we have
adopted, which limit the analysis to the first-
order values(®, x, {).

We end this section by studying the effect of
space-space  deformation on the entropy
Ser (B, A, 1) which is obtained by applying:

ASgE(B L, 0. ) = SR (B L P 1, ) —

S, A1) = kp? %ﬁzwo (155)
A simple calculation yields:
ASREBL, P, x,¢) =k
<Vfre_r;zp>( iy (AR HEDMA 0] (156)

nr
BV ) g NSO M 0]

Thus, in 3D-NRNCQS symmetries, the new
entropy SER(B,1,®,x,¢) for the improved
Eckart-Hellmann potential model is equal to the
corresponding values in the literature S(8, 4, 1)
plus the effect of space-space deformation on the
improved Eckart-Hellmann potential model as
follows:

Spe B L@, x,0) =SB, A1) + kB
(ETh)r o [t 2g)
1—ﬁ<fo_er>?rl
with
SB,A D =—k(1 = B)(Bpa?/2u+ Xz B) — k
</1€XP(B /A% = m\/_)
erf(iyBWGT /2) =V BWiT
k6 (3)
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(157)
[(xR+{2)m+Dg]

(158)

If the space-space deformation effect
vanishes in the simultaneous limits (@, y,{) —
(0,0,0), then the additive thermodynamic

parts AZ (B, 1, @, x,9), Uit (B, L@, . ),
AR B LP, 00,  ASiE(B L x,{), and
ACEM(B,1, @, x, ) also naturally vanish:

( [ eh _
(<1>.X.€l)lz>r%o.o o)AZ 1B LD, x4 =0,

(<1>.X.€l)iz>r%0,0,o)A Urellh(ﬁ' Lo, x,¢)=0,
) (<D.X.€l)iz>r%0,0,o)AFﬂl(B' L, x,0)=0, (159)
(¢.x.(l)ilr%0,o,o)dsﬁ? B.LP, %) =0,
\(¢.X.€l)iz>r%0,0,o)dcﬂl BLP,x.¢) =0,
From these, the following results are
achieved:
((¢.X.€l)iz>r%0,0 0™ A (BL,x,0) = Z(B, A D,
((Dx(l)iir%ooo)ue rB LD, =UEBAD,
3 ol oo Pl (B L®,2,9) = F(B, 4D,

(d>.)(.(l).z>r%0,0,0) nl ('8’ Lo, x,{) = Sﬁl B, A D,
CERB,L P, x,0) = C(B, A, 1).
(160)

lim
\ (2,%,0)~(0,0,0)

8. Results and Discussion

In the current work, we investigate the 3D
deformed Klien-Gordon and Schrddinger
equations with the improved Eckart-Hellmann
potential (IEHP) model, taking into
consideration  the  influence of  non-
commutativity in space-space coordinates within
the three-dimensional relativistic/non-relativistic
non-commutative quantum mechanics (3D-
(R/NR)NCQS) regime. The newly obtained
relativistic and non-relativistic energies in the
3D-(R/NR)NCQS regime consist of two main
components: the primary contributions derived
from Egs. (19) and (20), which define the energy
spectrum in the 3D relativistic/non-relativistic
quantum mechanics (3D-(R/NR)QM) regime,
and additional terms arising from the
deformation of space-space coordinates. These
additional terms result from the effect of the
interaction spin-orbit that we have seen in Egs.
(78) and (79), the magnetic influences on a
physical system that we have seen in Egs. (84)
and (85), in addition to the proper rotational of
the homogeneous (I,, N, H,) and heterogeneous
(CO, NO, VH, TiH, NiC, TiC, and CuLi)
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diatomic molecules that we have seen in Egs.
(90) and (91), as well as non-commutativity
parameters (@, y,{) for every induced physical
phenomenon, the mixed potential depths
(Uy, U1, U,, U3), and the screening parameter «.
What distinguishes our work is the identification
of additional physical effects as special cases of
our results, some of which are already known in
the literature. In particular, we have investigated
the influence of non-commutativity in space-
space on the thermal properties of the improved
Eckart-Hellmann potential (IEHP) model. These
include the partition function, mean energy, free
energy, specific heat, and entropy, as detailed in
Egs. (120), (125), (129) and (131).

It is noteworthy that, under the simultaneous
limits (@, y, {) and (@€, ¥¢,{¢) — (0,0,0), our
results recover the energy equations for the
Klein-Gordon and Schrodinger equations with
the improved Eckart-Hellmann potential model
in 3D relativistic quantum mechanics (3D-RQM)
and 3D non-relativistic quantum mechanics (3D-
NRQM) symmetries, as reported in the key Refs.
[4-6]. Additionally, the non-relativistic solutions
we derived analytically by solving the deformed
Schrodinger equation could alternatively have
been obtained by taking the non-relativistic limit
of the solutions to the deformed Klein-Gordon
equation.

Furthermore, the  spin-averaged
spectra MM of heavy mesons (cc, bb) in
3D-NRQM symmetries, as previously reported
in Eq. (58) of Ref. [4], differ from the values we
obtained in this research, which are represented
in Eq. (124). This discrepancy arises due to the
approximations applied to the Eckart-Hellmann
potential model (see Egs. (2), (3), and (4) in Ref.
[4]), where Greene and Aldrich's approximation
was not used, unlike in Refs. [5,6].

mass

This observation also applies to the partition
functions (Z(B,A, D5, ZZ (B, 1, dmax)) of the
Eckart-Hellmann potential model and the
improved Eckart-Hellmann potential model in
3D-NRQM and 3D-NRNCQS symmetries. An
intriguing aspect of this work is the behavior of
the deformed Klein-Gordon equation under
extended symmetries, analogous to the Duffin-
Kemmer-Petiau equation, which is another
relativistic equation used to describe particles
with integer spin.

9. Conclusion

In this work, we solved the deformed Klein-
Gordon and Schrodinger equations for the
improved Eckart-Hellmann potential model and
obtained new analytical expressions for its
energy eigenvalues using the well-known BSM
and standard perturbation theory in 3D-
(R/NR)NCQS symmetries. We observed that the
new relativistic energy eigenvalues,
ESh(n, Uy, Uy, Uy, Us,a, @, x,¢,j,1,5,m)  from
Eq. (92), appear sensitive to quantum numbers
(n,j,l,s,m), the mixed potential depths
(Uy, U1, Uy, U3), the screening parameter «, and
the non-commutativity parameters (@, y, ).

We obtained the non-relativistic new energy
eigenvalues EJN=21(n, Uy, Uy, Uy, Us, a0, ®, 1,4, ), L, s, m),
in 3D-NRNCQS symmetries by employing the
mapping (ESP + M and ES} — M) with (2u
andEEP~"), as expressed in Eq. (93).

Additionally, we identified several special
cases of the IEHP model by adjusting the
potential parameters, resulting in the new
modified Hellmann potential, the new modified
Eckart potential, the new modified Coulomb
potential, and the new modified Yukawa
potential. Our results show excellent agreement
with those reported in the literature.

We further analyzed homogeneous (I, N,
H,) and heterogeneous (CO, NO, VH, TiH, NiC,
TiC, and CuLi) diatomic molecular composite
systems in 3D-NRNCQS symmetry.
Additionally, we examined the influence of non-
commutativity in space-space on thermodynamic
quantities, including the induced partition
function AZ(B,1, P, x,{), induced mean energy
AU(B, LD, x,0), induced free energy
AF (B, 1, P, x,0), induced entropy
AS(B,1,®,x,{), and induced specific heat

capacity AC(S,L, @, x, {).

We demonstrated that the corresponding new
thermodynamic quantities in 3D-NRNCQS
symmetries—namely, the partition function
Zst (B, L, @, x,€), mean energy UsH (8,1, @, 1,9),
free energy  ESRB, LD, x, ), entropy
SEh(B,1,d,x,¢), and specific heat capacity
CER(B,1, @, x,{) are equal to their counterparts
in the literature (the new  partition
function Z(B, A, 1)7,, mean energyU (B, 4, 1), free
energyF(B,A,1), entropyS(B, 4,1), and specific
heat capacity C(B,4,1)) plus the effect of the
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deformation of space-space
(AZi} (B L@, 0, 0), AURH (B, L@, X, ),

AFTflh(ﬂ' ll (DIXI (), ASE{I(ﬂ, l, (D’X’ ()’ and
ACEM (B, L, @, x, ), respectively).

It is important to note that for the
simultaneous limits (@, y, {) and (@€, x¢,{¢) -
(0,0,0), our results recover the energy equations
for the Klein-Gordon and Schrodinger equations
with the Eckart-Hellmann potential model in 3D-
RQM and 3D-NRQM symmetries.
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