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Abstract: This study examines the unsteady motion of a fractional Maxwell fluid over an
inclined vertical surface, considering the effects of thermo-diffusion and slip conditions.
The model is further developed using Fick’s and Fourier’s laws, introducing a novel
fractional formulation for mass diffusion and thermal diffusivity. The flow model is
formulated with the CPC fractional derivative, and the governing equations are transformed
into a non-dimensional form, and the resulting governing equations are solved using the
Laplace transform method. The effects of key flow parameters—including the Grashof
number, chemical reaction rate, Prandtl number, fractional parameters, and Schmidt
number—are analyzed graphically. The results indicate that the fractional model provides a
more accurate and flexible description of flow behavior than the classical model.
Specifically, the magnetic field suppresses fluid motion, while thermo-diffusion enhances
1t.

Keywords: Free convection, Maxwell fluid, Slip condition, Soret effect, CPC fractional
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1. Introduction

Recent advancements have significantly
improved the understanding and modeling of
non-Newtonian fluids, particularly viscoelastic
fluids such as Maxwell fluids. These fluids,
characterized by their unique combination of
elasticity and viscosity, play an important role in
numerous engineering and industrial
applications. Fractional calculus has been widely
used to describe their complex dynamics,
incorporating fractional-order differentiation
techniques for greater accuracy. In particular, the
constant proportional Caputo (CPC) operator has
been employed to improve the modeling of heat
flux behavior under various physical conditions,
including magnetic fields and variable
boundaries.

Building on these developments, this study
examines the transient behavior of Maxwell fluid
using the CPC fractional derivative to provide
new insights into viscoelastic fluid dynamics.
Previous research has explored similar topics,
such as the MHD thermal transfer framework in
Maxwell fluid by Kai-Long Hsiao [1], and the
effects of fractional calculus on blood flow in
cylindrical structures by Shah et al. [2]. The
Jeffreys fluid model, widely studied because of
its mathematical simplicity, has been analyzed
by Shafique et al. [3, 4], while Ahmad et al. [5]
examined its fractional-order form using Caputo
and  Caputo-Fabrizio  derivatives.  These
derivatives emerged over the past decade, among
other generalized fractional differentiation
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approaches [6, 7].

There has been extensive research conducted
on natural convection over inclined surfaces
under different thermal and mechanical
conditions [8-14]. Fetecau et al. [15] analyzed
the unsteady behavior of second-grade fluid near
a plate, while Ahmed et al. [16] investigated
MHD heat transfer in boundary regions with
minimal pressure variations. Narayana [17]
explored convective mixed MHD flow, and
Nadeem et al. [18] studied MHD flow in an
inclined viscoelastic fluid within a convective
environment.

Fractional calculus, which extends classical
calculus by considering derivatives of arbitrary
continuous order, has a long history dating back
to Leibniz’s correspondence with I’Hopital in the
17th century. It has since evolved into a
powerful tool for modeling complex physical
systems.  Unlike traditional integer-order
derivatives, which often fail to adequately
capture real-world fluid behavior, fractional
derivatives account for memory effects and non-
local interactions. In this study, the Mittag-
Leffler kernel fractional derivative is employed,
offering a more generalized and flexible
framework compared to Caputo and Caputo-
Fabrizio derivatives. This approach effectively
models fluids with long-term memory and
power-law behavior.

Several studies have investigated related
magnetohydrodynamic (MHD) and convective
transport problems. Olisa [19] analyzed laminar
MHD natural convection past a vertical plate,
while Khan et al. [20] studied
magnetohydrodynamic flow through a porous
medium. Seth et al. [21] examined convective
behavior over a vertical plate subjected to a
temperature gradient. Stability conditions of
fractional derivatives were studied by Tran et al.
[22], and Tuan et al. [23] applied fractional
models to the study of COVID-19 transmission
dynamics.  Additional  studies  explored
convective MHD flow past a plate with heat
sources [24], Casson fluid behavior in confined
passages [25], and Brinkman fluid dynamics in
channels and over surfaces [26—28]. Viscoelastic
fluid flow over vertical plates has also received
considerable attention [29-31].

The current study focuses on the unsteady
motion of fractional Maxwell fluid across an
inclined vertical plate, incorporating slip and
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Soret effects. The governing equations are
transformed into their dimensionless form and
solved using the Laplace integral transform
method. The resulting velocity, temperature, and
concentration profiles are graphically examined
to provide a deeper understanding of the fluid's
behavior.

2. Mathematical Model

The motion of a fractional Maxwell fluid
along an inclined vertical plate is analyzed under
the influence of Soret and slippage conditions.
The fluid travels upward parallel to the y-axis,
while the x-axis remains perpendicular to the
plate, which is inclined at an angle A in the
vertical plane.

Initially, at ¢ = 0, both the fluid and the plate
are at rest and maintained at the ambient
concentration C, and ambient temperature
T. For ¢t > 0, the plate begins to move in its own
plane at a uniform velocity of Uyf(t).
Simultaneously,  the  concentration  and
temperature of the plate increase over time,
following the expressions C,,- and T* =
Ty (1 — cre™41t) + Tg, respectively. Based on
these assumptions and following [28, 31], the
governing equations are given by:

0 0u, (x*t) _ ot(x*b)
(1+’1615) at ox +(1+
23 2) gBr-(T* = Tix) cos(A) +
F) . .
(1 + A E) gBc(C — Cy) cos(A) —

(1 + A %)@ _ (1 + 4 %) puq (x*,8)

PK>
()
Shear stress T is:
_ou(xt)
== ()
Heat Eq. is:
oT"(x"t) _  9q(x") e
o0 = ey on + H, (T ). ?3)
Fourier's Law, g, (x*, t) is:
. AT*(x* t
(", 1) = —ag T8, )
Diffusion Eq. is:
oc(x"t) _  8J(x"t) Dgroqix"p
ot - ax* ™m  0x*
5:(T" = Tx). (5)
Fick's Law, J; (x*, t) is:
% ac (x*t
L0 = -D, 2528 (©6)
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The conditions for the initial value problem
are:

ul(‘X*l t) = 0! T(‘X*l t) = Too: C.(‘X*l t) =

Co, x*>0,t=0, (7
w (0,0 =Ry 52 = U f(6), T'(0,6) =T, +

T (1 — cle dlt), c,t)=¢C,, t>0, (8

u (x*,t) » 0, T*(x*t) » 0,C*(x*,t) >
0, x* > o0, t > 0. )

3. Generalized Model

To extend the classical Maxwell fluid
framework, a generalized framework is
developed incorporating fractional derivatives to
account for memory effects and nonlocal

interactions. The governing equations are
reformulated using the CPC fractional
derivative, providing a more accurate

representation of viscoelastic fluid behavior.
This section presents the mathematical
formulation of the model, emphasizing the
impact of dimensionless parameters on heat and
mass transfer.

The nondimensional variables are defined as
follows:

Ux U2t T*—T
xt=—=,t'=—,T"'=——3,u" =
v v Tw—Teo
Uy Gr* = VB (T —Teo) C* _ C"—C% Gm* =
) - ] -
U3 Cp—Cl
VB (Cyy—Coo)
=C W oo (10)
U3

Eq. (1) is fractionally generalized by [32]:
_ B ou(x,t)
T=LgDy — = ,1=p>0, (11)

Substitute Eq. (11) into Eq. (1) and utilize the
dimensionless values from Eq. (10).

ou(xt) B 0%u(x,t) _
(1 +/16t) o = LeDr =5z

(14+22) & + Mu(x,6) +
(1 + /1%) GrT(x,t) cos(4) + (1 +
/1%) Gm C(x,t) cos(4). (12)

Equation (2) is fractionally generalized by
[33, 34]:

_ y dT (x,t)
q=-8Dy ——, (13)
Substituting Eq. (13) into Eq. (2),
oT(xt) _ 1 .y 0T
at  Pr Dt 0x2 +HT, (14)
where Pr =22,
By

By Fick's Law, Eq. (3) is:

] _ —CaDéx aC(x,t)

,1>C, >0, (15)
Substituting Eq. (15) into Eq. (3),

—acé’;'t) =D o C(" CED 4 se(x,t) +
srpr Z ;(’Qt), (16)

v
where Sc = —.
Ca

Conditions are:

u(x,t) =0,T(x,t) =0,C(x,t)=0,t=0,x >
0 (17)
u(0,£) = RS- = f(6), T(0,6) =1 —
ce™ ¥, C(0,t) =t,t >0, (18)
ulx,t) -0, T(x,t) >0, C(x,t) >0, x >
o,t >0, (19)

The parameters u and t represent fluid
motion and time, respectively, while G; and G,
denote the thermal and mass Grashof numbers.
Additionally, M, H, and R correspond to the
magnetic field, dimensionless heat generation
parameter, and slip parameter. The quantities Sc,
Pr, and Sr represent the Schmidt number, Prandtl
number, and Soret parameter, respectively, with
T and C denoting temperature and concentration.

The term Df u(x, t) signifies the CPC derivative,
expressed as:

Dfu(x, t) = r(11 3)f [K,(Bulx, 1) +

Ko (B)w' (x, D] (¢ — )P dr. (20)

4, Solution of the Problem

The system of Egs. (12), (14), and (16), along
with the associated boundary conditions, are
solved using the Laplace integral transform
method.

4.1 Calculation of Temperature
From Eq. (14),

1 [Kl(y) Nk T(xS)

sT(x,5) = = [+ ko ()] 57 +
HT(x, s). 21

with

T =1__<¢< 5

T(0,s) = ST T(x,s) > 0,x > 0. (22)
Substitute Eq. (22) into Eq. (21)
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Py(s—H)

- (E_L)e BB (23)

N s+b

T(x,s)

4.2 Calculation of Concentration

Taking Laplace transform on Eq. (16) on both
sides, we get

a 02C(x,5)

SC(x,5) = = [F2 4 Ky (@) ¥ 252 4
SC(x, s) +Sr[ D 4 ko) s w.
(24)
with
€(0,s) =572, C(x,s) » 0,x > oo. (25)

Utilising Eq. (25) in Eq. (24),

K1(®)

SrScPr(s— H)(;——)] - [%H(o(a)]sa

s+d

~ — -2
Clos)= |s7°+ (s—H)Pr—(s+S)Sc

srscPr(s—H)(3-==) —x [“L24 Ky (- H)]s“
(s—H)Pr—(s+S)Sc

(26)
4.3 Calculation of Velocity

Taking Laplace transform on Eq. (12) on both
sides, we get:

(1 + As)ulx,s) =
Lp [Kl(ﬁ) +K (,8)] g 9? u(xS)

1+ 2A)(K 1+ M)u(x, s) +(1+
15) GrT(x, s) cos(4) +

(1 + As) Gm C(x, s) cos(4), 27)
with
1(0,s) — Rau(os) = f(s), u(x,s) » 0, x >

0, (28)
Substituting Eq. (28) in Eq. (27),
iu(x,s) =

(s+K~1+M)(1+1s)
1

SCF1 e Lﬁ[Kle)+Ko(a)]s“

(s+K~1+M)(1+A1s)
Lﬁ[Kle)H(o(a)]s“

(1 + As) cos(4) E —

1+R
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] " Pr(s—H)—(s+S)Sc
s+d LﬁPr(s H)—(s+k=1+M)(1+As)

PrScGmSr(s—H) H)
] x

(s+K~1+M)(1+A1s)

K1(a) -x
| [ s +K0(a)]s“ Lﬁ[Kls(a)+K0(a)s“_

(s+K~1+M)(1+A4s)
Lg [—Kls(a)+K0(a)]s“

|
|1+
|

Kq(a,s—H) —l

]
(1+As) COS(A)[ 2 +[s s+d] Pr(s H)-(s+S)Sc
Lg(s+S)Sc—(s+k~1+M)(1+As)

PrScGmSr(s—H) ]

(s+K~1+M)(1+1s)
L [ 1(0‘)+K (a)]s“

e
(s+K~1+M)(1+1s)

1+R |[——F———
Lﬁ[Kle)H(o(a)]s“

— rose |

(29)

5. Results and Discussion

The solution describing Maxwell fluid motion
over a vertical surface, including thermo-
diffusion and heat-source effects, was derived
using the Laplace integral transform method.
The influence of various parameters in the

governing equations across the velocity,
temperature, and concentration fields was
analyzed graphically.

Fig. 1(a) illustrates the effect of the thermal
Grashof number Gr on the velocity u(x,t),
indicating that an increase in Gr leads to a higher
fluid velocity. This is attributed to the stronger
buoyancy force relative to viscous forces, which
enhances buoyancy-driven flow and,
consequently, the fluid's motion. Fig. 1(b) shows
the effect of Gr on u(x,t) with slip conditions,
where the velocity increase is slightly lower than
the no-slip case due to reduced momentum
transfer at the slipping boundary.
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FIG. 1. Velocity profile u(x, t) for different values of the thermal Grashof number (Gr) at A = 0.6, Sr = 0.5,
M=03,K=3.5,Sc=6.2,G,=10: (a) R=0.0 and (b) R =0.6.

Figure 2(a) illustrates the effect of the mass
Grashof number (G,,) on the velocity profile
u(x, t) under no-slip conditions. It is observed
that an increase in G,, enhances the
concentration induced buoyancy force, which
consequently accelerates the fluid motion and
increases the velocity field.

5

Figure 2(b), presents the influence of Gy,
under slip conditions. Although the velocity still
increases with increasing G, the slip condition
reduces the influence of buoyancy compared to
the no-slip case due to the weaker interaction
between the fluid and the surface.

(b)

[®)

u(x,t)

0.5

0
0 1 2 3 4 5

FIG. 2. Velocity profile u(x, t) for different values of G, at A= 0.6, Sr=0.5, M=0.3, K=3.5,Sc=6.2, Gr=5:
(a) R=0.0 and (b) R=0.6.

Figure 3(a) illustrates the effect of the
Maxwell parameter (A) on the velocity profile
u(x,t) under no-slip conditions. It is observed
that the fluid velocity increases as A decreases.
This behavior occurs because lower values of the
Maxwell parameter reduce the fluid’s relaxation
effects, thereby enhancing the fluid motion.

Figure 3(b) presents the influence of A on
u(x,t) under slip conditions. Although a
decrease in A still leads to an increase in velocity,
the enhancement is less pronounced due to
partial momentum transfer at the boundary
surface.
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FIG. 3. Velocity profile u(x, t) for different values of G, at A= 0.6, Sr=0.5, M =0.3, K=3.5,Sc=6.2, Gr =5,
Gp,p=10: (a) R=0.0 and (b) R =0.6.

Figure 4(a) analyzes the influence of the
permeability parameter (K)(K)(K) on the
velocity profile u(x,t)u(x,t)u(x,t) under no-slip
conditions. The results indicate that the fluid
velocity decreases as KKK decreases. This
behavior is attributed to the reduced permeability
of the porous medium, which increases the
resistance to fluid motion and consequently
suppresses the velocity field.

(a)

lo—e K=0.3

1.833

1.467

u(x,t)

u(x,t)

Figure 4(b) illustrates the effect of K on
u(x, t) under slip conditions. A similar reduction
in velocity is observed with decreasing K;
however, the decline is less pronounced than in
the no-slip case due to partial slip at the
boundary surface, which weakens the fluid-
surface interaction.

34 T T T T

2267

1.133

0.567

0 1 2 3 - 5

FIG. 4. Velocity profile u(x, t) for different values of K at A=10.6, Sr=0.5, M =0.3, K=3.5, Sc=6.2, Gr =5,
G,p=10: (a) R=0.0 and (b) R =0.8.

Figure 5(a) presents the influence of the
magnetic parameter(M) on the velocity profile
u(x, t) under no-slip conditions. It is observed
that an increase in M leads to a reduction in fluid
velocity due to the resistive Lorentz force
generated by the applied magnetic field.

116

Figure 5(b) examines the effect of M under
slip conditions. Although the velocity continues
to decrease with increasing MMM, the reduction
is less pronounced than in the no-slip case
because the slip condition permits partial fluid
motion along the boundary surface despite the
strengthening magnetic field.
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(a)

lo—e M=0.9
>—e M=18
o=t M=27 [
o= M=3 6

1.833F

1.467

u(x,t)

(b)

35 T T T T

2917

2333

u(x,t)

1.167

0.583

0 1 2 3 4 5

X
FIG. 5. Velocity profile u(x, t) for different values of M at A= 0.6, Sr =0.5, M =0.3, K=3.5, Sc=6.2, Gr =5,
Gnp=10,Gr=5:(a)R=0.0and (b) R=10.8.

Figure 6(a) illustrates the effect of the Soret
parameter (Sr) on the velocity profile u(x,t)
under no-slip conditions. The results indicate
that the fluid velocity increases with increasing
Sr, as the thermo-diffusion effect enhances
concentration gradients and strengthens the
concentration-induced buoyancy force.

(a)

35 T

[o=4 Sr=0.5
=+ Sr=0.6
o=—a Sr=0.7 |7
|o=—o Sr=0_8

2917

2333

u(x,t)

1167

0.583

0 1 2 3 4 5

Figure 6(b) presents the influence of Sr under
slip conditions. Although the velocity continues
to increase with higher values of Sr, the
enhancement is less pronounced than in the no-
slip case due to the reduced transmission of
momentum and boundary forces caused by the
slip condition.

5.4 T T T T

[e=& Sr=0.5
o Sr=0.6
(=4 Sr=0.7 |
[o=—e Sr=0.8

u(x,t)

0 1 2 3 4 3

X

FIG. 6. Velocity profile u(x, t) for different values of Srat A=0.6, M =0.3, K= 3.5, Sc = 6.2, Gr =5 G,,= 10,
Gr=5:(a) R=0.0and (b) R=0.8.

Figure 7(a) presents the influence of the
inclination angle parameter (A) on the velocity
profile u(x,t) under no-slip conditions. The
results show that the fluid velocity increases as
AAA decreases. This behavior occurs because a
smaller inclination angle enhances the
component of the buoyancy force acting along
the surface, thereby accelerating the fluid
motion.

Figure 7(b) illustrates the effect of AAA
under slip conditions. Although the velocity still
increases  with  decreasing  AAA, the
enhancement is less pronounced compared to the
no-slip case because the slip condition reduces
momentum transfer between the fluid and the
boundary surface.
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u(x,t)

5

Figure 8(a) illustrates the influence of the
Prandtl number (P,) on the temperature profile
T(x,t). Higher values of P, correspond to lower
thermal diffusivity, resulting in steeper
temperature gradients and a thinner thermal
boundary layer. In this case, heat diffusion
within the fluid is reduced, causing thermal
energy to remain concentrated near the surface.
Conversely, lower values of P, enhance thermal

(a)
1 T r r T
[e—e Pr=0.8
\ +— Pr=12
08331 WY =4 Pr=1.6 |7
le— Pr=2.0
0.667 \ J
gf: 0.5 -
0.333f .
0.167F AN -
0 1 1 —
0 14 2.8 42 5.6

As the heat generation parameter H increases,
internal energy production within the fluid rises
due to mechanisms such as chemical reactions,
thermal  radiation, or Joule  heating.
Consequently, the fluid temperature increases,
thus enhancing the buoyancy-driven flow and
modifying the thermal profile. Heat generation
plays a significant role in industrial cooling
systems, nuclear reactors, and combustion
processes, where effective thermal management
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[e— A=pi/3
o A=pi'4
(o= A=pi/6 |
[o—e A=0

3333

0.667

0
0 1 2 3 4 5

X
FIG. 7. Velocity profile u(x, t) for different values of angle (A) at A.=0.6, M = 0.3, K=3.5,Sc=6.2, Gr =5,
Gnp=10,Gr=5:(a)R=0.0and (b) R=0.8.

diffusion, leading to a more uniform temperature
distribution throughout the fluid.

Figure 8(b) presents the effect of the heat
generation parameter (H) on T(x, t). The results
indicate that increasing H raises the fluid
temperature due to enhanced internal energy
generation within the fluid. This effect is
particularly important in applications involving
chemical reactions and combustion processes
where heat generation significantly influences
thermal behavior.

1

0.833]

0.667,

T(x,b)

0.167,

X

FIG. 8. Temperature profile T (x, t) for various values of (a) P, and (b) H.

is essential for maintaining efficiency and
operational safety.

Figure 9(a) illustrates the effect of the
Schmidt number (S.) on the concentration
profile C(x,t). Higher values of Sc correspond
to lower mass diffusivity, resulting in steeper
concentration gradients near the surface. In
contrast, lower values of S; promote faster mass
diffusion and produce a more uniform
distribution of species within the fluid.
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Fig. 9b examines the influence of the reaction
rate parameter (S) on C(x,t). An increase in S
causes a more rapid depletion of reactants,
leading to a sharper decline in concentration near
the reactive surface. This effect is particularly

(a)

1 T T T T

o= S=0.5
\ —e S=1.0
0.833] ’-:: o=t S=1.5 |7
‘ lo—e S=2.0

0.667

C(x,b)
o

0.333]

0.167

0 0.8 16 24 33, 4
X

important in catalytic and combustion processes,
where precise control of reaction rates is
necessary to improve efficiency and optimize
performance.

08331 %

0.667

C(x,b)
o

0.333

0.167

0

X

FIG. 9. Concentration profile T'(x, t) for various values of (a) S and (b) S..

This behavior is commonly observed in
chemical engineering processes, pollutant
dispersion, and liquid-phase mass transfer. When
the Schmidt number (Sc) is low, mass diffusion
occurs more rapidly, resulting in a more uniform
distribution of species and reduced concentration
gradients. Conversely, a higher reaction rate
leads to a faster depletion of reactants, causing a
sharp decline in concentration near the reactive
surface. This phenomenon is particularly
important in catalytic reactions, combustion
processes, and industrial chemical engineering
applications, where optimizing reaction rates can
significantly enhance efficiency and product

yield. In contrast, a lower reaction rate allows
the species to persist for a longer duration,
resulting in a more gradual variation in
concentration.

Figure 10 presents a comparison between the
results of the current study and those reported by
Siyal et al. [30]. By setting p =y =oa—1, A= Sr
=R=S=X=0, and B = o = 0, the obtained
results are found to be identical, thereby
confirming the validity and consistency of the
proposed model.

Table 1 presents a comparative validation of
the present results with experimental data.

u(x,t)

Y Y

Present work
= work et al [30]

FIG. 10. Comparison of present work.
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TABLE 1. Comparison of present work with previous works

Gr Khalid et al. [12]

J.D. Olisa [19]

Present work

0.0 1.2430
1.0 1.4347
2.0 1.6252
3.0 1.8113

1.2430 1.2431
1.4347 1.4348
1.6252 1.6253
1.8113 1.8114

6. Conclusion

The study investigates the laminar flow of a
Maxwell fluid over an inclined vertical surface,
considering the effects of the Soret phenomenon.
The governing dimensional equations are first
transformed into dimensionless form and then
solved using the Laplace transform method. The
resulting velocity, temperature, and
concentration distributions are obtained and
analyzed graphically. The results indicate that
increasing thermal buoyancy forces enhances the

fluid velocity. Higher values of the Soret effect
(thermo-diffusion) cause an increase in fluid
speed, whereas a decrease in the inclination
angle increases the fluid velocity. Additionally,
fluid temperature decreases as the Prandtl
number (Pr) increases, while stronger heat
source effects increase the fluid temperature.
Chemical reactions lead to a decrease in
concentration, and an increase in the Schmidt
number reduces the concentration profile.
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