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Abstract: The nuclear shell model has been applied to calculate various nuclear properties 
of the 91,93Sr isotopes, including spins and parities, energy spectra, reduced electromagnetic 
transition possibilities (electric quadrupole and magnetic dipole), magnetic dipole 
moments, nuclear charge distributions, and mass density as functions of the radial distance 
from the nucleus center (r). In this study, the NuShellX@MSU code was employed using 
Gloeckner-Bare G-matrix interaction, within the Gloeckner model space of the orbits 
(2p1/2,1g9/2) and (3s1/2,2d5/2) for protons and neutrons, respectively. The results showed 
good agreement with the available experimental data (spins and parities of energy spectra) 
and a confirmation of most levels. Theoretically, new values have been expected for the 
most nuclear properties, including spin, parities, energy spectra, transition strengths, 
electric quadrupole, dipole magnetic moments, the nuclear charge, and mass density 
distributions. Previously, these accounts had not been determined empirically. 
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1. Introduction 

The nuclear shell model has been one of the 
central theoretical keys for interpreting nuclear 
structure experimental data. Due to the 
significant growth in Hilbert space dimensions, 
practical calculations must be carried out in a 
reduced Hilbert space, known as the model 
space. Accordingly, effective interactions, such 
as Gloeckner (Gl) and Gloeckner Pulse bare G-
Matrix (Glb), have been designed to fit the space 
of the chosen model. In these interactions, the 
shell model has succeeded to describe many 
properties of the nuclei, including the magic 
number, spin, valence, binding energy of the 
nucleus, the cross-section of the neutron 
captured by the nuclei, and the transmission 
probabilities of gamma-ray emission from the 
nuclei, as well as electric quadrupole and dipole 
magnetic moments [1, 2]. Isotopes around the 

closed proton and neutron shells (88Sr isotope) 
play a key role in nuclear physics [3]. Strontium 
nucleus (38Sr) has four stable, naturally occurring 
isotopes: 84Sr (0.56%), 86Sr(9.86%), 87Sr(7.0%), 
and 88Sr (82.58%). Thirty-two unstable isotopes 
of strontium are known to exist, ranging from 
73Sr to 108Sr [4,5]. A large number of studies 
presented that nuclei in A ≥90 for semi-magic 
shell closure (Z = 38 and N = 50) mass region 
provide suitable objects to investigate the 
structure level. Many properties of these nuclei 
have been interpreted in shell-model calculations 
above the closed core nucleus 88Sr.  

Several researchers have contributed to this 
field. Ahalpara and Bhatt explained the shell-
model spectra of 92Tc and 93Ru nuclei [3].  
Gloeckner described the nuclear shell model 
calculations for zirconium and niobium isotopes 
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with proton filling (2p1/2, 1g9/2) and (3s1/2, 2d5/2) 
orbits [6]. Several of 92,93,94,95Zr isotopes’ 
properties, including energy spectra, have been 
well described in shell-model calculations using 
(2p1/2,1g9/2) and (3s1/2,2d5/2) space by many 
researchers, including Fotiades et al. [7]. Wei et 
al. proposed a new high-spin level scheme 
for the 87Sr nucleus based on coupling a g9/2 

neutron hole to the yrast states of the 88Sr core, 
which accounts for its observed energy states 
[8]. Li et al. calculated high-spin states in the 
semi-magic nucleus 89Y and studied neutron-
core excitations in N = 50 isotones [9]. 
Furthermore, Wu et al. performed shell-model 
calculations of core-excited level structures for 
the 89Sr nucleus using the NuShellX code [10]. 
Sihotra et al. studied the wave functions for the 
excited higher-spin states of the 96Tc nucleus 
utilizing the jj45pn model space of valence 
protons distributed over the single-particle 2p1/2 
and 1g9/2 orbitals and neutrons occupying 1g7/2, 
2d5/2, 2d3/2, 3s1/2, and h11/2 orbitals [11]. Obeed 
studied the high-spin states for the 90,91,92Y 
isotopes by applying nuclear shell model 
calculations with the OXBASH code [12]. 

The aim of the present work is to describe 
some of the nuclear structure properties by 
increasing the number of valence nucleons 
(neutrons) outside the closed 88Sr nucleus of 
91,93Sr isotopes by using the NuShellX@MSU 
code with Gloeckner interaction and Bare G-
matrix. 

2. Theory 
Understanding the properties of nuclei, such 

as energy levels, wave functions, the description 
of electromagnetic transition rates, electric 
quadrupole and dipole magnetic moments, and 
nucleon density distributions, is the key problem 
in nuclear physics. Therefore, many models have 
been developed to solve this problem and 
establish the structure of the nucleus [13, 14]. A 
successful description of these properties 
depends critically on the choice of model space 
and effective interactions. Through these inputs, 
the reduced one-body matrix elements can 
specify the shell-model wave functions of initial 
spin Ji and final spin Jf for a given multipolarity 
λ. This can be extracted as a linear combination 
of single-particle matrix elements [12, 15, 16]: 

〈NITT୸‖O(λ)‖NITT୸〉 =
∑ ⟨ρ|O(λ, M)|ρᇱ⟩஡஡ᇲ D୒୍୘୘౰(λ, ρ, ρᇱ)  (1) 

where ⟨ρ|O(λ, M)|ρᇱ⟩ are the single-particle 
matrix elements. 

When the operator mediates the observable 
quadrupole electrical elements of a many-body 
nuclear state |NITT୸〉, it can be represented as a 
sum of one-body operators. The one-body factor 
O in the nuclear shell model can be represented 
in the second quantitative formula as: 

O = ∑ ܱ௄
஺
௄ୀଵ = ∑ ⟨ρm|O|ρᇱmᇱ⟩஡஡ᇱ୫୫ᇲ ܽ஡୫

ା ܽ஡ᇲ୫ᇲ  
(2) 

Here, the first summation acts on all 
nucleons, while the second summation acts on 
all energetic single-particle states |ρm〉 =
 ௭〉 in the fundamental space of the shellݐݐ݈݆݉݊|
model, and the ܽ஡୫

ା  and ܽ஡ᇲ୫ᇲ A spherical tensor 
of order λ. In the coordinate space, O = O(λ.,M), 

D୒୍୘୘౰ (λ, ρ, ρᇱ) =
〈୒୍୘୘౰‖ቂୟಙ

శ×ୟಙᇲቃ
ಓ

‖୒୍୘୘౰〉

√ଶ஛ାଵ
  (3) 

through the appropriate algebraic operations on 
the model wave functions. 

Low-lying levels of even-odd nuclei typically 
decay via electric quadrupole (E2) and magnetic 
dipole (M1) transitions to lower yrast levels. The 
reduced transition probability for a generic 
multipolar electromagnetic transition is given by 
[15, 16]: 
B(σλ;  J୧T୧T୸ ⟶ J୧T୧T୸) =

ଵ
ଶ୎౟ାଵ

หൻJ୤T୤T୸หหO஢஛หหJ୧T୧T୸ൿหଶ  (4) 

Specifically, the reduced electric and 
magnetic transition probabilities are expressed 
as: 
B(E1;  J୧T୧T୸ ⟶ J୧T୧T୸) =

ଵ
ଶ୎౟ାଵ

หൻJ୤T୤T୸หหO୉ଵหหJ୧T୧T୸ൿหଶ  (5) 

and 

B(M1;  J୧T୧T୸ ⟶ J୧T୧T୸) =
ଵ

ଶ୎౟ାଵ
หൻJ୤T୤T୸หหO୑ଵหหJ୧T୧T୸ൿหଶ  (6) 

Here, O஢஛ refers to a multipolar 
electromagnetic operator of rank λ, often 
analogous in form to the matrix of the residual 
interaction between nucleons. 

Among nuclear moments, the quadrupole 
moment has been particularly challenging to 
measure accurately, although it provides vital 
information about the deformation of the nucleus 
[18]. The spectroscopic quadrupole moment 
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 Qs of a nuclear state, along with its total 
angular momentum J, gives insight into the 
deviation of the charge distribution from 
spherical symmetry—particularly relevant in 
nuclei with non-zero projection of angular 
momentum (K = 0). For a given nucleus, the 
effective charges of the proton and neutron can 
be used in shell model calculations to find the 
quadrupole moments [15, 18, 19]. The 
spectroscopic electric quadrupole moment can be 
directly connected to the intrinsic quadrupole 
moment Qᇱ by the expression [15, 20]: 

Qୱ(JK) = ଷ୏మି୎(୎ାଵ)
(ଶ୎ାଷ).(୎ାଵ) Qᇱ  (7) 

 Qs > 0 indicates a prolate deformation for the 
isotope. Qs < 0 indicates an oblate deformation 
for the isotope. Qs = 0 corresponds to an isotope 
with spherical shape [20] 

Qᇱ = ටଵ଺గ
ହ

.  ଵ/ଶ  (8)((2ܧ)ܤ)

Here, K is the estimation of the total angular 
momentum of the nucleus along the deformation 
axis. 

The one-body density factor can be 
transformed into two-body density as the 
following change [15]: 

ρො(r⃗) = ∑ δ(r⃗ − r⃗୧)୅
୧ୀଵ   (9) 

The equations of the nuclear charge and mass 
density can be described as follows: 

Adrrrdr   2)(4)(     (10) 

where A denotes the nucleus mass number. 

The distribution of the nuclear charge density 
can be explained by the equation: 

zdrrrdr chch   2)(4)(    (11) 

3. Results and Discussion: 
The NuShellX@MSU code was implemented 

by using Gloeckner interaction with Bare G-
matrix. The Gloeckner (gl) space model was 
applied for the deformed orbitals (2p1/2, 1g9/2) 
and (3s1/2, 2d5/2) of the proton and neutron of the 
valence particles (three and five neutrons) for 
91Sr and 93Sr isotopes, respectively. Valence 
particles that have determined several nuclear 
properties are distributed outside ଷ଼ݎܵ 

 ଼଼  closed 
core nucleus. These properties include energy 
spectra and nuclear states (i.e., total angular 

momentum and parity). The transition 
probabilities of the electric quadrupole B(E2) 
and magnetic dipole B(M1), as well as the 
nuclear charge distribution ρch(r) and mass 
density ρm(r), are functions of the radial distance 
r from the center of the nucleus and are 
influenced by the electric and magnetic 
quadrupole and dipole moments.  

The NuShellX@MSU code has been used to 
compute exact energy levels, eigenvectors, and 
spectral overlaps of the low-lying states in the 
Hamiltonian matrix. These large-scale shell 
model calculations utilize a proton–neutron 
coupled basis in total angular momentum J, with 
matrix dimensions reaching up to 100 million 
[21].  

The Skyrme SLy4 interaction was applied to 
calculate radial wave functions for the single-
particle matrix elements. These calculations 
were performed using the NuShellX@MSU 
code, incorporating effective nucleon charges 
and gyromagnetic factors g, where g represents 
the values of orbital parameters and effective 
spin factors (g) {݃௦(݌), ݃௦(݊), ௟݃  ௟݃(݊). The ,(݌)
single-particle energy levels for the valence 
nucleons, as calculated by NuShellX@MSU, are  
{εଶ୮ଵ/ଶ(p) = -7.124 MeV, εଵ୥ଽ/ଶ(p) = -6.248, 
εଷୱଵ/ଶ(n) = -5.506 MeV, and εଶୢହ/ଶ(n) = -
6.338 MeV}. The following section presents and 
discusses the results obtained for each isotope. 
3.1 Energy Levels 

1. 91Sr isotope:  

This isotope consists of three valence 
neutrons occupying the 3s1/2 and 2d5/2 orbitals 
above the ܵݎଷ଼

 ଼଼  closed nucleus. The calculated 
and experimental energy spectra for 91Sr are 
compared in Fig. 1 [22]. The ground-state 
energy, spin, and configuration from the present 
calculations agree well with the available 
experimental data [22].  

In the present results, the experimental energy 
level at 0.0936ିସ

ାସ  MeV [22] is confirmed to 
have total angular momentum (3/2), although no 
spin assignment had been made experimentally. 
Additionally, the calculated results confirm the 
spin-parity assignments of two experimental 
energy levels: {1.042ିଶହ

ାଶହ and  1.23ିହ
ାହ}. These 

assignments were not previously determined in 
experimental data [22]. 
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The experimental level at 2.657ି଺
ା଺ [22], 

previously known to have positive parity (but no 
spin), is now confirmed as 9/2. Furthermore, it 
has been affirmed experimentally [22] with the 
value of  2.077ିଵହ

ାଵହ. The calculated states 

{5/2ା, 3/2ାܽ݊݀ 7/2ା} have been predicted 
with the values (1.36ି଻

ା଻,1.482ିଵ଴
ାଵ଴ and 

 1.917ିଵଶ
ାଵଶ), but are experimentally unknown in 

states [22].  

 
FIG. 1. Comparison of theoretical results with experimental data for the energy values for the 91Sr isotope using 

glb interaction. The experimental data are adopted from Ref. [22]. 

2. 93Sr isotope: 

This isotope contains five nucleons (neutrons) 
occupying the (3s1/2, 2d5/2) orbitals above the 

Srଷ଼
 ଼଼  closed-core nucleus. The calculated and 
experimental spectra values [23] for the 93Sr 
isotope are displayed in Fig. 2 and can be 
interpreted as follows: 

 The energy value for the ground state, along 
with its spin and valence, is well reproduced 
from the experimental values [23]. The predicted 
theoretical states {3/2ା, 5/2ା,  7/2ା, 9/2ା, 5/
2ା and 9/2ା} have been confirmed for the 
experimental energy values 
{1.142ିସ

ାସ, 1.148ି଺
ା଺, 1.562ିଽ

ାଽ, 1.808ି଺
ା଺, 2.141ିଵଵ

ାଵଵ, 
and 2.351ିଵଵ

ାଵଵ MeV.  
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There is no available experimental energy 
value to compare with the newly predicted 
theoretical energy level of 0.739 for the state 
1/2ା. The expected theoretical state 3/2ା has 
been specified for the experimental energy 
level 1.910ିଽ 

ାଽ MeV, but not for the experimental 
data. For the energy levels of  91,93Sr isotopes, the 

experimental value was higher than the 
theoretical maximum value for our isotope 
calculations: 2.541 MeV of the 5/2+

3 state and 
2.389 MeV of the 9/2+

2 state, respectively. 
Therefore, there are several experimental values 
that were not compared with our theoretical 
values.  

 
FIG. 2. Comparison of theoretical results with experimental data for the energy values for the 93Sr isotope using 

glb interaction. The experimental data are adopted from Ref. [23]. 
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3.2 Reduced Electric Quadrupole and Magnetic 
Dipole Transition Probabilities  

In our calculations, the NuShellX@MSU 
code was also applied to generate the one-body 
transition density matrix (OBDM) elements 
using Gloeckner interaction with Bare G-matrix. 
These interactions took place in the orbits of the 
Glockner space model, namely, (2p1/2, 1g9/2) and 
(3s1/2, 2d5/2) for protons and neutrons, 
respectively. The wave functions of the single-
particle matrix elements were estimated for the 
two isotopes using the Skyrme29 potential, with 
the following effective nucleon charges for 
protons and neutrons: {(݁௣ = 1.622e,݁௡ = 
1.244e); (݁௣ = 1.5e,݁௡ = 1.720e)}. The values of 
the orbital parameters and effective spin factors 
(g){݃௦(݌), ݃௦(݊), ௟݃(݌), ௟݃ (݊) were equal to 
(5.027, -3.443, 1.418, 0.418); (5.027, -3.443, 
1.474, 0.474) } and were used to conduct the 
magnetic dipole B (M1) for the 91,93Sr isotopes, 
respectively.  

The theoretical values for the transition 
probabilities of the electric quadrupole and the 
magnetic dipole in the Sky29 potential with 
nucleons of effective charges (protons and 
neutrons) for 91,93Sr isotopes are shown in Tables 

1 and 2, respectively. Table 1 explains E2 and 
M1 transition strengths for the 91Sr isotope. The 
computed B(E2) transition probabilities show 
good agreement with the experimental data [22], 
particularly for the strong E2 decays from states 
3/2ଵ

ା to 5/2ଵ
ା, with a theoretical value of 362.3 

(eଶfmସ) and 42.33×10-5 (ߤே
ଶ ) for the electric 

quadrupole and magnetic dipole transitions, 
respectively. These results were compared with 
the experimental values, which were reported as 
> 340.8 (eଶfmସ) and ˂ 2.148×10-5 (ߤே

ଶ ). 
However, the M1 transition strength remains 
unconfirmed experimentally. 

For the 93Sr isotope, the theoretical E2 and 
M1 transition strengths are listed in Table 2. 
These values do not yet have corresponding 
experimental data for comparison [23]. Several 
new electromagnetic transitions for B(E2;↓) and 
B(M1;↓) have been computed applying the 
NuShellX@MSU code with Glb interaction for 
91,93Sr isotopes, illustrated in Tables 1 and 2. 
These predicted transitions, currently unobserved 
experimentally, contribute additional theoretical 
insights into the energy levels and 
electromagnetic properties of these isotopes. 

TABLE 1. Comparison of experimental and theoretical values for electric quadrupole and magnetic 
dipole transition probabilities for positive-parity spin states in the 91Sr isotope. The experimental 
data are adopted from Ref. [22]. 

Theoretical Results Experimental Results 
࢏ࡶ → 2ܧܤ) ࢌࡶ ↓)(݁ଶ݂݉ସ) (1ܯܤ ேߤ)(↓

ଶ )) Multi-polarity (2ܧܤ ↓)(݁ଶ݂݉ସ) (1ܯܤ ேߤ)(↓
ଶ )) 

3/2ଵ
ା → 5/2ଵ

ା 362.3 42.33×10-5 E2(+M1) > 340.8 ˂2.148× 10-5 
1/2ଵ

ା → 5/2ଵ
ା 96.47 ----- ----- ----- ----- 

1/2ଵ
ା → 3/2ଵ

ା 25.18 ----- ----- ----- ----- 
9/2ଵ

ା → 5/2ଵ
ା 84.68 ----- ----- ----- ----- 

7/2ଵ
ା → 5/2ଵ

ା 215.8 ----- ----- ----- ----- 
7/2ଵ

ା → 3/2ଵ
ା 78.63 ----- ----- ----- ----- 

7/2ଵ
ା → 9/2ଵ

ା 161.9 1.61×10-2 ----- ----- ----- 

TABLE 2. Comparison of experimental and theoretical values for electric quadrupole and magnetic 
dipole transition probabilities for positive-parity spin states in the 93Sr isotope. The experimental 
data are adopted from Ref. [23].  

Theoretical Results Experimental Results 
࢏ࡶ → 2ܧܤ) ࢌࡶ ↓)(݁ଶ݂݉ସ) (1ܯܤ ேߤ)(↓

ଶ )) multi-polarity (2ܧܤ ↓)(݁ଶ݂݉ସ) (1ܯܤ ேߤ)(↓
ଶ )) 

1/2ଵ
ା → 5/2ଵ

ା 25.03 ----- ----- ----- ----- 
3/2ଵ

ା → 5/2ଵ
ା 571 ----- ----- ----- ----- 

3/2ଵ
ା → 1/2ଵ

ା 111 ----- ----- ----- ----- 
7/2ଵ

ା → 5/2ଵ
ା 582.9 ----- ----- ----- ----- 

7/2ଵ
ା → 3/2ଵ

ା 183.5 ----- ----- ----- ----- 
7/2ଵ

ା → 5/2ଶ
ା 0.8489×10-2 ----- ----- ----- ----- 

9/2ଵ
ା → 5/2ଵ

ା 88.45 ----- ----- ----- ----- 
9/2ଵ

ା → 5/2ଶ
ା 40.52 ----- ----- ----- ----- 

9/2ଵ
ା → 7/2ଵ

ା 26.76 ----- ----- ----- ----- 
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3.3 Electric Quadrupole and Magnetic Dipole 
Moments 

The electric quadruple moments (Qs) and 
magnetic dipoles (μ) of the 91,93Sr isotopes have 
been calculated and are presented in Table 3, 
which compares the theoretical values with the 
experimental data [22, 23] for the two isotopes 
used in this study. The calculations show that the 
quadrupole moments of 91Sr isotope in the states 
{5/21

+, 9/21
+, 3/22

+, 7/21
+, 9/22

+, and 5/23
+} have 

negative signs (oblate shape dominance), while 
for the 93Sr isotope, the states {5/21

+, 7/21
+, 9/21, 

3/22
+, and 5/23

+ } of the quadrupole moments 
have appeared with positive signs (prolate shape 
dominance), whereas the states {3/21

+, 5/22
+, and 

9/22
+} exhibit negative signs, representing the 

oblate shape dominance.  
The calculated magnetic dipole moments (ߤ) 

of the ground state 5/21
+ are  -0.889 ߤே and   -

 ே for 91,93Sr isotopes. These values agreeߤ 0.792
with the corresponding experimental results 
{0.885ିଶ

ାଶ and −0.7926 ିଵଶ
ାଵଶ

}. Additionally, the 
calculated quadrupole moment of 25.81(efmଶ) 
for 93Sr matches well with the experimental 
value of {+25.8 ିଵଵ

ାଵଵ
} efmଶ. The remaining 

quadrupole  (Qs) and magnetic dipole (μ) 
moments have been predicted theoretically but 
have not yet been confirmed experimentally. 

TABLE 3. Comparison of experimental [22, 23] and theoretical values for the quadrupole with 
magnetic dipole moments in 91,93Sr isotopes using glb interaction. 
Isotopes Theoretical Results Experimental Results 

 
91Sr isotope 

J஠ (ܳ)(݂݁݉ଶ) ߤ(ߤே) (ܳ)(݂݁݉ଶ) ߤ(ߤே) 
5/21

+ -1.62 -0.889 4.2 ±11 -0.885± 2 
3/21

+ 14.59 -0.397 ----- ----- 
1/21

+ 0 -1.722 ----- ----- 
9/21

+ -5.73 -1.614 ----- ----- 
5/22

+ 2.35 -2.302 ----- ----- 
3/22

+ -6.69 0.261 ----- ----- 
7/21

+ -14.47 -0.039 ----- ----- 
9/22

+ -10.06 -3.119 ----- -----  
5/23

+ -9.19 -1.011 ----- ----- 

 
93Sr isotope 

5/21
+ 25.81 -0.792 +25.8±11 -0.7926±12 

1/21
+ 0 -1.722 ----- ----- 

3/21
+ -32.17 0.167 ----- ----- 

5/22
+ -20.18 -2.164 ----- ----- 

7/21
+ 20.06 0.136 ----- ----- 

9/21
+ 32.92 -2.912 ----- ----- 

3/22
+ 21.23 -0.155 ----- ----- 

5/23
+ 6.09 -0.931 ----- ----- 

9/22
+ -11.04 -1.440 ----- ----- 

 

3.4 Nuclear Charge and Mass Density 
Distributions 
The nuclear charge and mass density 

distributions of the 91,93Sr isotopes have been 
computed by implementing the NuShellX 
@MSU code and sky29 potential as displayed in 
Figs. 3 and 4 for the above isotopes, 
respectively. For the 91,93Sr isotopes, the nuclear 
charge density at the center of the nucleus was 
found to be ρch = 0.08072 Ze/fm-3 and ρch = 
0.0828Ze/fm-3, respectively. These values 
remain stable at a distance of r = 0.1 fm, as 
shown in Figs. 3 and 4. At r = 0.2 fm, the charge 
density begins to decrease, reaching values of ρch 

= 0.08063Ze/fm-3 for ⁹¹Sr and ρch = 0.08346 
Ze/fm-3 for ⁹³Sr. Beyond these points, the charge 
density continues to decline gradually until it 
reaches zero at r = 6.9 fm in both isotopes. 
Similarly, the nuclear mass density at the center 
of the nucleus is calculated as ρm = 0.1628 
nucleon/fm-3 for ⁹¹Sr and ρm = 0.1656 
nucleon/fm-3 for ⁹³Sr, with a slight increase at r = 
0.1 fm. As r increases to 0.2 fm, the mass density 
also increases slightly to ρm = 0.1631 
nucleon/fm-3 for ⁹¹Sr and ρm = 0.1659 
nucleon/fm-3 for ⁹³Sr. For the ⁹¹Sr isotope, the 
mass density distribution gradually increases, 
reaching a maximum value of ρm = 0.1701 
nuclei/fm-3 at distances between r = 1.3 and 1.4 
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fm. Beyond this point, it gradually decreases 
until it reaches zero at r = 7.3 fm. The nuclear 
mass density of the 93Sr isotope continues to 
increase gradually at distances from 0.2 to 1.4 
fm, and also at the distance r = 1.5 fm, after 
which the mass density distribution of this 

isotope begins to decrease until it stabilizes at 
zero (r = 7.2 fm). As for the experimental values 
of the nuclear charge and mass density 
distributions for the 91.93Sr isotopes, no ratios 
have been determined. 

  

 
 

  

FIG. 3. Nuclear charge and mass density distributions as functions of the radial distance from the center of the 
nucleus (r) in 91Sr isotope. 

  
FIG. 4. Nuclear charge and mass density distributions as functions of the radial distance from the center of the 

nucleus (r) in 93Sr isotope. 

 

 

 

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0 2 4 6 8

ρ
(Z

e/
fm

3 )

r (fm)

D…

0
0.02
0.04
0.06
0.08

0.1
0.12
0.14
0.16
0.18

-2 3 8

ρ
(N

uc
le

i/
fm

3 )

r (fm)

MCC

0
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09

-2 3 8

ρ
(Z

e/
fm

3 )

r (fm)

DCC

0
0.02
0.04
0.06
0.08

0.1
0.12
0.14
0.16
0.18

-2 3 8

ρ
(N

uc
le

i/
fm

3 )

r (fm)

MCC



Shell Model Calculations of Nuclear Properties in (91,93Sr) Strontium Isotopes Using NuShellX@MSU Code 

 139

4. Conclusions 
Through the calculated results of the nuclear 

properties studied in this manuscript for the 
91,93Sr isotopes, and by comparing these 
characteristics with the experimental data, the 
following conclusions can be drawn: 
 The energy value of the ground state with 

spin and parity has been well reproduced with 
the experimental values for both isotopes 
(91Sr and 93Sr). 

 The total angular momentum with parity has 
been confirmed and determined for some 
experimental data values of 91,93Sr isotopes. 

 Several theoretical energy levels of the 91,93Sr 
isotopes do not have corresponding values in 
the experimental data. 

 There are experimental energy levels whose 
values exceed the theoretical maximums 
calculated in this study: 2.541 MeV for the 
5/2₃⁺ state in ⁹¹Sr and 2.389 MeV for the 9/2₂⁺ 
state in ⁹³Sr. 

 For the ⁹¹Sr isotope, good agreement has been 
achieved between the calculated magnetic 
transition probabilities (quadrupole and 
dipole) and the experimental values, 
particularly for the strong transition (3/2ଵ

ା →
5/2ଵ

ା). 
 Some multipolarity types previously listed in 

experimental data as (E1), (E1 + M2), or (M1 
+ E2) for transitions in ⁹¹Sr have not been 
definitively confirmed. However, in this 
study, these transitions are predicted to be of 
the E2 and M1 types. 

 New electromagnetic transition values have 
been predicted for both ⁹¹Sr and ⁹³Sr isotopes 
using the NuShellX@MSU code with the 
GLB interaction. These transitions have not 
yet been observed experimentally. 

 The calculated electric quadrupole and 
magnetic dipole moments of ⁹¹Sr and ⁹³Sr 
indicate that some nuclear states exhibit 
oblate shapes, while others show prolate 
shapes. These shape variations reflect 
structural sensitivities in the nuclear chart and 
may vary from one nucleus to another. 

 Furthermore, it has been found that shape 
changes with increasing neutron number may 
also occur with changes in excitation energy 
or angular momentum within the same 
nucleus. These changes are attributed to the 

rearrangement of orbital configurations or to 
dynamic structural responses. 

 The magnetic dipole moments (μ) for the 
ground state 5/2₁⁺ in both ⁹¹Sr and ⁹³Sr 
isotopes are consistent with available 
experimental values. For ⁹³Sr, the predicted 
moment for the 5/2₁⁺ ground state also agrees 
well with experimental measurements. 

 It has been observed that many new values of 
the electric quadrupole moments (Qs) and 
magnetic dipole moments (μ) have been 
theoretically predicted, but remain 
experimentally unconfirmed or 
underestimated. 

 The distribution of the nuclear charge density 
of the 91,93Sr isotopes is stable at the center of 
the nucleus, at the value at r = 0.1. Beyond 
this point, the values of the nuclear charge 
density distribution gradually decrease until 
they stabilize at zero. On the contrary, the 
distribution of the nuclear mass density of the 
91,93Sr isotopes also begins at a stable value at 
r = 0.1, so this distance gradually becomes 
the value of the nuclear mass density 
distribution, then these values gradually 
decrease until they settle at zero over a 
certain distance, and this behavior in the 
distribution of nuclear charge and mass 
density explains that the charge density 
distributions of 91,93Sr isotopes have behaved 
well, while the charge density distributions of 
91,93Sr isotopes have been in an opposite 
manner due to the presence of a deviation in 
the center of the nucleus. The nuclear charge 
distribution and mass density of the 91,93Sr 
isotopes have not been compared with 
practical values because they are not 
currently available. 

 The use of the NuShellX@MSU code with 
glb interaction and gl model space has been 
suitable for calculating the nuclear properties 
of 91,93Sr isotopes reported in this study. For 
91Sr, the highest value in the experimental 
energy spectrum is  2.657ି଺

ା଺ MeV for the 1/2 
(-) to 5/2 (-) transition, which can be 
compared to the theoretical prediction of 
2.541 MeV for the 5/2ଷ

ା state. For 93Sr, the 
theoretical maximum energy value is 2.389 
MeV at the 9/22 state, while the highest 
observed experimental energy level is 
2.456ିଵଽ

ାଵଽ MeV. 
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