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Abstract: For various branches of science, it is essential to determine all possible reactions 
and collisional cross-sections. Despite extensive large-scale studies conducted over the past 
decades to provide such data, many fundamental atomic and molecular cross-section values 
remain unknown, and the accuracy of the available data still requires verification. 
In this paper, we present cross-section calculations for negative ion formation (ion-pair 
formation) in hydrogen-hydrogen atom collisions based on the classical trajectory and 
quasi-classical trajectory Monte Carlo models. By comparing our results with available 
experimental data and theoretical predictions, we find that the QCTMC calculations align 
well with previous studies. However, the negative ion formation cross-sections obtained 
using the CTMC model underestimate all previously reported theoretical and experimental 
values. Nonetheless, the CTMC results show good agreement with the Q-, P-series 
approximation in the energy range of 1–10 keV. We present negative ion formation cross-
sections for impact energies ranging from 1 keV to 100 keV, which are relevant to 
applications in astronomy, atmospheric sciences, plasma laboratories, and fusion research. 
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1. Introduction 

Recently, the search for new energy sources 
has become increasingly urgent [1]. In contrast 
to nuclear fission energy, which creates massive 
amounts of nuclear waste that are damaging to 
the environment and humans [2], the current 
tendency is to employ clean fusion energy, 
which does not release or leave any dangerous 
radioactive material [1]. Therefore, the 
development of nuclear fusion reactors such as 
tokamak has attracted attention as a clean energy 
source [3, 4].  

In fusion reactors, the limiter and divertor 
regions contain plenty of neutrals, such as 
hydrogen atoms [5-8]. These regions, 
characterized by lower temperatures and high 
particle densities, serve as sites for numerous 
atomic, ionic, and molecular collisions [5–8]. 

Plasma-neutral interactions involving hydrogen 
play a crucial role in plasma diagnostics, as the 
cross-sections of elastic and inelastic collisions 
provide essential data for diagnostic tools such 
as Beam Emission Spectroscopy (BES) [5–10]. 
Consequently, many studies have focused on 
plasma-neutral interactions in divertor and 
limiter regions [5–18]. 

In this study, we investigate the cross-
sections of negative ions formation (ion-pair 
formation) resulting from collisions between 
ions and atoms or between two atoms. 
Specifically, we examine the production of 
negative ions in collisions between two ground-
state hydrogen atoms over an energy range of 1 
keV to 100 keV. These cross sections are not 
only fundamental to fusion research but also play 
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a significant role in energy balance studies in 
astrophysics [19] and atmospheric sciences [20]. 

 Negative ions also play an essential role in 
various industries, including their application in 
etching processes (NBIs) [21]. Even in 
biological sciences, negative ions play an 
essential role as antioxidants against free radicals 
that are hazardous to the human body. However, 
no significant efforts have been made to 
coordinate experiments and theory, basic 
science, and applications to understand the 
structure and formation dynamics of negative 
ions.  

In this study, we are specifically interested in 
ion-pair cross-sections in atom-atom collisions, 
as described by: 
ܪ + ܪ → ାܪ +  (1)            ିܪ

The four-body classical (CTMC) and quasi-
classical (QCTMC) Monte Carlo simulations 
were performed [5-15] to calculate the negative 
ion formation cross-sections. The QCTMC is 
just a modified version of the standard model 
that adds a quantum feature to the model 
potential, such as the Heisenberg correction term 
to the pure Coulomb inter-particle potential. This 
modification accounts for nonclassical effects, 
enhancing the stability of classical hydrogen 
atoms [22, 23]. In traditional CTMC simulations, 
the absence of lower energy bounds imposed by 
quantum mechanics often leads to autoionization 
or collapse of classical hydrogen atoms, 
potentially affecting the accuracy of cross-
section calculations. 

In this work, we present cross-section data for 
negative ion formation obtained using both the 
standard and modified CTMC methods. To the 
best of our knowledge, such data have not been 
previously reported. Our calculations span an 
energy range of 1 to 100 keV, which is 
particularly relevant to applications in 
astronomy, atmospheric sciences, plasma 
laboratories, and fusion research. Unless 
otherwise stated, all results are presented in 
atomic units. 

2. Theory 
2.1. The CTMC Models 

As is well-known, classical descriptions of 
collision processes work extremely well [5-10, 
16-18]. In this model, the H atom is represented 
by two particles: the ionic core of H and one 
active electron. All particles can be described by 
their masses and charges [9, 23]. Let P represent 
the ionic core of the projectile, Pe the electron of 
the projectile, T the ionic core of the target, and 
Te the electron of the target [9]. Interactions 
between electrons are explicitly included in our 
four-body calculations. At time t = -∞, we 
assume that the four-body collision system is 
made up of two isolated atoms: a projectile atom 
(P, Pe), marked as particles (1, 4), and a target 
atom (T, Te), marked as particles (2, 3), as shown 
in Fig. 1 [8]. At the beginning, both particles are 
in the ground state (nl=1, 0) [8]. We used the 
Coulomb potential to describe all interactions [8, 
9]. Figure 1 depicts the relative position vectors 
for the four-body collision systems.  

 
FIG. 1. The schematic diagram represents the relative position vectors for particles involved in our 4-body 

collision systems. ⃗ܣଵସ = ସݎ⃗ − ଵݎ⃗ ሬ⃗ܤ , = ସݎ⃗ − ଷݎ⃗ ଷݎ⃗ =ଶଷܣ⃗ , − ଶݎ⃗ , and ⃗ܥ = ଶݎ⃗ − ଵݎ⃗ , in such way that ⃗ܣଵସ + ଶଷܣ⃗ + ሬ⃗ܤ +
ܥ⃗ = 0. Where ܱ(⃗14ݎ) and ܱ(⃗23ݎ) represent centre-of-mass vectors for target and projectile systems respectively, 

with b as their impact parameter. 
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The initial electronic states can be determined 
by means of a microcanonical distribution. A 
microcanonical set represents the initial state of 
the target and projectile, compelled by their 
binding energy in any given shell, and can be 
described as follows: 

,ܣ⃗)ாబߩ (ܣ̇⃗ = ܧ)ߜଵܭ − (ܧ = ߜ ቀܧ −
ଵ
ଶ

,,்,்ߤ ଶܣ̇⃗ −  ቁ.           (2)(ܣ)ܸ

Here, K1 is a normalization constant, E0 is the 
ionization energy of the active electron, V(A) 
represents the electron and ionic-core potential, 
A is the length of the vector A


, and ், ்,

 is 
the reduced mass of particles ("ܶ", " ܶ", "ܲ", and 
" ܲ") [5-10]. According to Eq. (2), the electronic 
coordinates are restricted within intervals where 
Eq. (3) holds: 

0)(
2
1

0  AVEATe
 .           (3) 

Hamilton equation is given by: 

ܪ = ܶ + ܸ௨ ,            (4) 

where 

ܶ = ሬ⃗
మ

ଶ
+ ሬ⃗

మ

ଶ
+ ሬ⃗

మ

ଶ
+ ሬ⃗

మ

ଶ
,           (5) 

and 

ܸ௨ = ು
ห⃗ି⃗ುห + ು

|⃗ುି⃗| + 
ห⃗ି⃗ห + 

ห⃗ି⃗ห +
ು

ห⃗ି⃗ห + 
|⃗ି⃗|.            (6) 

Here, T and Vcoul stand for total kinetic energy 
and Coulomb potential term, respectively [5-10]. 
ሬܲ⃑ , Z, ⃑ݎ, and m stand for momentum vector, 
charge, position vector, and mass of each 
particle, respectively [5-10]. Here are the 
equations of motion according to Hamiltonian 
mechanics:  

ሬܲ⃗ ̇
 = − ఋுబ

ఋ⃗ು
= ುು

ห⃗ି⃗ುหయ ݎ⃗) − (ݎ⃗ +
ು

|⃗ುି⃗|య ݎ⃗) − (்ݎ⃗ + ು
|⃗ುି⃗|య ݎ⃗) −   ),    (7)்ݎ⃗

ሬܲ⃗ ̇
 = − ఋுబ

ఋ⃗ು
= − ುು

|⃗ುି⃗ು|య ݎ⃗) − (ݎ⃗ −
ು

|⃗ି⃗ು|య ்ݎ⃗) − (ݎ⃗ − ು
|⃗ି⃗ು|య ்ݎ⃗) −    ,(ݎ⃗

(8) 

ሬܲ⃗ ̇
் = −

ఋுಹబ
ఋ⃗

= − ು
|⃗ುି⃗|య ݎ⃗) − (்ݎ⃗ −


|்ି⃗|య ்ݎ⃗) − (்ݎ⃗ + ು

|⃗ି⃗ು|య ்ݎ⃗) −  ),  (9)ݎ⃗

ሬܲ⃗ ̇
் = −

ఋுಹబ
ఋ⃗

= − ು
|⃗ುି⃗|య ݎ⃗) − (்ݎ⃗ −


|்ି⃗|య ்ݎ⃗) − (்ݎ⃗ − ು

|⃗ି⃗ು|య ்ݎ⃗) −   .(ݎ⃗
(10)  

The Runge-Kutta method is typically utilized 
to numerically integrate equations of motion 
using an ensemble of approximately 5 × 106 
primary trajectories per energy [5-10]. Such an 
ensemble typically is required in order to ensure 
statistical uncertainties of less than 5% [5-10]. 
The negative ion formation cross-section is 
given by: 

ߪ = ଶగೌೣ
ே

∑ ܾ ,          (11) 

where ܾ is the impact parameter 
corresponding to the trajectory associated with a 
negative ion formation process, N is the total 
number of calculated trajectories, and bmax is the 
maximum value for the impact parameter where 
the described processes can occur. The statistical 
uncertainty of the cross-section can be calculated 
by: 

ߪ∆ = ߪ ቂேିேು
ே ேು

ቃ
ଵ/ଶ

.          (12) 

Here, PN  is the number of trajectories that 
satisfy the criteria for the negative ion formation 
process. 

2.2. The QCTMC Model 

The QCTMC model improves on the CTMC 
model by including a quantum correction term 
[6, 9, 10, 22, 23]. To simulate the Heisenberg 
uncertainty and Pauli principle, a modified 
Hamiltonian effective potential (VH for 
Heisenberg and VP for Pauli) is added to the pure 
Coulomb inter-particle potentials to represent a 
non-classical effect [22, 23]. As a result, inter-
particle interactions are enhanced. Thus: 

ொ்ெܪ = ܪ + ுܸ + ܸ,        (13) 

where H0 is the standard Hamiltonian [see 
Eq. (4)], and the correction terms for H0 include: 

ுܸ = ∑ ଵ


మ ݂൫⃗ݎ , ;⃗ ;ுߦ ுߙ  ൯ே
ୀଵ ,        (14) 

and 

ܸ = ∑ ∑  ଶ
ೕ

మ ݂൫⃗ݎ, ;⃗ ;ߦ ௦,௦ೕߜ ൯ߙ
ே
ୀାଵ

ே
ୀଵ .  

(15) 
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Here, i and j refer to the electron indices. 
Additionally, ݎ = ݎ − ݎ , and the relative 
momentum is determined as follows:  

ሬܲ⃗  =
⃗ೕିೕ⃗

ାೕ
,         (16) 

where ߜ௦,௦ೕ = 1 if the ith and jth electrons have 
the same spin, and 0 if they are different [9, 10]. 
Finally, the constraining potential is chosen as: 

݂൫⃗ݎఒఔ , ఒఔ⃗ ; ,ߦ ൯ߙ  = కమ

ସఈಓഌ
మ ఓഊഌ

ݔ݁ ൜ߙ 1 −

ቀ⃗ഊഌ⃗ഊഌ
క

ቁ
ସ

൨ൠ.           (17) 

Since a hydrogen atom consists of one 
electron and one proton, Heisenberg constraints 
with a specific scale parameter, a hardness 
parameter (3.0 = ࡴࢻ), and a dimensionless 
constant (0.9258 = ࡴࣈ) are applied to the four-
body QCTMC model. As illustrated in the 
following equation:  

݂൫்⃗ݎ,் , ሬܲ⃗ ்,்; ுߝ , ு൯ߙ =
కಹ

మ

ସఈಹ⃗,
మ ఓ,

ݔ݁ ቊߙு ቈ1 − ൬⃗,ሬ⃗ ,
కಹ

൰
ସ

ቋ.  

(18) 
Similar to the target atom, the correction term 

should also be added to the projectile atom as 
follows: 

݂൫⃗ݎ, , ሬܲ⃗, ; ுߝ , ு൯ߙ =
కಹ

మ

ସఈಹ⃗ು,ು
మ ఓು,ು

ݔ݁ ቊߙு ቈ1 − ൬⃗ು,ುሬ⃗ ು,ು
కಹ

൰
ସ

ቋ.  

(19) 
As shown in Fig. 1, the equations of motion, 

which incorporate Hamiltonian mechanics as 
well as correction terms for cross-section 
calculations, can be expressed as: 

ሬܲ⃗ ̇
 = − ఋுೂಾ

ఋ⃗ು
= ቈ ುು

ห⃗ି⃗ುหయ ݎ⃗) − (ݎ⃗ −

ቆ− కಹ
మ

ଶఈಹ⃗ು,ು 
ర ఓು,ು

− ൫ሬ⃗ ು,ು൯ర

ఓು,ು కಹ
మቇ ݔ݁ ൜ߙு 1 −

ቀು,ುು,ು
కಹ

ቁ
ସ

൨ൠ + ು
|⃗ುି⃗|య ݎ⃗) − (்ݎ⃗ +

ು
|⃗ುି⃗|య ݎ⃗) −  ),          (20)்ݎ⃗

ሬܲ⃗ ̇
 = − ఋுೂಾ

ఋ⃗ು
= − ቈ ುು

|⃗ುି⃗ು|య ݎ⃗) − (ݎ⃗ +

ቆ− కಹ
మ

ଶఈಹ⃗ು,ು 
ర ఓು,ು

− ൫ሬ⃗ ು,ು൯ర

ఓು,ು కಹ
మቇ ݔ݁ ൜ߙு 1 −

ቀು,ುು,ು
కಹ

ቁ
ସ

൨ൠ − ು
|⃗ି⃗ು|య ்ݎ⃗) − (ݎ⃗ −

ቈ ು
|⃗ି⃗ು|య ்ݎ⃗) − (ݎ⃗ − ቆ− కು

మ

ଶఈು⃗,ು 
ర ఓ,ು

−

൫ሬ⃗ ,ು൯ర

ఓ,ು కಹ
మቇ ݔ݁ ൜ߙ 1 − ቀ,ು,ು

కು
ቁ

ସ
൨ൠ,  

(21)  

ሬܲ⃗ ̇
் = − ఋுೂಾ

ఋ⃗
= − ು

|⃗ುି⃗|య ݎ⃗) − (்ݎ⃗ −

ቈ 
|்ି⃗|య ்ݎ⃗) − (்ݎ⃗ + ቆ− కಹ

మ
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ర ఓ,

−
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ర

ఓ, కಹ
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కಹ
ቁ

ସ
൨ൠ +

ು
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ఋ⃗
= − ು
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మ
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ర ఓ,

−

ሬ⃗ ,
ర

ఓ, కಹ
మቇ ݔ݁ ൜ߙு 1 − ቀ,,

కಹ
ቁ

ସ
൨ൠ −

ቈ ು
|⃗ି⃗ು|య ்ݎ⃗) − (ݎ⃗ − ቆ− కು

మ

ଶఈು⃗,ು 
ర ఓ,ು

−

൫ሬ⃗ ,ು൯ర

ఓ,ು కಹ
మቇ ݔ݁ ൜ߙ 1 − ቀ,ು,ು

కು
ቁ

ସ
൨ൠ.   

(23) 

3. Results and Discussion 
Despite the importance of negative ion 

production in several scientific fields, no 
substantial efforts have been made to coordinate 
experiments and theories, fundamental science, 
and applications to better understand the 
structure and formation dynamics of negative 
ions. In the present paper, the production of 
negative ions can be described qualitatively 
using a simple kinematics picture as follows: A  
second electron approaches a hydrogen atom, 
which consists of a proton and an electron. The 
electric field of the second electron (which 
decreases with distance as ିݎଶ) creates a dipole 
moment in the neutral hydrogen atom, and then. 
As a result, the two electrons position 
themselves on opposite sides of the proton, 
forming a stable negative ion, as illustrated in 
Fig. 2.
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FIG. 2. The dipole moment induced by the second electron in H+H collisions. 

The induced dipole moment is proportional to 
the polarizing electron's electric field and, 
consequently, to ିݎଶ. The second electron is now 
surrounded by the electric field of the dipole it 
has created in the neutral H atom, allowing it to 
be captured. In general, the initial stage of the 
negative ion formation process is governed by a 
weak polarization interaction between two 
neutral species, exhibiting a relatively weak 
dependence on the interatomic distance (R). In 
contrast, the final ion-pair formation stage is 
strongly dominated by Coulomb interactions, 
which scale as 1/R.  

Classically, the negative ion formation 
channel can be categorized into two channels. 
The first is the target capture channel, as 
described by Eq. (24): 

்ܪ+ܪ → ܪ
ା + ்ܪ

ି          (24) 

The second is the projectile capture channel, as 
represented by Eq. (25): 

்ܪ+ܪ → ܪ
ି + ்ܪ

ା          (25) 

     As discussed in previous reviews [5, 9], the 
collision system (H+H) is symmetrical. 
Consequently, the negative ion formation cross-
section in this study is identical for both the 
target and projectile atoms. 

     Figure 3 illustrates the probability of negative 
ion formation, as determined by CTMC and 
QCTMC computational approaches, as a 
function of the impact parameter for projectile 
impact energies of 20, 60, and 100 keV. The 
probability distributions were fitted using 
Gaussian functions, with the peak maxima also 
shown in Fig. 3. Significant variations in the 

peak maxima were observed, with lower impact 
energies corresponding to higher maximum 
values of the impact parameter. 

This behavior can be understood using a simple 
kinematic picture: at low impact energies, the 
projectile remains in close proximity to the target 
for an extended period during the collision, 
increasing the likelihood of negative ion 
formation due to prolonged interactions among 
ionic cores and electrons (slow-collision 
scenario). This suggests that as the impact 
parameter increases, the probability of negative 
ion formation also rises [7, 8]. 

    Conversely, at higher impact energies, the 
probability of negative ion formation is inversely 
proportional to the impact parameter. This 
indicates that negative ion formation 
predominantly occurs in short-range (close) 
collisions. The impact parameter analysis in Fig. 
3 confirms this, showing that projectiles with 
higher impact energies exhibit a much narrower 
impact parameter range compared to those with 
lower impact energies.  

     Once again, this underscores that the 
underlying mechanism of negative ion formation 
is governed by weak polarization interactions 
between two neutral atoms. Similar to the 
CTMC results, the probability of negative ion 
formation as a function of the impact parameter 
in the QCTMC model follows the same trend 
(see Fig. 3). However, the QCTMC calculations 
predict systematically higher probabilities than 
the standard CTMC model, emphasizing the 
significance of the Heisenberg correction term. 
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FIG. 3. Negative ion formation probability in H+H collisions using the CTMC and QCTMC methods as a 

function of impact parameters. Blue triangles down: the CTMC results for 20 keV. Cyan crosses: the CTMC 
results for 60 keV. Pink diamonds: the CTMC results for 100 keV. Black triangles up: the QCTMC results for 20 

keV. Green squares: the QCTMC results for 60 keV. Red circles: the QCTMC results for 100 keV.  

Figure 4 displays the cross-sections of present 
negative ion formation in H+H collisions as a 
function of impact energy, along with the 
experimental data from Gealy and Van Zyl [24] 
and McClure [25]. Figure 4 also displays the 
earlier theoretical cross-section results from 
Ovchinnikov [26], who showed a mechanism for 
the formation of negative ions in the slow-
collision regime using a Q-,P-series method. Q-
,P-series establishes a connection between the 
ground singlet H + H state and the ground 
Hା + Hି state. As noted, the findings of Gealy 
and Van Zyl [24] at low energies below 1 keV 
are somewhat inconsistent with previous and 
contemporary studies. The present QCTMC 
results for negative ion formation cross sections 
in the energy range of 1 keV to 20 keV are in 
excellent agreement with the experimental and 
theoretical data of McClure [25] and 
Ovchinnikov [26]. In contrast, the current 

CTMC approaches underestimate all prior 
theoretical and experimental results. 
Additionally, in the high-energy range above 80 
keV, when the projectile's energy (velocity) 
exceeds that of an orbital electron veleocity 
ݒ) ≫  ), the Heisenberg correction componentݒ
is minimal (see Fig. 4). This means that the 
CTMC and QCTMC calculations yield roughly 
similar results, which can be explained by two 
factors: 1) The Heisenberg potential has less 
influence as the projectile momentum increases, 
and 2) The Heisenberg potential is inversely 
proportional to the square of the relative distance 
between colliders ( ுܸ ߙ   1

ݎ
ଶ൘ ), see Eq. (17). As 

a result, the ுܸ(ݎ, ,  potential contributes in (ߙ
the low-to-medium energy region but is 
negligible in the high-energy region.  
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FIG. 4. Negative ion formation cross-section in H+H collision as a function of impact energy. Red triangles-

solid line: presents QCTMC results. Blue crosses-dashed line: presents CTMC results. Open circles-solid line: 
measured data by Gealy and Van Zyl [24]. Open squares-solid line: measured data by McClure [25]. Black 

dashed line: Q-, P-series results by Ovchinnikov et al. [26]. 

4. Conclusion 
We have presented negative ion formation 

cross-sections for H+H collisions using both 
four-body CTMC and four-body QCTMC 
calculation methods. Our calculations were 
performed for impact energies ranging from 1 to 
100 keV, where the cross sections are expected 
to be significant to astronomy, atmospheric 
sciences, plasma laboratories, and fusion 
research. We found a consistent pattern in the 
maximum impact parameter for negative ion 
formation probability as a function of impact 
energy in both the CTMC and QCTMC 
approaches. Specifically, the maximum impact 
parameter was found to be larger at lower 

energies. Furthermore, the QCTMC results 
showed good agreement with previously 
reported experimental and theoretical data. In 
contrast, our CTMC calculations slightly 
underestimated previous results. However, at 
impact energies between 1 and 10 keV, the 
CTMC data aligned well with Q- and P-series 
approximation data. In conclusion, we found that 
the QCTMC approach accurately calculates the 
cross-sections of negative ion formation.  
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