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Abstract: This paper concerns the investigation of the critical (HC) and the saturation (HS) 
magnetic fields behavior of the studied system as a function of different physical 
parameters. The Monte Carlo method is used to study the magnetic properties of the 
ferrimagnetic behavior of a double fullerene X60 core/shell-like nanostructure. Based on the 
Ising model, we focus our study on a system formed by a double sphere core/shell. The two 
spheres contain the spins  = ± 1/2 in the core surrounded by the spin S = ± 1, 0 in the 
shell. Various types of magnetization curves have been established, depending on the 
competition among the exchange couplings, the crystal fields, and the temperature. The 
study reveals that the saturation magnetic field (Hs) is significantly influenced by 
variations in all exchange coupling parameters, whereas the critical magnetic field (Hc) is 
only mildly affected by these parameter variations. Moreover, the crystal field and 
temperature both influence the critical and saturation magnetic fields. 

Keywords: Double fullerene core/shell-like structure, Magnetization plateaus, Monte Carlo 
simulations, Critical and saturation fields, External magnetic field. 

 
 

1. Introduction 
The fullerene structure is a carbon molecule 

that can have various shapes, including a hollow 
sphere, a line, etc. Among these forms, we find 
the spherical fullerenes named “buckminster 
fullerenes” or “buckyballs.” Cylindrical 
fullerenes are also referred to as carbon 
nanotubes (“buckytubes”) [1-6]. Fullerenes are 
comparable in structure to graphite, which is 
made of arranged graphene sheets of connected 
hexagonal rings [7-10]. Twelve pentagons are 
essential to shut the cage and C60 is the only 
structure that meets these experimental rules. 
Consequently, C70 exhibits remarkable structural 
solidness and stability. Its structure is shaped by 
two parts of C60 connected by a ring of carbon 
particles, giving it a rugby ball-like shape. 
Furthermore, there exists an infinite number of 

possible variations, ranging from the most 
common to the most exotic, which makes the 
fullerene family exceptionally diverse and rich in 
various structural arrangements. [11-19]. The 
fullerenes have been discovered for the first time 
in 1985. Their discovery has led to an entirely 
new understanding of the behavior of sheet 
materials, and it has opened an entirely new 
chapter of nanoscience and nanotechnology [20-
22]. Fullerenes have been extensively studied for 
their wide range of properties, which positions 
them as potential candidates for various 
applications in the future. These properties 
include their potential as light-activated 
antimicrobial agents [23], their remarkable 
temperature resistance [24], their role in 
superconductivity [25], and their 
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biocompatibility [26]. Nanomaterials based on 
fullerene have been utilized in gadgets designed 
for photovoltaic cells and biomedical devices 
[27]. The ability of these nanosystems to both 
donate and accept electrons suggests promising 
applications in the fields of batteries and 
advanced electronic devices [28-35]. The Ising 
model is one of the basic and essential models of 
statistical physics and material science. This 
model has been effectively amplified to depict 
different attractive nano frameworks and plays a 
noteworthy part in understanding attractive 
magnetic properties [36-38]. There are structures 
that can be described by multiple models, such 
as the Ising model, which is often considered a 
logical and reasonable choice [39-42]. In this 
research, the Monte Carlo simulation is applied 
to simulate the magnetization plateaus of the 
fullerene-type core/shell structure. Additionally, 
several applications, including computer 
simulations, have been developed in this field of 
research. Theoretical investigations have 
concentrated on these nanostructures to display 
their magnetic, dielectric, and thermodynamic 
properties via different methods of simulations 
[43-52]. In previous work, we have employed 

Monte Carlo simulation to examine the ground 
phase diagrams, as well as the magnetic and 
thermodynamic properties of the fullerene 
structure under the influence of several physical 
parameters [53].  

In this paper, we investigate magnetization 
plateaus in a double fullerene core/shell system. 
The study employs Monte Carlo simulations 
with the Metropolis algorithm to explore how 
these plateaus vary with different significant 
physical parameters. The outline of this article is 
as follows: the model and method used are 
illustrated in Sec. 2; the Monte Carlo simulation 
details are presented in Sec. 3; finally, we 
complete the study with a conclusion in Sec. 4.  

2. Model and Simulations Technique  
Using Monte Carlo simulations, we study a 

ferrimagnetic double fullerene X60 / Y60 

core/shell nanostructure, composed of a spin  = 
±1/2 in the core which is surrounded by the spin 
S = ± 1,0 in the shell. X corresponds to atoms 
with spin  (red balls) and Y represents the 
atoms with spin S (blue balls) See Fig. 1.  

 
FIG. 1. Geometry of the double fullerene core/shell like-nanostructure. 

In this figure, every spin is linked to the 
adjacent neighbor spins with different exchange 
coupling interactions. Furthermore, the 
interaction between two identical neighboring 

atoms (S-S) or (σ-σ) is considered to be 
ferromagnetic, while the interaction between the 
two atoms S and σ is considered to be 
ferrimagnetic.  
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The Ising Hamiltonian of the studied system, 
with different kinds of spins, including the 
exchange coupling interactions, the external 
magnetic field H, and the crystal field D, is given 
as follows: 

        (1) 

where <i, j>, < k, l>, and <m, n> stand for the 
first near neighbor spins (i and j), (k and l) and 
(m and n), respectively. Moreover, JC, JS, and JCS 
are the exchange coupling constants between 
two first nearest neighbor atoms with spins σ-σ 
(in core), S-S (in shell), and S-σ (between core 
and shell), respectively. Each atom in the core 
and the shell interacts with the four nearest 
neighbors, three atoms surrounding it in its 
sphere and one atom in the opposite sphere. 

 To stimulate the Hamiltonian of Eq. (1), we 
apply the standard Monte Carlo technique under 
the Metropolis algorithm. The studied system 
involves the overall number of spins N = NS + 
N = 120. In this context, N represents the 
number of spins in the shell, while NS represents 
the number of spins in the core. Both N and NS 
are equal to 60.  

To guarantee consistency, we produce the 
data with 106 Monte Carlo steps (MCS) per site 
after discarding the first 105 steps to reach the 
equilibrium, generating new configurations 
according to the Boltzmann distribution, in the 
reason to balance the present system and average 
over different initial conditions. Hereafter, we 
define the studied physical parameters as 
follows:  

The magnetizations per spin are: 

Mୗ = ଵ


∑ S୧୧              (2) 

M = ଵ
ಚ

∑ ୨୨              (3) 

The total magnetization is given by: 

m୲୭୲ = ାಚ
ଶ

             (4) 

The internal energy per site is: 
E = ଵ


〈ℋ〉             (5) 

3. Results and Discussion 
In this section, we shall present some typical 

magnetic properties of the ferrimagnetic 
fullerene core/shell like-nanostructure. We focus 
on the effects of different physical parameters on 
the magnetization plateaus of this nanostructure, 
and we explore the behavior of the critical (Hେ) 
and saturation (Hୱ) external magnetic fields by 
varying the exchange coupling interactions, the 
temperature, and the crystal field. The typical 
results are presented in Ref. [54]. 

In Fig. 2(a), we present the variation of the 
total magnetization as a function of the external 
magnetic field, for fixed exchange coupling 
coefficient values: JS = 0.1 and JC = 1, in the 
absence of the crystal field acting on S-spins. 
Thus, the following results for the magnetization 
plateaus were examined for T = 0.3 and various 
exchange coupling parameter values JCS = -0.1,   
-0.2, -0.3, and -0.5. 

From this figure, all magnetizations start from 
the value Mtot = -0.75 and saturate for the value 
Mtot = 0.75. Furthermore, two magnetization 
plateaus are localized at Mtot = 0.25 and 0.75, 
corresponding to the spin configurations (-1/2, 
+1) and (+1/2, +1), respectively. The first 
plateau appears for the critical magnetic fields 
(Hେ) while the second is reached for the 
saturation magnetic field (Hୱ). Furthermore, it is 
found that the critical magnetic field value Hc 
decreases when increasing the JCS parameter in 
its absolute values, whereas the saturation 
magnetic field value Hs increases when 
increasing the JCS parameter in its absolute 
values [55]. 

To clarify the behavior of the Hs and Hc, we 
collect the obtained values in Fig. 2(a) to plot, in 
Fig. 2(b), the external magnetic fields as a 
function of the exchange coefficient coupling in 
its absolute value (|JCS|). Indeed, when increasing 
the parameter Jୡୱ  in its absolute values, the 
magnetic field (Hs) increases while the critical 
magnetic field (Hc) decreases linearly. Such 
behavior is due to the ferrimagnetic coefficient 
coupling that tends to align the spins anti-parallel 
to each layer existing in the core and the shell of 
the double fullerene. 
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FIG. 2. The total magnetization as a function of the external magnetic field (a) and the external magnetic field 

versus |JCS| (b), for JC = 1, JS = 0.1, D = 0, and T = 0.3. 

Figure 3(a) shows the total magnetization as a 
function of the external magnetic field for 
different values of the JS parameter. This figure 
is plotted for fixed exchange coupling coefficient 
values: JCS = -0.1, JC = 1, in the absence of the 
crystal field (D = 0), and for the temperature T = 
0.3. We can see that all total magnetization 
curves start from the same value (-0.75) 
corresponding to the configuration (-1/2, -1) and 
it remains constant, then the magnetizations 
undergo a second-order transition for JS < 0.1 
and a first-order transition for JS ≥ 0.1. Besides, 
this figure represents four magnetization plateaus 

(-0.25, -0.75, 0.25, and 0.75), and the distinct 
values of magnetic fields are highlighted by dash 
lines and illustrate the (Hs) where the total 
magnetization approaches the saturation value 
0.75. Moreover, ܪ  is presented by the dash 
lines, where the total magnetization plateaus are 
equal to -0.25 and 0.25. Furthermore, the 
important result obtained in Fig. 3(a) resides in 
the fact that the intermediate plateau 
corresponding to Mtot = 0.25 obtained for Js < 
0.4 is replaced by the plateau relating to Mtot = -
0.25 for Js ≥ 0.4.  



Magnetization Plateaus of a Double Fullerene Core/Shell Like-Nanostructure in an External Magnetic Field: Monte Carlo Study 

 439

Collecting the data in Fig. 3(a), we illustrate, 
in Fig. 3(b), the behavior of the exchange 
coupling in the shell JS when varying the 
external magnetic field. We can see clearly that 
the critical magnetic field, Hc, starts from the 
value 0.3, decreases, and subsequently increases 
for Js < 0.3. It then continues to increase and 

stabilizes for Js ≥ 0.3. We notice that Hc gets 
remarkably influenced by the spins in the shell. 
Conversely, Hs, the saturation field, varies 
slightly for Js < 0.3 and then increases almost 
linearly when Js ≥ 0.3. Therefore, the effect of 
the exchange coupling Js on the critical Hc and 
saturation Hs fields is significant.  

 

 
FIG. 3. The total magnetization as a function of the external magnetic field (a) and the external magnetic field 

versus JS (b), for JC = 1, JCS = -0.1, D = 0, and T = 0.3.

Following the same motivation, the Figs. 4(a) 
and 4(b), present the effect of the exchange 
coupling in the core JC (JC = 0.1, 1, 2, 3, 4, and 5) 
on the critical Hc and saturation Hs fields for 

fixed parameters: JS = 0.1, JCS = -0.1, D = 0, and 
T = 0.3. There is a first magnetization plateau M 
= +0.25 related to the configuration (-1/2, +1), 
corresponding to a zero critical external 
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magnetic field value (Hc = 0) regardless of the 
values of JC. Besides, when increasing the 
external magnetic field, a second plateau is 
reached. However, the passage between the two 
plateaus takes place by a first-order transition 
located at the saturation magnetic field (Hs). 
Such saturation magnetic field increases when 
increasing the parameter JC. Indeed, the 
saturation magnetic field values are Hs = 0.75, 
2.2, 5.1, 7.5, and 9.2 corresponding to the value 
of JC = 1, 2 3, 4, and 5, respectively. To better 

illustrate this behavior, we plot Fig. 4(b) with the 
same values of the fixed physical parameters 
taken in Fig. 4(a). It is clear that Hc remains 
constant even when we increase the coefficient 
JC, while the saturation magnetic field Hs 
increases strongly and linearly with the increase 
of JC. Therefore, JC has no effect on the critical 
magnetic field Hc and the behavior of the Hs 
comes from the dominant effect of the external 
magnetic field. 

 

 
FIG. 4. Total magnetization as a function of the external magnetic field (a), the external magnetic field versus JC 

(b), for JS = 0.1, JCS = -0.1, D = 0, and T = 0.3.
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To focus on the effect of the temperature, we 
present in Figs. 5(a) and 5(b) the variation of the 
total magnetization versus external magnetic 
field for different temperature values (T = 0.05, 
0.1, 0.2, 0.3, 0.4, and 0.5). These figures are 
plotted in the absence of the crystal field and for 
fixed values of JC = 1, JS = 0.1, and JCS = -0.1. 
The appearance of intermediate magnetization 
plateaus is found only for the configuration        
(-1/2, +1) corresponding to Mtot = 0.25. All 
values of the critical magnetic field appear for 
temperatures below 0.5. Indeed, for temperatures 
below 0.5, the critical magnetic field (Hc) varies 
slightly. Whereas, for temperatures greater than 
or equal to 0.5, the intermediate plateau 
disappears. On the other hand, the plateau 

corresponding to saturation of the total 
magnetization increases when the temperature is 
increased, inducing a decrease in HS. 

Collecting the results obtained in Fig. 5(a), 
we plot Fig. 5(b). This figure shows the variation 
of Hc and Hs as a function of the temperature. 
Contrasting to Fig. 4(b), in this figure, Hs 
decreases with the temperature from Hc = 2.4 
until reaching the value of Hc = 0.4. The results 
obtained from these two figures can be explained 
by the competition between the temperature and 
H since the external magnetic field tends to 
make the spins in a parallel direction while the 
temperature effect is to disorder the studied 
system. 

 

 
FIG. 5. Total magnetization as a function of the external magnetic field (a), the external magnetic field versus 

temperature (b), for JC = 1, JC = 0.1, JCS = -0.1, and D = 0. 
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Finally, to complete this study, we exhibit 
Figs. 6(a) and 6(b) to investigate the influence of 
the crystal field D on the magnetization plateaus. 
These figures are plotted for fixed parameter 
values: JC = 1, JS = 0.1, JCS = -0.1, and T = 0.3. 
By varying the external magnetic field, for 
several values of crystal field, the total 
magnetization varies from -0.75 to 0.75, passing 
through two plateaus. The first plateau 
corresponds to Mtot = -0.25 and the second one to 
Mtot = 0.25. The transition from one plateau to 

another is made by first-order transitions [56]. 
The first and second plateaus are reached for the 
critical values HC1 and HC2 of the external 
magnetic field, respectively, while the last 
saturation plateau is reached for the value Hs. 
The important result revealed by Fig. 6(a) 
resides in the fact that the effect of the crystal 
field variation is felt only for its negative values. 
On the other hand, for the positive values of the 
crystal field, the two intermediate plateaus 
disappear. 

 

 
FIG. 6. Total magnetization as a function of the external magnetic field (a), the external magnetic field versus the 

crystal field (b), for JC = 1, JS = 0.1, JCS = -0.1, and T = 0.3.
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The values of HC1 increase within the range 
of approximately -11 to 1.8. Simultaneously, the 
values of HS decrease from 10.4 to 0.5, while 
HC2 remains almost constant. These results are 
collected and plotted in Fig. 6(b). As you can 
see, as the parameter D increases, Hc1 shows a 
linear increase until D reaches 0. Meanwhile, Hc2 
is not affected and maintains a constant value. 
Conversely, HS decreases linearly as D increases. 
HS, Hc1, and Hc2 converge at the point where D 
equals 0. The symmetry of the plates concerning 
the axis H = 0 is reflected by the curves HS and 
Hc1. Such results can be explained by the 
competition between the three physical 
parameters, including D, H, and JCS. The external 
magnetic field H tends to force the spins of each 
layer in the core and in the shell to align along 
their direction, whereas the ferrimagnetic 
exchange coupling JCS tends to maintain them in 
antiparallel alignment. On the other hand, we 
remark that, when decreasing the crystal field, 
the critical magnetic field Hc1 decreases and the 
saturation magnetic field Hs increases. While the 
critical magnetic field Hc2 is not affected by the 

variation of the crystal field, it can be explained 
by the increase of the external magnetic field. 

4. Conclusion 
Using the Monte Carlo simulations, we have 

investigated the magnetization plateaus’ 
behaviors of a double fullerene core/shell 
structure under the influences of specific 
physical parameters: the exchange couplings, 
temperature, and the crystal field in an external 
magnetic field. Additionally, the magnetization 
plateaus, the critical (HC), and the saturation (HS) 
magnetic fields have been investigated. It is 
found that the exchange coupling in the core 
affects strongly the saturation magnetic field, 
whereas the exchange coupling in the shell 
influences the critical magnetic field. Moreover, 
the crystal field has a remarkable impact on both 
the critical and saturation fields. Indeed, the 
negative values of D allow having two 
intermediate plateaus. These plateaus disappear 
when D is positive. 
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